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PREFACE 

In  modern  structures  of  the  most  diverse  types  and  purposes 
shells  are  very  widely  used  and  therefore,  are  of  interest  to  us. 

In  writing  this  book  we  used  materials  from  lectures  on  the 
course  "Shells,"  read  by  the  author  at  the  Mechanical-Mathematical 
Department  of  the  Moscow  State  University,  well-known  monographs,  con¬ 
temporary  periodical  literature,  mostly  Russian,  and  also  the  latest 
results  obtained  by  the  author  in  this  field. 

On  the  general  theory  of  shells  we  have  many  good  books:  P.  F. 
Papkovich  "Structural  mechanics  of  the  ship,"  Part  II;  V.  Z.  Vlasov 
"General  theory  of  shells,"  S.  P.  Timoshenko  "Plates  and  shells," 

A.  L.  Gol*denveyzer "Theory  of  thin  elastic  shells,"  A.  I.  Lur‘ye 
"Statics  of  thin-walled  elastic  shells,"  V.  V.  Novozhilov  "Theory  of 
thin  shells,"  A.  S.  Vo.l'mir  "Flexible  plates  and  shells,"  Kh.  M. 
Mushtari  and  K.  Z.  Galimov  "Nonlinear  theory  of  elastic  shells,"  ' 

S.  A.  Ambartsumyan  "Theory  of  anisotropic  shells  and  others.  However, 
the  problems  of  dynamics  and  stability  of  shells  are  insufficiently 
elucidated,  and  our  book  fills  this  gap  to  a  certain  degree. 

In  the  book  we  examine  problems  of  oscillations  of  shells:  their 
natural  and  parametric  oscillations,  panel  flutter,  and  certain  other 
dynamics  problems,  in  itHtfe  also  examine  problems  of  stability  of 


i- 


shells  within  and  beyond  the  limits  of  elasticity  of  their  material 
and  certain  special  problems  of  calculation  of  shells,  among  them  the 
effects  of  hardening  of  shells  through  cold-hardening,  heterogeneity 
of  the  material,  and  penetrating  irradiation. 

,  \ 

The  book  may  be  used  as  training  aid  for  post-graduates  and  stu¬ 
dents  of  universities  and  technical  institutes,  who  are  specializing 
in  the  theory  of  elasticity  and  plasticity;  it  will  be  useful  for 
scientific  workers  and  engineers,  studying  the  problems  on  strength. 

The  author  expresses  his  gratitude  to  Reader  M.  A.  Koltunov  for 
his  attentive  and  thorough  editing  of  the  book,  and  also  thanks  for 
their  valuable  advice  the  honored  worker  of  science  and  technology  of 
RSFSR,  Doctor  of  Technical  Sciences,  Professor  N.  I.  Bezukhov  and 
Doctor  of  Physical  and  Mathematical  Sciences,  Professor  V.  V.  Moskvitin 
The  author  expresses  his  gratitude  to  his  colleagues  of  the  Chair  of 
Theory  of  Elasticity  of  the  Moscow  State  University,  assistant  I.  M. 
Tyuneyeva  for  the  help, given  in  preparing  and  putting  into  shape  the 
manuscript;  technician-experimenter  S,  A.  Orlova  and  laboratory  tech¬ 
nician  M.  A.  Trapp  for  participation  in  shaping  of  the  book.  The 
author  will  be  grateful  to  all  who  will  find  it  possible  to  send  their 
wishes  and  remarks  concerning  the  book. 
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CHAPTER  I 

NECESSARY  DATA  ON  SHELLS 

§  1.  Definitions,  Hypotheses,  Geometric  Elements 

A  body,  limited  by  two  curvilinear  surfaces,  the  distance  between 
which  (thickness  h)  is  small  with  respect  to  its  other  dimensions,  is 
called  a  shell. 

•Hie  surface,  dividing  it  in  half  throughout  its  entire  thickness 
is  called  its  middle  surface.  It  is  assumed  that  everywhere,  excluding 
certain  points  or  lines  on  it,  the  middle  surface  is  continuous  with 
continuously  variable  tangent  and  curvatures,  while  all  its  geometric 
characteristics  change  very  smoothly,  i.e,,  so  that  during  the  transi¬ 
tion  from  one  point  to  another  point  located  at  a  distance  of  the  order 
of  thickness  h  of  the  shell,  they  undergo  a  relative  change  of  the 
order  of  h/R  (R  being  the  radius  of  curvature)  or  less. 

We  shall  consider  only  shells  of  constant  thickness.  Depending 
on  the  shape  of  the  middle  surface  we  distinguish  such  types  of  shell 
as:  cylindrical,  conical,  i.e.,  having  the  shape  of  developing  sur¬ 
faces;  spherical,  in  the  form  of  ellipsoids,  and  others,  which  have 
the  shape  of  nondeveloping  surfaces.  In  actual  structures  the  most 
widely  used  shells  are  those  having  the  shape  of  developing  surfaces 
and  most  frequently,  cylindrical  shells. 
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Let  us  assume  that  we  have  separated  an  element  of  the  middle 
surface  of  a  shell,  having  an  arbitrary  outline;  in  a  certain  point  m 
of  it  we  draw  a  normal  n  to  the  surface,  and  if  we  draw  through  the 
normal  n  a  number  of  planes,  then  at  the  intersection  with  the  surface 
they  will  produce  variously  oriented  plane  curves  —  which  are  normal 
sections . 

Upon  rotation  of  a  certain  plane  S,  containing  normal  n,  around 
its  normal  sections  s  are  formed.  Determining  their  curvature,  we 
find  that  for  the  two  curves  r  and  t,  lying  in  mutually  perpendicular 
planes  1?  and  T,  the  curvatures  have  extreme  values  with  respect  to 

other  normal  sections.  Directions  of  curves 
r  and  t  are  termed  main  directions  in  the 
given  point  of  surface,  and  corresponding 
curvatures  are  termed  main  curvatures. 

Let  us  assume  that  we  found  the  main 
directions  for  all  points  of  the  surface, 
and  if  now  we  draw  lines,  the  tangents  to 
which  in  every  point  coincide  with  these  directions,  then  we  obtain 
lines. 

For  coordinate  lines  a  and  (3  we  shall  select  lines  of  main  curva¬ 
tures  of  the  undeformed  surface;  they  form  an  orthogonal  grid  on  the 
surface  (Fig.  1). 

For  any  point  of  the  surface  we  may  find  the  Gaussian  curvature, 
which  is  equal  to  the  product  of  main  curvatures: 

r  ~  ky wm  (i,i) 

The  value 

y  (*«  +  *>)  =  y  (**  +  *,)  —  y  (kx  +  kj. 

is  termed  the  mean  curvature  of  the  surface  at  the  point. 
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(1.2) 


Shells  can  be  classified  according  to  the  sign  of  Gaussian  curva¬ 
ture  of  their  middle  surface:  thus,  for  example,  the  spherical  shell 
has  a  positive  Gaussian  curvature,  constant  for  all  points;  cylindri¬ 
cal  and  conical  shells  have  a  zero  Gaussian  curvature,  since  one  of  the 
main  curvatures  turns  into  zero,  etc. 

A  cylindrical  shell,  the  cross  section  of  which  is  a  circumfer¬ 
ence,  is  termed  circular;  where,  if  its  section  constitutes  a  full 
circumference,  it  will  be  a  closed  circular  shell,  and,  if  its  section 
constitutes  only  a  part  of  circumference,  it  will  be  an  open  circular 
shell. 

A  shell  of  any  shape,  the  rise  of  which  H  is  comparable  to  its 
thickness  and  is  small  when  compared  to  its  other  dimensions,  is 
usually  considered  to  be  a  sloping  shell. 

The  solution  of  the  problem  of  shell  equilibrium  during  elastic 
and  elastoplastic  deformations  is  based  on  two  Kirchhoff-Love  hypoth¬ 
eses.  The  first  hypothesis  states  that  the  total  material  particles, 
located  on  the  normal  to  the  middle  surface  of  the  shell  before  defor¬ 
mation,  is  located  also  on  the  normal  to  its  middle  surface  after 
deformation  and,  therefore,  the  deformed  state  of  the  shell  is  deter¬ 
mined  only  by  the  deformed  state  of  its  middle  surface.  The  second 
hypothesis  states  that  all  stress  components  which  have  the  direction 
of  the  normal  to  the  middle  surface,  are  minute  as  compared  to  other 
stress  components.  These  two  hypotheses  are  in  ageeement  with  each 
other  and  state  that  any  thin  elementary  layer  of  material,  parallel 
to  the  middle  surface  of  the  shell,  is  under  the  conditions  of  plane 
stressed  state  or,  to  be  more  exact,  the  stresses,  effective  in  its 
plane,  are  significantly  larger  than  other  stresses. 

In  addition  to  Kirchhoff-Love  hypotheses,  in  oui  research  on 
elastoplastic  deformations  we  shall  subsequently  use  the  assumption 
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of  the  incompressibility  of  the  shell  material.  The  degree  of  accuracy 
of  this  assumption  is  sufficiently  definite,  inasmuch  as  we  know  from 
the  theory  of  elastic  shells,  the  effect  of  the  Poisson  factor  on 
strains  and  stresses.  Meanwhile  the  incompressibility  hypothesis 
introduces  significant  simplifications  in  the  theory  of  elastoplastic 
shell  deformations. 

If  we  apply  to  the  shell  a  certain  relatively  small  distributed 
lateral  load,  then  first  of  all,  as  a  result  of  the  action  of  compres¬ 
sing  or  stretching  forces,  chain  stresses,  evenly  distributed  through¬ 
out  the  shell's  thickness  will  originate  in  the  shell.  Since  in  this 
case,  bending  stresses  in  the  shell  will  be  comparatively  small,  the 
shell  can  be  termed  a  zero-moment  shell.  This  is  the  essential  fea¬ 
ture  of  the  shell  as  compared  to  the  plane  plate,  which  reacts  to  a 
lateral  load  with  small  sags  mostly  at  the  expense  of  natural  bending 
stresses. 

If  the  shell  Is  sufficiently  thin,  then  upon  a  further  increase 
of  the  load  sags,  comparable  with  the  shell's  thickness,  may  appear 
in  it.  Then  in  addition  to  stresses  in  the  middle  surface  we  shall 
have  bending  stresses  with  them  in  value,  and  the  stressed  state  will 
be  of  a  composite  or  momentum  nature . 

Consequently,  two  different  stressed  states,  which  occur  with 
small  loads  In  cases  of  the  plane  plate  and  zero-moment  shell,  for 
flexible  plates  and  shells  become  one  composite  stressed  state.  Hence, 
differential  equations  of  the  flexible  plates  and  shells  theory  must 
have  a  common  structure.  For  sloping  shells,  the  composite  stressed 
state  is  characteristic  even  with  small  loads. 

When  investigating,  for  example,  the  resistance  of  a  cylindrical 
shell,  compressed  along  its  generatrix,  we  may  assume  that  in  the 


initial  equilibrium  position  the  shell  works  as  a  zero-moment  shell. 
However,  upon  the  loss  of  resistance  significant  bending  stresses  im¬ 
mediately  appear. 

§  2.  Deformed  State,  Conditions  of  Compatibility 
Let  us  select  the  main  orthogonal  system  of  curvilinear  coordi¬ 
nates  £,  q  on  the  middle  surface  of  the  shell.  At  the  point  with  co¬ 
ordinates  (i  and  q)  of  the  middle  sur¬ 
face  we  draw  the  tangent  plane.  We  dis¬ 
pose  of  the  mobile  Darboux  trihedron 
(x,  y,  z)  in  such  a  manner  that  the 
origin  of  coordinates  (  x  =  y  =  z  =  0) 
coincide  with  point  (£,  q),  the  x  and  y 
axes  are  directed  toward  the  growth  of 
(*  and  q,  respectively  and  the  z  axis 
toward  the  center  curvature  of  line  £.  Thus,  the  x,  y  axes  coincide 
with  main  directions  of  surface  at  point  (£,  q).  The  middle  surface 
element  of  the  shell  is  formed  by  lines  £  =  const,  tj  =  const  and  £  + 

+  d£  =  const,  Tj  +  dtj  =  const,  and  the  element  of  the  shell  —  by  draw¬ 
ing  normal  sections  through  the  above-mentioned  lines  (Fig.  2).  We 
designate  the  displacement  of  points  of  the  middle  surface  along  lines 
x,  y,  and  z  through  u,  v,  and  w  respectively.  For  initial  curvatures 
of  lines  x  and  y  let  us  introduce  the  designations  kx  =  k^,  ky  =»  k^. 

Elongations  per  unit  length  and  the  shift  of  the  element  of  middle 
surface  resulting  from  the  deformation  of  shell  we  designate: 

*1  =  for*)*-®*  *t  “  ieyy)*  0.  *i*=  (2.1) 

and  the  change  of  its  normal  curvatures  and  torques,  which  from  now 
on  we  shall  term  shell  distortions  due  to  strains,  we  respectively 


designate : 


(2.2) 


If  components  of  the  displacement  vector  of  the  point  of  the  middle 
surface  x,  y,  z  axes  are  given  as  functions  of  coordinates  (£,  tj), 
then  deformations  e^,  e^2  are  expressed  through  them  by  known 

formulas,  containing  derivatives  from  displacements  not  exceeding  the 
first  order,  and  distortions  x^,  Xg,  x12  —  not  hig^®r  than  the  second 
order. 


According  to  the  first  Kirchhoff-Love  hypothesis,  the  normal 
element  of  the  shell  before  deformation  remains  also  normal  to  the 


middle  surface  after  deformation,  therefore,  small  deformations  of 
the  layer,  located  at  the  distance  z  from  the  middle  surface,  will  be 


d||  —  e  - 2*|t 

9yy  *=  tyy  “  tj 

23^  —  exy  —  2  (sJt  **H), 


(2.5) 


or,  expressed  through  displacements: 


“  dx  dx*  • 

«e  =2/— +~-w- 


(2.4) 


Formulas  (2.3)  fully  determine  the  rule  of  signs  for  distortions 
For  instance,  value  x1  is  considered  positive  in  the  case  when  the 
fiber,  parallel  to  the  x  axis  and  located  on  the  side  of  positive 
values  z,  is  shortened  owing  to  distortion  torsion  t  =  x12  is 
positive,  if  the  angle  between  fibers,  which  are  parallel  to  x  and  y 
and  located  on  the  side  of  positive  z,  increases. 

In  examining  the  elastoplastic  deformation  problems  we  shall 
require  an  expression  for  deformation  intensity,  which  we  write  in 


the  form 


'~7T 


\'P.  -  ~  VP.-2zP..  +  z’P,  . 


8 


where  P„,  P„  ,  P  are  quadratic  forms: 
£  £H  H 


ft  **  4  -f*  *iej  +  4  +  * «’. 
ft  —  4 + vt+  4  +  *k 

ft.  =  «1*1  +  V*  4  y  V*  +  y  Vi  + 


(2.6) 

(2.7) 

(2.8) 


Expressions  for  deformations  of  the  middle  surface  when  the  shell 
has  sags  comparable  with  its  thickness,  can  be  presented  by  formulas: 

*-£-*+*(*;• 

-nsr- 


—  _*L  _l  _*L  +  _£?1 
^  dg  dx  di  dy 


(2.9) 


Deformations  (2.9),  similar  to  (2.4),  are  dependent,  for  them  the 
compatibility  condition  should  be  met: 


9*. 


+ 


dxdy 


_  /  d*w  \* _  ft,  ^  d*w 


\dxdy  j  ij*  dj/* 


dy* 


,  d*w 

6'-cr 


(2.10) 


Let  us  give  short  systematization  of  data  on  the  deformation  of 
shells  and  consider  the  deformation  during  final  displacements  [1], 

We  shall  determine  the  position  of  the  shell  point  with  Gaussian 
coordinates  a,  p  of  the  middle  surface  of  the  z  coordinate,  directed 
toward  the  outward  normal.  Lame  coefficients  for  the  system  of  coor¬ 
dinates  (a,  p,  and  z)  will  be  equal  to 


(2.11) 


For  a  thin  shell  we  can  assume  that 


i  .e. , 


//,  =  A,  //*  =  B,  Ht  =  1.  (2.11  * ) 

Values  A,  B.  R^,  Rp  are  connected  by  well-known  Gauss-Kodazzi 


relationships: 


i  1 1  \  l  dB 

*•  \  Rt )  Hi  9*  ' 

d  /  _1_  dB\  9A\  _  _  _*B_ 

9*  l  j4.  a?  I  B  9j>  )  RiRt 

9  ( A  \  I  9A 

«?  UJ  *t  ' 


(2.12) 


In  the  instance  of  shell  of  rotation  we  can  assume  that  the 


length  of  the  arc  of  meridian  s,  is  the  a  coordinate  and  the  azimuth 
is  the  0  coordinate,  then 


A  =  i,  B  =  rQ(s),  (2.13) 

where  rQ(s)  is  the  distance  from  the  axis  of  rotation  to  the  point 
with  the  s  coordinate.  In  this,  if  a  is  the  angle  formed  by  the  tan¬ 
gent  to  meridian  and  axis  of  rotation,  then 


(2.14) 


If  with  the  increase  of  S  the  value  rQ  decreases,  then  a  >  0;  with 
the  increase  of  rQ  the  angle  a  <  0.  We  note  that  from  (2.14)  it 
follows  that 


d_  I  1  \  _  _  /J _ 1  \  »«n« 

9s  \Rt)  .\#i  R,l  '• 


(2.15) 


Let  us  now  assume  that  during  deformation  displacements  u  and  v 
change  through  the  thickness  of  the  shell  according  to  the  linear  law, 
but  displacement  w  does  not  change 


u  (a,  p,  z,  /)  -  u  (a,  %  0  —  «p  (a,  p,  1), 
v (a,  p,  t,  0  «  v(a,  p,  0  —  zip  (a,  p,  0, 

w(a,M,Q  =  w(a,p,0- 


Deformation  and  turn  parameters  will  be  equal  to 


i  r  i  ez  ,  i  9  a  ~ ,  j  i 

*u"  j_  It ~st  +  ab  ff?  v  +  nr\- 

+  Ri 

I  f  J_  d~v  .  i  9b  ~  ;  1 

**»“  ,  *  I  B  9}  +  AB  di  “  '•  Rt 


(2.16) 


(2.17) 
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.  du> . 

e* 


1  /  1  Si  1  dA  J\  , 

J_  \>l  di  A*  9>  U)  + 

+  #» 

1 _ / 1  a«  I  dB 

+  ,  .  *  \B  9}  AB  dxVr 


,+iT 


az  ,  i  1 1  az  r  \ 
*»*“  aT+  t  ,  *  *  R\ }’ 

e  ^  ^  i  1  / 1  aS  _  v  \ 

•*  a*  +  .  *  \  a  a>  r,  r 


IX - 

•  *, 


w  1 

a*  *r 

b  a>  /?* 

a» 

1 

aS  u  \ 

=  at 

l+iL 

ai  /?,  ' 

i 

l  »  a  o 

i  a*  ~\ 

-  fj  1  . 

'•+5- 

V*  di 

AB  9?  “/ 

1  1 

M  u__ 

i  as  ~\ 

(2.17  cont'd) 


For  a  thin  shell,  considering  (2.16),  we  have, 

tu  *=  <?|  —  *Al*l.  fM  —  f22  —  *^22.  r~  e°2  Z^I2. 


0  0 
^lj  =  d|i»  tff  —  Cf t. 


where 


»  i  a«  .  i  a^  .  w 

'"“T1T  + IF  IT 

H  B  9?  AB  di  /?, 

o  1  dv  .  1  du  1  /  BA  i  ■  dB  \ 

Cl,  - - - - - I - u  H - U  , 

12  >i  a*  s  a?  /<B  (  a?  di  /’ 


o  1  9w 

e,t  ”  T  "aT 


0  i  dw  v  . 

"•“tit-* 


*•,=  -Lii  +  _L  it — LfHLf  +  it*). 

12  *  d*  fl  d>  >1B  di  / 


«J> 

«ii  = 


i  a? 


I  d/t 


A  dr  AB  a> 
Id*,  I  dB 


£«-L *L  +  _L «p. 
22  b  a>  /<b  a* 


(2.18) 


(2.19) 


In  axisymmetric  deformations  of  the  shell  of  rotation  its  state 
will  depend  only  on  one  coordinate  a,  and  the  displacement  v  will  be 
equal  to  zero,  therefore,  e^2  =  e2Z  =  cd^  =  o>2  =  0. 

For  the  axisymmetric  deformation  of  thin  shell  we  obtain 


A  A  =  —  (~«sino  + wcosa).  A-  - - — f. 

m  Rt  r$  it  /?, 


(2.20) 


Deformation  components  in  large  displacements  will  be  expressed 
by  the  following  formulas : 


*u  *=  [A  +  +  *“j]  +  (“jr  *** ““"I  ]* 

«.-«■+ -f  [4+  (Tf"7"*)'+(T‘to+ *.)*]• 

•m  **  *»+  eu  ('2'***^'  "*]  + 

+  *)(t  *■  +  “•)• 

•u  *  eu  +  *11  (y  eu  +  *»)  +  eM*  (y  eu  +  ®t)  r 

‘li=*ii  +  eii|Yeh  ®i  j  +  eu  —  ®ij  + 

+(t^— *)(t^+4 

n  ~  eMM  +  Y  [A  +  (y  eu  +  a»,J  +  —  0), J*J 


(2.21) 


Expressions  e^,  s22,  e12  through  displacements  u,  v,  w  can  be 


written  in  the  form: 


«n  = 


1  ( 1  ,  1  M  n 

“7"\*  aa  "r  >IB  d,J 


"•+iV 

a?  Ri  I 


±/  1  \T/  1  d «  ,  »  ^  ~  ,  S  V  . 

+  T^Xj  llT-ar+lfl -ar0  +  -id  + 

.  / 1  a 0  1  w  -  y ,  1 1  a£  «  VI 

+  (*  a*  a>  /?, /J’ 


(2.22) 
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(2.22  cont’d) 


L-f-L**  +  J-^z  +  -L)+ 

*  \B#^ABd*u*Rt}^ 


-l 

1 

•VI 

i 

*;+_5V 

l( 

l+i 

)' 

LU  *  * 

AB 

(1 

du 

i 

’  1 

_jLV1 

\a 

~w 

AB 

*  °/  •  \ 

.IT 

«*  *«/J 

i 

(  1  dv 

-  1 

*M"  ’  f 

i  i  * 

u  *  ' 

AB  di  I 

Rt 


1  /  l  dlt  1  dB  ~\ 

*■  .  ,  *  \~B~  ~fy  ~~AB~&TV)^~ 


l+* 


I  r/  1  du  1  dA  ~  Z\ 

("*»)(l+r)  '’r+*T*  T  ” 

x(t  "ar-  IF “ar°j+  It  "a;  ab  tt“  J  x 

x(t#+4w“'+4)+(4#-|-)x 

Substituting  in  (2.22)  expressions  (2.16)  for  displacements,  we 
obtain: 

(■*y*-T*[i*T77i* 

xl±  *L  +  J_“-„+  jslII  +  J-IL.x 

x  [  ,  +  _L  __L_  /  _L  *L  +  JL  ii  „  +  J!L)  1 
x  +  2  ,  +  JL  V A  *  AB  d>  *'  '  J 


+ 


JLfi.uJL . 1  .  (L*l+-LI*.v  +  JLX\ 

Rt  ^  '  2  ,  ^  jr_  \  X  d*  AB  di  T  Rt  /J 


+ 


1  + 


Rt 


r / 1  j*. . 

1 

*1  „y 

di  ) 

O  1  to 

— 1 

Ad* 

«i  J 

+  -J—(±± 

*  \A  di 


'  +  K 


du  +  J_i±  + 

'  AB  d$  Rt)} 


+ r 

^  AB  d}  Y 


1  + 


L_(JLJ?l  +  _Li±p  + 

*  \  A  d*  AB  d} 


,+  * 


f)] 


+ 
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•23) 


«rrrw 


V 


■mn**m*p 


1+ 


1 

y_L 

do 

-  1  ,yl  u\ 

(  *  *  _ 

1  dA 

f 

A  * 

dr  " 

AB  *>  ) 

l  a* 

AB  a? 

')■ 


-fiv-i)*]}*** 

C+ii'-iv* 


x[,+t-t(H+^“^)]+ 
1  +  *. 


+  -L 

T  AB  dr 


+*['*T-^r(-^i*-*s)]* 

♦+-M(fj-±s»r*±«r* 


■** 


i  dB 
AB  dr 


dto 

p  1 

’  1 

ix 

X 

a? 

*.  J 

M 

.a  ' 

do 

.  J_. 

aji 

fi  1 

JL.V 

1  + 

ap 

T 

AB 

a> 

U  -f 

/± 

do  , 

1 

dB 

,  u  J.  . 

jM 

U 

AB 

dr 

“  T 

a. ) 

(2.23  cont'd) 


i__|7jl  *l _ _ Li» 

j_  IV  a  ap  m  a  /\*  a?  -a  aa  V 


(•+i)('+-5M**-±T-)* 


AB  dr 


*[(1+t)+(ii 
+(±*-±S-)[(,+-i)+ 
+( 


+ 


r  i  da  du> 

[  AB  dr  d? 


I  du  .  I  dA 
A  dr  +  AB  dT? 

u  da 


«i)J 


-((Tf-i»[('  +  t) 


RiB  a? 
I  dA 


o  dw  .  'uv  ~[ 
R,A~  dr  +  RtRt  J 


+  -1JL  + 
s  a? 
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+**■+*]♦ 


(i 


9f_ 
B  Si 


I  9B 
AB  a> 


x[(l+i) 

+[(** 


I 


A  dr  AB  dp 


I  d/4 


AB  dr 


/_L  Ji _ LiL.M- 

jib  #»  J J 

A* 


“[(? 


il  di  ft  I  R 


b(T$-zm+*o~ 


(2.23  cont'd) 


Formulas  for  shear  deformations  in  large  displacements  have  the 

form: 


l+ir 


li¬ 


.  1  ( 

r  1 

da 

u  ' 

'+i{ 

i~A 

dr 

ft  , 

)  • 

du  1 

dA 

S> 

a  N 

du 

f  dr  +  AB 

O-f 

ft  J 

dz 

(  1  dZ 

1 

dA 

~\  do 

+ 

vnr~ 

AB 

s> 

“)  dz 

ft 


.  I  (  I  da  Z  \  da 

+  ,  .  *  \  A  dr  ft  J  dz  ' 

Ip  ,  *  (  *  d a  p  ^  , 

**» "  dz  +  ,  *  \  B  Si  ft  )  * 


,  +  ft 


(2.24) 


+ 


I 


dZ  ,  1  dB~ 

Si  +  AB  dr  “• 


a  \  do  1 

ft  /  * 


+ 


I 


(1 

\  B  d,i 


I  dB  ~\  & 
~AB~drV)'W^ 


I 


( _L  d  » 

\  B  d) 


V  N  da 

ft  J  dz 


After  introduction  of  formulas  (2.16)  in  (2.24),  we  obtain, 


('♦a 
*-?-+ 


)«*- 

1  dm 

« 

L 

+ 

1 

A  9a 

r 

A 

1  9A 

.)+♦( 

do 

1 

9A 

AB  9} 

A 

da  ‘ 

AB 

4? 

■)]- 


-(-Mi 


1  9A 


A  i> 


AB 


0+iK-S 


jte 
B  9i 


v 


"['(l  +  7?  h^+ix-")  + 


1  ".U. 

f±  4? 

1  9B 

*\1\ 

AB  da  +  V 

AB  da 

vJ; 

(2.25) 


In  the  future  we  shall  consider  deformations  of  the  element  of 
shell  with  the  dz  thickness  to  be  small  as  compared  to  1,  and,  con¬ 
sequently,  the  element  of  the  shell  with  the  dimensions  of  dad^dz 
will  only  turn,  as  the  result  of  deformation,  but  will  remain  to  be 
the  rectangular  parallelepiped,  and  will  retain  its  dimensions:  how¬ 
ever,  by  virtue  of  (2.16)  these  parallelepipeds  will  shift  with  respect 
to  one  another  by  the  shell  thickness .  We  will  also  assume  chat  the 
shell  is  so  thin  that  h/R  <  0.01;  sags  w  will  be  considered  ^mall  as 
compared  to  the  thickness  of  the  shell.  Considering  the  possibility 
that  the  shell  material  may  exceed  the  elastic  limits  and  its  work 
until  reaching  the  tensile  strength,  we  should  assume  that  deformations 

eik  are  orc^er  of>  (eiic  <  0.1). 

Let  us  consider  two  of  the  most  frequently  encounte. _d  instances: 

1.  Nonsloping  shell,  i.e.,  when  the  least  radius  of  curvature 
is  of  the  order  of  linear  dimensions  of  the  shell. 

2.  Sloping  shells,  i.e.,  when  the  least  radius  of  curvature  is 
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•as** 


one  order  larger  than  linear  dimensions  L/R  <  0.1.*  Moreover,  in  the 
future  we  shall  disregard  the  values  of  the  order  of  w/L  or  less  as 
compared  to  1.  We  shall  also  assume  that  components  of  deformation 
throughout  the  thickness  of  the  shell  change  according  to  the  linear 
law,  i.e., 

=  •!.(*•  M— >ta(*.M.4  =  4 (a.p.0  —  **«(*. ?.0. 

«»«(*. M.O  =  4(«.M— «*,(*. P.*.0  =  4 (*. M— **»,(*. M. 

(2.26) 


1.  Nonsloping  shells.  In  this  case  w/R  <  0.1,  i.e.,  w/R  ~  h/L 
or  w/R  =  lOh/L.  Let  us  assume  that  angles  of  inclination  of  tangents 
dw/ds^  and  dw/ds2  are  such  that  their  squares  are  of  the  order  of  the 


deformation  parameters 


0.1; 


consequently. 


i.e.,  the  variability  index  for  the  derivative  from  the  sag  along  the 
coordinate  is  equal  to  (h/L)1/2.  The  angles  of  rotation  <p  and  ip  will 
be  of  the  same  order.  The  change  of  angle  of  rotation  along  the  coor¬ 
dinate  lines  characterizes  the  bend  of  shell.  We  can  easily  note  that 
from  expressions  for  deformation  parameters  it  follows  that  chi/ds  and 
dv/ds  are  of  the  order  of  (h/L),  i.e.,  u  <  h,  v  <  h. 

Let  us  examine  in  detail  the  following  three  forms  of  bend: 
slight,  average  and  strong,  included  in  the  described  case. 

a)  The  slight  bend  of  the  shell  occurs,  when  turns  of  its  lineal 
elements  during  bending  are  small  everywhere  as  compared  to  unity. 

This  may  take  place  for  sags,  which  are  small  as  compared  to  the  shell 


*The  sloping  shell  can  be  defined,  according  to  M.  A.  Koltunov 
[48],  as  the  shell,  for  which  L/R  *  lOh/L,  i.e.,  the  shell,  which  can 
snap  without  the  appearance  of  plastic  deformations  on  the  boundary 
of  the  region  of  stability. 
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thickness,  for  which  w  <  .  In  this  case  in  the  expression  for 

deformation  of  the  middle  surface  it  is  necessary  to  retain  members 
3/2 

up  to  (h/L)  '  inclusive.  Then  we  have 


•» 


4 


I  dA 


A  dt  AB  a? 


'll 


IA 

A  At 


AB 


B 


AB 


-L-Lf  *.Y- 

u  dm 

2  *\dt) 

i  * 

"*|A  dt  * 

t  1  f  dm' 

■+  2  a*  , 

)" 

do 


=  J_AL  ,  JLIL , 

B  $  AB  dt 

\  dA  .  \  du 


•*» 


AS  a> 


1  ^ 


I 


A  dt  AB  di 

l  dm  dm  m 


«  + 


I 


B 

dm 


*> 


AB  dt 
dm 


A  *  AS  d} 


XiB  dfi 

*%+  1 


R%A  dt  ’ 

s?  i  as 


B  d>  AB  dt 


(2.27) 


Disregarding  in  the  expressions  for  shear,  the  value  (h/L)  as  compared 
to  1,  we  obtain 


•  _  I  dm  u 

A  dt  Rx 

ku  - 
i  dm 


«L  = 


B  d>  Rt 

ku  ~  0* 


—  It* 


(2.28) 


b)  The  average  bend  of  shell  takes  place,  when  the  sag  is  of  the 
order  of  thickness,  but  significantly  less  than  characteristic  linear 
dimensions  of  the  shell.  For  the  average  bend  we  usually  disregard 
squares  of  turn  of  the  element  from  the  bend  as  compared  to  unity.  In 
this  case  ckp/ds  «  <p//Lh,  h  (ckp/ds)  ~  (h/L)1/2.  Here  in  expressions 
for  deformations  it  is  possible  to  be  limited  only  by  the  terms  of  the 
order  up  to  (h/L)  inclusive,  and,  consequently,  nonlinear  terms,  con¬ 
taining  displacements  of  the  middle  surface  u  and  v,  can  be  disre¬ 
garded,  if,  however,  we  take  into  consideration  terms  up  to  (h/L)^/2 
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inclusive,  then  formulas  (2.27)  will  remain  in  force,  and  deformations 
of  shear  will  be  determined  by  formulas  (2.28). 

c)  The  strong  bend  of  shell  is  a  term  given  to  such  a  bend,  wher^ 
sags  are  large  as  compared  to  its  thickness  and  are  commensurable  with 
its  linear  dimensions.  In  this  case  turns  of  lineal  elements  will  be 
commensurable  with  unity,  but  dq>/ds  »  <p/h,  h  (dcp/ds)  «  (h/L)1/2  and, 
consequently,  with  the  accuracy  up  to  terms  (h/L),  expressions  for 
deformations  e^,  e22,  e^2  will  be  the  same,  as  and  in  the  preceding 
case.  In  shear  deformations  it  is  necessary  to  consider  values  k^ 
and  k2z,  equal  to 


(2.29) 


If,  however,  in  expressions  for  deformation  we  disregard  terms 
(h/L)1/2  *  0.1  as  compared  to  1,  then  it  is  possible  not  to  consider 
the  deformation  of  the  middle  surface,  and  the  shear  deformation  can 
be  considered  constant  throughout  the  thickness  and  equal  to 


o  I  dw 

•u  =  «U  =  —  —  -  f , 


0  I  dw  . 


(5.30) 


The  strong  bend,  as  a  rule,  takes  place  only  when  the  external 
load  changes  sharply  on  a  small  section  of  the  shell  surface. 

It  is  permissible  to  consider,  as  we  do  for  small  sags,  that  the 
shear  deformation  does  not  change  throughout  the  thickness  with  any 
variation  of  the  angle  of  rotation  of  the  normal.  Thus,  for  sags  of 


the  nonsloping  shell,  which  are  comparable  with  its  thickness,  defor¬ 
mation  components  will  be  calculated  by  the  formulas  (2.26)-(2.28) . 
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Calculation  of  values  kiz  and  k2z  according  to  (2.29)  will  not  cause 
any  complications. 

With  axisymmetric  deformation  of  the  shell  of  rotation  components 
of  deformation  and  e  will  be  equal  to  zero,  since  the  displace¬ 
ment  v  =  0,  and  other  displacements  are  determined  by  formulas: 


•  «u  ,  w  ,  1  /  V  *  to  h 

*"“ir+-5r+T(‘srJ-ftir- 

4»*“  —  (wcosa  —  tfsina).  kn  = — —  sin  a, 

r» 


(2.51) 


to  m 

*  *,  f‘ 


We  can  easily  see  that  the  effect  of  large  sags  shows  only  on  the 
values  of  meridxonal  extension-compression  deformations  of  the  middle 
surface  of  the  shell. 

2.  Sloping  shells.  In  this  case  the  value  h/R  is  minute,  namely 
h/R  <  0.1(h/L) ,  and  here,  if  l/R  *»  h/l,  then  h/R  «  l2 /Vi2  »  .2/L2. 

Since  deformation  parameters  of  the  middle  surface  are  of  the  order  of 
h/R,  the  displacements  of  the  middle  surface  will  be  of  the  order  of 
(l/R)h,  i.e.,  higher  than  the  sag.  Nonlinear  terms  in  expressions 
for  deformation  components  will  be  effective,  if  angles  of  inclination 
of  tangents  are  such  that  (dw/ds)  «  h/R,  i.e.,  dw/ds  «  Vh/R,  where 
ow/^s  *  h/L  when  L/R  ~  h/L.  Consequently,  for  the  bend  of  sloping 
shells  it  is  necessary  to  change  to  nonlinear  theory  for  smaller  angles 
of  inclination  of  tangents  than  for  the  bend  of  nonsloping  shells. 

In  determination  of  deformations  of  sloping  shells  it  is  possible, 
as  in  plates,  to  disregard  nonlinear  terms,  containing  displacements 
of  the  middle  surface , 
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§  ).  Stressed  State,  Equations  of  Equilibrium 
In  Fig.  2  we  represented  the  element  of  shell,  on  the  edges  of 
which  forces  act  in  the  middle  surface,  and  in  Fig.  3  we  depict  the 

element  of  the  middle  surface  of  the 


j 

* 

VV*  i 


Jr  T» 


Tn~  T** 


T*~T*  N^N;, 


TttmT*v  N,=  */x 


Fig.  3. 


shell  and  the  diagram  of  forces  act¬ 
ing  on  it;  bending  forces  are  moments 
and  transverse  forces:  normally  a 
transverse  load  of  intensity  q  is 
applied  to  the  element. 

Let  u.  constitute  the  equation 


of  equilibrium  of  the  shell  element .  We  write  the  sum  of  projections 
of  all  forces  on  the  direction  of  tangent  to  line  x;  considering  that 
in  view  of  the  smallness  of  angles,  the  forces  in  the  middle  surface 
are  projected  in  actual  size,  we  obtain 

(*' + dy  -x'hd»  +  + 

-XJidx^O. 

Projections  of  transverse  forces  are  not  included  here,  they  give 
terms  of  a  higher  order  of  smallness  and  therefore,  can  be  disregarded. 


After  simple  transformations  we  obtain 

dxx  ax/ 
+  '~ar ! 


(3.i) 


Analogously  we  will  find  in  projecting  of  all  forces  in  the  direction 


y,  that 


ax,'  dYy  _Q 

sr  +  “ar  “ 


(3.2) 


The  equation  of  moments  of  all  forces  with  respect  to  the  tangent  to 
line  y  will  have  the  form,  as  follows 

(Al‘+ vr d* ) iy +  -ip  dyYx  ~ 

-T.dx-qdxdy~--(N,-y  d*) iy dx -  ~  dydx~-  «  0. 
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•WV'*** 


Leaving  out  small  values  of  the  highest  order,  we  find : 


(3.5) 


Analogously  we  will  find  the  equation  of  moments  for  the  tangent  to 
line  x: 


■  dM>  -N  =0. 
+  dy  1 


(3.4) 


Let  us  now  set  up  the  equation  of  projections  of  all  forces  in  the 

direction  of  the  normal,  where  we  consider  the  element  of  the  shell 

in  deformed  state.  Forces  X  h  and  Y  h  will  give  additional  components, 

x  y 

equal  to 


**  ( k* + i~r ) dx  dy  • y* h  ( ky  +  -^r ) dx  • 


We  can  easily  see  that  the  final  equation  of  equilibrium  will  have 


the  form 


(5.5) 


For  the  shell  with  Initial  deflections  w4  from  the  ideal  form  we 

in 

shall  have  an  analogous  equation  of  equilibrium: 


-3r+~sjr  +  + 

+y,  a  +  »«,)]  + 

+  2  Xfh  -~jj  (w  -f  iO  +  g  —  0. 


[hh  =  in  =  initial]  (3.6) 


§  4.  Relationship  Between  Deformations  and  Stresses. 


erentlal  Equations 


Let  us  be  given  a  shell  with  thickness  h,  which  is  acted  upon  by 
a  certain  system  of  balanced  forces,  which  cause  plastic  flows. 


Stresses  in  layer  o’mn  (Fig.  2)  will  be: 

S*  “  XM - j"  ^  (*» - **»)• 


(4.1) 


where  =  VXx  -  XxYy  +  Yy  +  5Xv  is  the  intensity  of  stresses;  where 

o.  is  a  specific  function  e  .  Stresses  X  ,  Y  ,  Z  are  small  when  com- 
1  *  z  z  z 

pared  with  basic  stresses. 

The  entire  simplification,  introduced  in  the  theory  of  shells  by 
the  Kirchhoff-Love  hypotheses,  consists  of  the  fact  that,  instead  of 
six  stress  components  it  is  possible  to  introduce  five  force  compo¬ 
nents  and  three  moment  components,  which  act  on  the  shell  element  as 
a  whole,  and  these  eight  values  will  be  functions  of  only  two  indepen¬ 
dent  variables  £,  q;  for  their  determination  it  is  sufficient  to  have 
equations  of  equilibrium  of  element  only,  if  the  relationship  between 
forces,  moments,  deformations,  and  distortions  will  be  established. 

Five  force  components  are  determined,  as  resultants  of  all 
stresses  along  two  mutually  perpendicular  edges  of  the  element, 
lengths  of  arc  of  which  in  the  middle  surfaces  are  equal  to  unity. 

If  the  shell  is  sufficiently  thin,  so  that  the  ratio  of  its  thickness 
to  the  characteristic  radius  of  curvature  can  be  disregarded  as  com¬ 
pared  with  unity,  then  we  obtain  the  following  five  expressions  for 


the  forces: 

t„  =  r„  =  f  x,dz, 

_'k_ 

s 


*  * 

Tjf  —  Tt—  J  Xxdz,  7y=rt=  f  Yydz, 

k  *» 

~  *  "  i 

k_  k_ 

Nx  =  Nlr=  f  zxdz,  Ny=  Nt—  f  Z„dz. 

JL 

»  t 


(4.2) 
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Intersecting  forces  N  ,  N  ,  in  spite  of  the  smallness  of  stresses,  are 

x  y 

not  equal  to  zero,  and  they  are  determined  only  from  equations  of 
equilibrium. 

Analogously  it  is  possible  to  write  formulas  for  the  bending 
moments  and  torques : 

I  ! 

—  f  XjgZ  dz,  =  Af,  f  Yjdz, 

_JL  * 

~  * 

k 

Mgy  »  Aflt  —  f  X,zdz. 

-JL 

> 

Inasmuch  as  stresses,  applied  to  the  element,  are  thus  replaced 
by  resultant  forces  and  moments,  it  is  possible  to  replace  the  very 
element  of  the  shell  (see  Fig,  2)  by  the  element  of  the  middle  surface 
(see  Fig.  3).  In  Fig.  3,  which  shows  the  diagram  of  forces  acting  on 
the  element  of  the  middle  surface  of  the  shell,  we  see  that  forces 
Tx  =  and  T  =  T^,  stretch  it  in  the  direction  of  x  and  y  axes; 

furce  T  =  T, 0  creates  a  shift  inside  the  surface,  and  their  positive 
directions  in  x,  y  axes  are  the  same,  as  directions  of  stresses  X  , 

A 

Y  ,  X  .  Positive  directions  of  intersecting  forces  N  =  N„ ,  N  =  N0 

y  y  x  l  y  2 

coincide  with  positive  directions  of  stresses  Z^,  Z  .  Bending  moments 
M  =  M. ,  M  =  M0  are  considered  positive,  if  they  strive  to  give  con- 
vexity  to  the  shell  in  the  direction  of  positive  z  axis.  Torque  M  = 
=  is  positive  in  the  case  when  on  the  part  of  positive  x  axis  it 
strives  to  turn  the  element  clockwise. 

For  simplification  of  calculations,  following  A.  A.  Il'yushin 
[2],  it  is  recommended  instead  of  forces  T^,  T^,  to  introduce 

their  linear  combinations: 


(4.5) 
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Si  =  rt—-jT,- 

s,=r,— -i-r,= 


1 


2 

3 


and  instead  of  moments  M^,  M^,  M^2  —  values 


(4.4) 


Hx  —  Mi —  —  Afj=. 


2 

3 


From  (4.4)  and  (4.1)  we  now  have. 


2 


2 


5u  —  *1*  J*  —  d*  *»  J 


h 

a 


h_ 

2 


(4.5) 


(4.4*) 
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and  from  (4.5)  we  obtain. 


Jk_ 

* 


1 


j 


>  > 

_k_  ^ 

a  * 

•i 


■zdz  — 


(4.5') 


t 

s 


JL 

s 


=  ««  J  —  zdz  —  *lt  j  -2-  z*dz . 


i  > 

In  formulas  (4.4* )  and  (4.5')  we  encounter  three  types  of  integrals, 
distributed  throughtout  the  thickness  of  the  shell: 


jk_ 

a 


jk_ 

> 


h_ 

a 


J  A*.  /.-  j  i.*;  /.-  j 


—  z*dz. 


(4.6) 


Through  them  forces  and  moments  are  expressed  as  follows: 

Ar,  =  (., + 

Vr.  =  ('.  +  Y‘0 “  T  *•) 


2  ^i*  —  *i*^i  *«/*i 


T  ***  =  («»+  —  «*)  /,  -  (*,  +  ~  /,. 

*f  ^  =  (**  +  T  *‘) l%  ~  (**  +  T  '') 1 * 


(4.7) 


(4.8) 


'  *»  *=  «i*/j  — 


Since  in  (4.6)  ou  is  the  given  function  of  e^,  where  its  concrete  form 
for  every  material  becomes  known  in  particular  problems,  we  naturally 
avoid  integration  by  z  on  the  basis  of  relationship  (2,5)  change  to 
integration  by  e^  Multiplying  I1  by  P£,  I2  (by  -  2P£K)  and  1^  by  1^ 
and  adding  the  results,  we  obtain: 


V 


i 


2 

/,p.  —  2/^P.x  +  /,Px  =  |  J  ; 


(*.9) 


Differentiating  (2.3)  by  z,  we  find 


=  {zP%  —  P**)dz. 


(4.10) 


multiplying  1^  by  (-P£^),  I2  P>i  and  the  results,  we 


obtain: 


2 

-i,p.»+v»=  -j- 1  «/*, 


(4.11) 


Let  us  find  expression  z  through  e^;  for  this  purpose  it  is  necessary 
to  resolve  quadratic  equation  (2.5) 

the  root  of  which,  does  not  contradict  relationship  (4.10),  and  is 


■  -  -Zsl J.  e3  —  —  P- 

P,  +  2,'J\  V  i  3 


~^slgn(2P«~P.K). 

f  K 


(4.12) 


where  it  is  necessary  to  take  always  positive  value  of  the  square 


root.  Differentiating  (4.12),  we  obtain: 


2  VPt 


e  i  dti  sign  dti 


,/  ,  4  V.-l  ' 

V  *'  3  P, 


(4.33) 


Sign  of  value  (zP  -  P  ),*  according  to  (4.10),  coincides  with  the 
sign  de^/dz,  and  since  in  the  intervals  which  interest  us  dz  is  alway: 
: ocitive  when  z  changes  from  -h/2  to  +h/2,  then  integration  by  dei 
should  be  executed  in  such  a  manner  that  de^  increase  also,  i.e.,  we 
must  integrate  by  de^  sign  de^. 

Let.  us  examine  values  of  intensity  of  deformations  in  three 


♦Designated  by  symbol  sign. 
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points,  located  on  z  axis: 


z  = 


,=+f- 


*  =  2- 


whe  re 


We  designate  them  respectively: 


enX=WV  Pt  +  hPu  +  -TP' 

(—■ i) 

wl/  + -f'’- 

w  VPJ>-  * 

(2  =  2j. 

(4. ill) 


(4.15) 


As  we  see  from  (4.10),  point  z  =  zQ  is  the  point  of  minimum  e^,  since 
2  2 

d  e^/dz  >  0.  Consequently,  inequalities 


en^en-  (4.15*) 

always  occur. 

We  assume  that  tensile  and  shearing  strains  of  the  middle  surface 
e^,  e2,  e^2  are  ei4her  commensurable  or  small  compared  with  flexural 
strains  of  the  shell  ±(h/2)x1,  ±(h/2)n2,  ±(h/2)K12  or  that  the  latter 
are  dominating  if  point  zQ  does  not  occur  beyond  the  limits  of  the 
thickness  of  the  shell,  i . e . ,  if 


_ *.  <•»  —  flL 

T  <2,~Tr 


2 


(4.16) 

Deformations  of  the  middle  surface  are  termed  large,  or  domina¬ 
ting,  as  compared  with  flexural  strains,  if  point  z^  is  located  out¬ 
side  the  thickness  of  the  shell,  i.e.,  if  one  of  inequalities  takes  place 

(4.17) 


,  _  A  2  ~  p,t  _ 

*  P.  2  ’  *  P,  ^  2 


In  case  of  commensurable  tensile  and  flexural  strains  the 
integral  from  any  positive  value  R  throughout  the  thickness  of 
the  shell  must  be  calculated  by  the  formula 
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*  f*A  „  .  ‘it  , 

f  J?,fe_  JL4L[f  +  f  *»*<  1, 

•K  t'R  [kpJ  (4.16') 

“T 

In  case  of  incommensurable  or  large  tensile  strains  such  an  inte¬ 
gral  should  be  calculated  by  the  formula 


* 


s 

•a 

f  R'idei 

Jft  2,P» 

~y 

(4.17*) 

We  now  introduce  designations  of  basic 

values  in  the 

theory  of  shells : 

A  —  Af  B  =  fit.  C  =  Cf  | 

^  —  A'  B  —  flj,  C  —  Ci  ^ 

(4.18) 

where  values  AQ,  Cq  pertain  to  the  case  of  dominating  flexural 
strains  and  are  equal: 


*f}  ‘it  Ut 

—  J  «<&>+  J  a,de,  =  J  Of det, 
'*  Ut  i 


•ll 


5|<le| 


*<• 


V'f-i 


-jdtj 

Vtt, 


% 


• li  _  ‘It 

C*  =  J  alVc2i~^0dei+  J  3/  V $  — 

Ut  *tt 


(4.18') 


and  A^,  B^,  C1  pertain  to  the  case  of  dominating  extension  of  the 
middle  surface  and  are  determined  by  the  formulas : 


A,  =  AC=  j  ^  de„  B,-  j  ~yjz?  sigr  gn)' 

*i»  _ 

<4  =  j’  ~  ^  sign  (<?„  —  <?,,). 


(4.18") 


Integrals  1^,  I^,  I,  can  be  expressed  through  basic  values  A,  B, 
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C,  depending  on  main  quadratic  forms  P  .  P  -  P_  according  to  the 
formula  (4.18).  For  this  purpose  let  us  note  that  integral  1^  on  the 
basis  of  (4.6^  and  (4.16* ),  (4.17')  is  expressed  directly  through 
function  B,  after  which  from  (4.11)  we  find  I ^  through  A  and  B  and 
then  from  (4.9)  we  obtain  1^  through  A,  B,  C.  In  this  manner  we  find 
the  following  formulas: 


J^-B,  /, 

2  P*  * 


2P’ *  T  AP. 


,  _  j.'t  c ,  v*n.  B  sf..  , 

«*c  +  ^KrB+’tFA 


(4.19) 


where  to  values  A,  B,  C  we  must  either  ascribe  index  "0"  and  calculate 
them  by  the  formulas  (4.18'),  if  the  flexible  strain  dominates,  or 
ascribe  to  the  index  "1"  and  calculate  according  to  (4.18")  if  exten¬ 
sion  —  compression  of  the  middle  surface  dominates. 

An  exceptional  case,  when  formula  (4.13)  and  all  subsequent  cal¬ 
culations  lose  their  meaning,  presents  the  zero-moment  stressed  state, 
with  which  the  value  ei#  and  consequently,  are  constant  with  respect 


to  thickness.  In  this  case 


P,  =  P„=0,  e^-^VK 


(4.20) 


and  integrals  1^,  I 2,  I^  can  be  calculated  directly.  From  formulas 
(4.6)  we  have: 


/,  «  A  _?1_ ,  /,  =  0.  /, 

* t 


(4.21) 


where,  inasmuch  as  equality  P =  0  is  possible  only  when  x. ,  =  x0  = 

fv  J.  C— 

=  x^2  =  0,  then  bending  moments  and  torques  are  equal  to  zero 

M1  =  M2  -  M12  -  °’ 

and  forces  are  found  from  simple  relationships: 


r,-|r.=  s,= 

Tt — l-  T,=  St—  h~tt. 


(4.22) 
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(4.22  cont’d) 


Tn  = 

These  relationships  coincide  with  those  that  take  place  in  plane 
stressed  state,  where 

T\  —  hXg*  Tt  =  hYr  Tu = hXr  |  ^  23  j 

Relationships  (4.41),  (4.5)  or  (4.7),  (4.8)  express  forces  and 
moments,  acting  on  the  element  of  the  shell,  through  three  quadratic 
forms  (2.6),  (2.7),  (2.8)  P  ,  P  ,  P  and  six  deformation  and  distor- 

C  fv  & ry 

tion  components  e^,  e2>  ei2*  yi2'  and  K12  and  consequently,  through 
three  components  of  the  vector  of  displacement  of  the  middle  surface 
point,  inasmuch  as  deformations  and  distortions  have  specific  differ¬ 
ential  expressions  through  u,  v,  w. 

It  is  easy  to  show,  that,  conversely,  all  deformations  and  dis¬ 
tortions  can  be  expressed  through  forces  and  moments  [2], 

The  set-up  relationships,  connecting  deformations  and  stresses, 
take  place  both  in  the  case  of  elastoplatic  deformations,*  and  in 
purely  deformations. 

Actually,  values  and  e^  are  connected  with  one  another  by  laws 


«/  =  * fe)  =  3Ge,[l  —•(*/)!,  ( 4 . 24 ) 

e,  =  <D^(3/H  -SLll+ffcM.  (4.25) 


here  G  is  the  modulus  of  elasticity  in  shear.  With  respect  to  curve 
ck  =  ^(e^)  we  will  assume  that  it  satisfies  the  inequality  (Fig.  4) 


3G  >  — >  ^->0. 

*1  dti 


(4.26) 


Function  o^e^)  (function  of  plasticity  by  A.  A.  Il'yushin)  constitutes 
the  ratio  of  line  segment  MM1  to  line  segment  MI!M'  (Fig.  4).  It  is 
equal  to  zero,  as  long  as  deformation  is  elastic  and  satisfies  the 


*In  the  assumption  that  a  simple  or  close  to  simple  load  is 
realized,  i.e.,  such  a  load,  when  all  individual  loads  are  proportional 
to  one  parameter. 
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following  inequality,  ensuing  from  (4.26): 


f\*L 


1  * ,j>  +  ei-d^  >  “  -  0* 


>  0. 


(4.27) 


e; 


Fig.  4. 


The  noted  properties  of  functions  and  u> 
correspond  to  the  experiment  data.  The  func¬ 
tion  of  plasticity  o>  is  expressed  though  c. 


*  according  to  equation 

3 

a c*t 

and  analogous  to  it  function  <p  has  the  expression 

_  3 „  » 

^  «l  I  —  *• 

Designating  by  a  and  ee  the  point,  to  which  the  deformation  of 

s  s 

material  may  be  considered  elastic  (a  is  the  yield  point  and  e  the 

s  s 

flow  deformation),  we  have  for  function  co: 


u  —  0, 

•  =  *>  fa)  >  0,  et>  et. 


In  the  case,  when  curve  c^  =  ^(e^)  may  be  replaced  with  the 
broken  line  OAMB  ,  values  a  ,  e_  will  correspond  to  the  break  point 

5  5 

do^/de^  will  be  constant,  but  for  function  a)  we  obtain: 


»  =  0, 


(4.29) 


where  constant  X  (hardening  factor)  designates  the  value 
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Relationship  (4.25)  does  not  have  any  meaning  in  the  case  when 
the  shell  material  was  not  hardened,  i.e..  Van  Mises'  condition  of 


plasticity  takes  place 
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0 


i 


a 


s 


or 


X2  ■  XvYv  +  Y2  +  3X2  =  a2.  (^-30) 

*  *  y  y  y  s 


Now  we  write  the  relationships  between  deformations  and  stresses 
in  the  middle  surface  for  the  case  of  purely  elastic  deformations: 

+  +  (4.31) 

V  E 

X'~2(l+>)7, 

vfnere  E  is  the  elastic  modulus,  v  is  Poisson's  ratio.  Dependences 
between  moments  and  changes  of  curvatures  will  remain  the  same,  as 
for  the  plane  plate  [3]: 


(4.32) 


For  transverse  forces  we  have  expressions: 

NK~-Dj-v'w.  Nv=-Dj-v*n.  (4.33) 

Here  D  is  the  cylinder  rigidity: 


D=  (4.34) 

12(1-**)  v  ’ 

Equations  of  equilibrium  (3.1)  and  (3.2)  are  automatically  fulfilled 
upon  the  introduction  of  stress  function  according  to  formulas: 


dxdy' 


(4.35) 


where  is  the  function  of  stresses  in  the  middle  surface,  or,  in 
short,  the  stress  function. 

We  introduce  (4.32)  and  (4.33)  in  the  equation  of  equilibrium 
(3.6),  then  we  arrive  at  the  following  equation: 
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(4.56) 


IW%  =  X/  (  *,  +  -0-)+ 


Let  us  now  transform  the  condition  of  deformation  compatibility  (2.10) 
Expressing  deformations  ex,  e ,  y  through  stresses,  we  find: 


»Xx 

0 

+  ^L_V 

(*xx  ,  9 

a»xy 

i 

*Y,  \ _ 

dxdy 

+  dx* 

dxdy 

.  -j-  . 

ax*  / 

ap[ 

f  d*o  y 

a*w  d*o 

—  it  — 

—  b  - 

a*» 

1 

E[ 

Wxty  J 

dx*  dy* 

'  a** 

R* 

Tx*~ 

r 
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Q 

h  ' 

(4.38) 

d>w 

~toT- 

(4.39) 

We  introduce  in  equations  (4.36)  and  (4.37)  the  stress  function 
according  to  (4.35).  Then  basic  equations  of  the  theory  of  flexible 
sloping  shells  will  take  the  following  form,* 

T  W®  -  l  (».  $)  +  *,  -g-  . t,  -0  h 

ft 

2  2/ 

Here  through  V  V  (  )  Laplacian  operator  is  designated. 

V  V  '  '  dx«  dy* 

In  the  particular  case  of  circular  cylindrical  shell  with  the  radius 
R  we  obtain 

d  _  py  .  a*a>  a»$  ga»te>a*$ 

h  dx*  dy*  dy*  dx*  dxdy  dxdy 


,  »  <*P  , 

+  #  dx*  +  A  ’ 


-i-yVi  =  _ L 

£  \dxdyj  ax*  ap*  /? 


a*o> 

dx*~ 


(4.40) 

(4.41) 


In  examining  only  small  sags  of  the  shell  we  can  disregard  non¬ 
linear  terms  in  equations  (4.38)  and  (4.39).  Here  we  obtain: 


♦These  equations  are  applicable  also  in  examining  of  shells  of 
an  arbitrary  outline,  if  deformation  has  the  character  of  local  loss 

of  stability  [4]. 
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,  f  . 

Ar»  +  *  ’ 

(4 .42) 

dHa 

*  *** 

dy * 

9  Ox- 

(4  .45) 

Considering  that  curvature  kx  and  k^  are  constants  and  applying  to 

2  2 

(4.42)  operator  v  V  ,  we  find: 

— v*vW®  -  K  —  (v*v*0) +*,■—  (v*v*o)-h  y  v*vV 

If  we  substitute  nere  v  according  to  (4.43),  then  it  is  possible 

to  reduce  system  (4 .42) -(4 .43)  to  one  solving  equation  of  the  eighth 
order  with  respect  to  function  w: 


—  VTW 


(4.44) 


For  the  circular  cylindrical  shell  the  equation  will  have  the 

form 

-ivw v*®+£-£?“-ijrvv»-  (4-45) 

Let  us  now  investigate  the  case,  when  we  must  take  into  considera¬ 
tion  initial  forces  in  the  middle  surfaces,  constant  in  value,  which 
is  necessary,  for  instance,  in  problems  of  stability  of  shells, 

f  j  _  n  _  c 

dy'  *’  dx *  “  *’  dxdy~  (4.46) 

Then  equation  (4.40)  will  assume  the  form  (when  q  =  0) 


v'v'm  =  -  P,  _  p,  *£  _2S-^-  + 
k  V  V  '  dx*  y  dy*  dxdy 

+  k  J*+k  £ L 

*  **•  '  *•  ’  (4.47) 

Taking  into  consideration  (4.43),  we  obtain  the  solving  equation 


(4  .48) 
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In  the  case  of  circular  cylindrical  shell: 


+2S^.(^)  +  W  (-&.)  =  «.  (,.49) 

Assuming  that  in  (4.36)  w  =  0,  we  obtain  the  equation  of  theory  of 
zero-moment  shells : 

let  us  note  that  the  transverse  load  is  considered  positive  in  the 

direction  toward  the  center  of  the  curvature. 

© 

§  5.  Variational  Formulation  of  the  Problem  of  the  Theory 
of  Shells  With  Geometric  Nonlinearity  Taken 

Into  Account 

Let  us  examine  geometric  nonlinearity*  of  a  shell,  being  in 

equilibrium  under  action  of  volume  F  and  surface  Pn  forces.  Let  us 
Z  -  z  z 

assume  that  6u^,  ou^,  o w  —  infinitesimal  variations  of  displacements. 
Work  of  external  forces  on  variations  of  displacements  will  be 

JJjNTdn-rJJP.tfdi.  (5.1) 

Q  1 

where  df2  =  A*B*dad(3dz  is  the  element  of  the  volume  of  shell,  Z  is  the 
,'eneral  boundary  surface  of  the  shell;  a  and  6  are  curvilinear  orthog¬ 
onal  coordinates,  determining  the  position  of  the  point  on  the  middle 
surface  before  and  after  deformation,  asterisks  mark  the  values,  per¬ 
taining  to  the  deformed  shell  or  its  middle  surface,  "u  is  the  varia¬ 
tion  displacement,  equal  to 

(6.2) 


♦Deformations  are  expressed  as  derivatives  of  displacements  taking 
into  account  nonlinear  terms.  For  instance,  e^  =  £u/ox  + 

+  l/2(dw/dx)2  -  k^w. 
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*  «K.' 


Here  ov  is  the  variation  of  vector  of  displacement  of  points  of  the 

middle  surface;  on  is  the  variation  of  the  vector  of  the  normal  to 

the  middle  surface.  The  stress  vector  P  on  the  area  with  the  normal 

n 

n  is  expressed  through  stress  vectors  F^,  7^,  7z,  acting  on  the  areas 
taken  on  coordinate  surfaces  a  =  const,  3  =  const  and  z  =  const, 

according  to  the  known  formula  of  the  theory  of  elasticity 

Pa  -~Pt  cas(ni)  -f  Pt cos  (n3)  +  P, cos (nz). 

Let  us  set  up  the  expression  of  the  virtual  work  of  external 
forces  6A  through  the  energy  of  deformation  of  the  shell.  Putting 
expression  “F  in  (5.1),  we  obtain 

M  =  JJJfgu*/Q  +  jf  (PiCos(na)-f  P,cos(n3)-f- 
o  t 

*F  P,cos(/ur)}8ud2. 

Hence,  using  formula  of  transformation  of  the  surface  integral  into 
the  volume  integral  and  taking  into  account  equations  of  equilibrium. 


we  find : 


ZA  =  J.f  +  PiA'&).  2  +  P^B’^iUdxdTidz, 


(5.3) 


where  (6u)  ^  =  ( 6v )  ^  +  zbn*^  =  &"r*\  +  z&n*^,  (ou)  z  =  on*,  where  " 
below,  before  the  index  designates  differentiation  by  a  or  (3  once. 
This  is  the  expression  of  the  principle  of  virtual  displacements  for 
the  shell,  considered  as  a  three-dimensional  body.  Formula  (5.3)  may 


be  also  written  in  this  form: 


M  =  JJ  Wi S,  (dS  =  A'B'daiTi), 


(5.4) 


whe  re 


^  ~  (**</  —  ^ 


(5.5) 


this  is  the  variation  of  the  deformation  energy  of  the  shell,  referred 
to  one  unit  of  area  of  the  middle  surface.  If  we  use  the  simplest 
variant  of  elasticity  relationships  -  the  Hooke’s  law,  —  and  reject 
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values  of  the  order  of  k  e.,  (k.  are  curvatures  ul*  coordinate  iin*-' 

is  ik  x£ 

*  * 

a  and  0,  for  instance,  with  small  deformations  k.^  =*  V^ap)  and  take 
into  consideration  the  equality  (here  6e^i  =  ce.^,  oe12  + 

+  oe21  =  26e12),  then  (5.5)  takes  this  form: 


8lr  “  2  0W  +  Mh  o/l7), 
u 


where  and  are  expressed  by  formulas: 


m 

2«/y  “<//+?//+  +  W/*/  (*»  /  ~  I  •  ^)» 

*-  1 

«u = *nfn  -*iAi  - x(£i  + £*i5r + £j  /Sr) ~ 


dX 


AB 

a? 

-—(e. 

*n 

a  r 

d* 

+  “i 

dB 

"  • 

*«  =  *iAi  -  *ii«*  ~  ^  ^  ^  E,  -^)  + 

.  (C2) 


AB  ary 


(5.6) 


(6.7) 

(5.6) 


Parameters  e^,  u^,  E^,  characterize  angles  of  rotation  of  coordi- 

_  _  _ * 

nate  vectors  r  . ,  n  in  the  process  of  deformation,  for  instance  n  = 

>  i 

=  e‘1E1  +  e"2E2  +  nE^,  here  Ei  =  e^o^  +  e±2^2  -  (1  +  e±1  +  e^on, 

E^  =  (1  +  e±1)  (1  +  e22)  -  e12e21* 

Thus,  the  variation  of  strain  energy  of  the  shell  is  composed  of 
variation  of  the  stretch  and  shear  energies: 

IWX  =  T\Mu  +  T&hz  f  2 T^ht 

and  the  variation  of  the  bending  and  torsion  energies : 


(5.9) 


+  Mj2'‘*n  +  2AJ*2v/.1#.  (5.10) 

Putting  in  (5.6)  forces  and  moments, 

T’ii *=  K («n  +  v***),  7*12  =  Tji  **  K (l  —  v) *lt,  T*n  =  K (sM-f  «u). 

Afu  =  D(xn  -p  vxjj),  Aft2  =  Mji  =  £)(1  — v)*u,  M*s  — 

=  D(tu  4  vxn) 

2 

(here  K  =  Eh/1  -  v  is  the  extension-compression  rigidity  and  D  = 

=  Eh^/12(l  -  v2)  is  the  cylinder  rigidity)  and  integrating  by 
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deformation,  components  in  the  range  from  zero  state  to  the  state  with 


ieforniations  and  we  find  the  expression  of  the  specific  work 

of  deformation  of  the  shell: 


21^  —  #C  I(*n  +  ejj)*  —  2(1  >)  —  «yi  + 

+  D  l(xn  +  -  2  o  -  *)  (*»*«  - 


(5. IS) 


where  eik  and  are  expressed  through  displacements  u^,  u^,  w  accord¬ 
ing  to  formulas  (5.7)  and  (5.8).  Formula  (5.11)  is  analogous  to  the 
formula  of  deformation  energy  of  the  plate .  Applying  it  to  the  thin 
shell,  we  allow  an  error  of  the  order  of  h/R  as  compared  to  1. 

Now,  after  a  number  of  simple,  but  sufficiently  labor-consuming 
transformations,  we  find  the  expression  for  variation  of  the  work  of 
all  possible  external  forces,  which  may  be  recorded  thus: 

JJ  ( Xiv  +  [Lyn*] + 

+ 1  (OSo  +  G’m’Zn^ds  +  WVo^,  (5.12) 


where  3F  is  the  vector  of  external  boundary  force,  G*  and  H*  are  the 
external  bending  moment  and  torque  on  the  contour  of  deformed  shell. 

The  surface  integral  in  (5.12)  is  the  work  of  external  forces  on 
infinitesimal  variations  of  displacements  and  external  moments  on 
infinitesimal  variations  of  angles  of  turn,  since 

I L  X  n*\  (5.15) 

<-i 


where  et’orT*  are  variations  of  angles  of  turn. 

l 

The  contour  integral  in  (5.15)  Is  the  work  of  external  forces 
and  moments  on  variations  of  displacements  and  angle  of  rotation,  since 
m*"5n*  is  the  variation  of  angle  of  rotation  around  the  tangent  to  the 
contour . 


Outside-the-integral  term  H*n* bv I  is  the  work  of  concentrated 

°  I  c 

boundary  forces  on  displacements.  It  disappears,  if  shell  edges  are 
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either  supported  on  hinges  or  rigidly  fastened.  It  disappears  also 
when  the  contour  does  not  have  any  angle  points,  and  neither  H*  nor  v 
can  have  discontinuities.  If  the  shell  contour  contains  angular 
points,  concentrated  forces  of  the  H*n*  type  can  appear  in  angles  in 
the  form  of  reactive  concentrated  forces.  Thus,  the  variational  equa¬ 
tion  of  the  principle  of  possible  displacements  in  the  nonlinear  theory 
of  shells  will  be  expressed  by  the  relationship 

lyVABdiQ.  (5.14) 

where  6W  is  yielded  either  by  formula  (5.5)  or  (5.6)  and  6A  by  formula 
(5.12).  Let  us  note  that  the  variational  equation  of  the  type  (5.14) 
is  also  true  for  the  general  nonlinear  theory  of  shells,  where  dis¬ 
placements  and  deformations  considered  arbitrary. 

Variational  equation  (5.14)  may  be  interpreted  in  the  following 
manner.  Let  us  assume  that  3±  is  the  potential  strain  energy  of  the 
shell,  63,  is  its  full  variation  in  isothermal  or  adiabatic  deforma¬ 
tion  processes:  ..  .. 

3i  =  jjip</e>  Wdz. 

i  i 

Let  us  further  assume  that  5<i>  =  -6A  is  the  variation  of  potential 
load  energy.  Then  it  is  possible  to  record  (5.14)  in  the  form 

+  (5.1g) 

where  3  is  the  full  potential  energy  of  the  system. 

Thus,  the  state  of  equilibrium  of  the  shell  differs  from  adjacent 
geometrically  possible  states  by  the  fact  that  with  any  infinitesimal 
virtual  displacements  of  the  system  from  the  position  of  equilibrium 
the  increase  of  full  potential  energies  is  equal  to  zero.  This  is 
Lagrange’s  variational  principle.  Geometrically  possible  states  of 
shell  are  such,  states,  with  which  displacement  variations  do  not 
disturb  holonomic  constraints,  superimposed  on  the  shell.  Geometric 
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couniary  conditions,  and  also  comparable  in  the  Lagrange  variational 


principle  values  and  xik,  which  have  to  present  continuous  defor¬ 
mations,  satisfying  conditions  of  deformation  continuity  car.  serve  as 
holonomic  constraints.  This  condition  will  be  assured,  if  deformations 
and  are  expressed  through  displacements  u^  and  w  through  for¬ 
mulas  (5.7)  and  (5.8). 

An  increase  of  the  work  of  external  forces  and  moments  6A  is  a 
full  variation  only  in  certain  particular  cases:  for  instance,  when 
external  forces  can  be  considered  to  be  independent  of  deformations 
and,  furthermore,  parameters  e.,  are  small,  i.e.,  e.,  ~  e  (e  is  the 

IK  1 K  p  p 

elongation  per  unit  length  at  the  proportionality  limit  of  the  shell 
material. 

Let  us  rewrite  the  variational  equation  (5.15)  in  the  form 


3(3i  +  3*)  =  23=  0. 


(5.16) 


This  equation  is  also  true  for  end  sags  under  the  condition  that  edges 
of  the  shell  are  either  supported  on  hinges  or  rigidly  fastened  and, 
furthermore,  external  forces  tolerate  the  potential 


(Mr-  0). 


Consequently,  (5.16)  can  be  formulated  in  this  manner:  from  all 
virtual  displacements,  congruent  with  holonomic  constraints,  superim¬ 
posed  on  the  shell,  in  reality  only  those  take  place  for  which  the 

potential  energy  of  system  9  assumes  the  steady-state  value,  i.e., 

50  =  0. 


From  the  variational  equation  (5.14)  equations  of  equilibrium 
and  static  boundary  conditions  ensue. 

Let  us  note  that  earlier  we  obtained  fundamental  equations  of 
the  shell  theory  proceeding  from  the  principle  of  virtual  displace¬ 
ments  . 
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On  the  variational  principle  of  virtual  displacements  the  Ritz 
approximation  method  (energy  method)  is  based,  the  essence  of  which 
consists  in  the  following.  Variational  equation  (5.14)  contains  the 
equation  of  equilibrium  and  static  boundary  conditions.  Therefore, 
satisfying  this  variational  equation,  we  thereby  satisfy  static  con¬ 
ditions  inside  the  shell  and  on  the  contour.  The  latter  conditions 
will  be  executed  in  the  process  of  resolution  of  the  problem  with  the 
exactness  that  will  be  the  greater  the  higher  approximation  of  the 
problem's  solution.  Moreover,  geometric  boundary  conditions  are  es¬ 
sential,  i.e.,  they  have  to  be  satisfied  beforehand.  Therefore,  in 
the  approximate  solution  of  specific  problems  with  the  help  of  varia¬ 
tional  equation  (5.14)  we  shall  prescribe  approximating  functions  of 
the  form; 

*  *  * 

(*•  ?)•  u*  =  y.  BkWk  (a.  ?).  w  -  V  C*H>*  (3,  3),  (5.17) 

*-i  *~i  *T| 

where  A^,  B^,  are  constants  to  be  determined  ,  and  f^,  q>k,  are 
given  functions,  which  are  chosen  in  such  a  manner  that  the  displace¬ 
ments  u^,  u2,  w,  permissible  in  comparisons,  satisfy  geometric  boundary 
conditions.  Then,  putting  (5.17)  in  (5.14)  and  comparing  factors  in 
variations  6A^,  bB^,  bC^.,  we  obtain  the  system  of  algebraic  equations 
for  determination  of  constants  A^,  B^,  Ck  sought.  In  the  general  in¬ 
stance  the  system  of  obtained  algebraic  equations  will  be  nonlinear. 

It  will  be  linear  only  in  linear  problems  of  the  theory  of  shells. 

In  concrete  instances  along  with  difficulties  of  selection  of  approxi¬ 

mating  functions  (5. If)  the  resolution  of  the  obtained  nonlinear 
system  presents  difficulties  of  a  purely  algebraic  character.  But, 
in  spite  of  this  the  Ritz  method  is  the  most  widely  used  and  reliable 
method . 
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§  6 .  Improved  Motion  Equations  in  Moments 

and  forces* 

Let  us  assume  that  is  the  projection  of  stress  on  the  area, 
the  normal  to  which  in  undeformed  state  coincided  with  the  direction 
of  coordinate  line  i,  on  the  direction,  which  before  deformation  coin¬ 
cided  with  the  direction  of  coordinate  line  k.  Let  us  introduce  forces 
and  moments,  with  usual  formulas 

Jk  Jk  ± 

3  2  2 

Ttt=  J  aikdz,  Alik=  f  dz,  Q,  *=  f  iudz 

_JL  A  _*  (6.1) 

(*.  *  -  1.  2). 

Formulas,  by  means  of  which  forces,  moments  and  intercepting  forces 
are  expressed  through  deformation  components,  will  coincide  with  known 
formulas  for  the  shell  with  small  sags  and  with  formulas  for  the  plate 
with  large  sags. 

Let  us  now  write  motion  equations  of  the  theory  of  elasticity  in 
curvilinear  coordinates  in  projections  on  directions  1,  2,  3  in  unde¬ 
formed  body. 


~  (/ws,,)  +  ~  W,s„)  4  -T.  4 

a*i  oh  °h 


dH 


W. 


d*u 


fa 


dfl 


(H^rS, J  +  -j- 4  (ff .tfAJ  +H,~f-Sa  + 

0*1  0*%  O*  I  (MJ 


I  U  *  dH  |  n  U  dHf  n 


hAsu=,«m 


<J*t» 


01}  W*J  01|  0*1 

i  u  e  u  1/1 A  c  u  j  c  _ .uuu 

+  ~T~  5«*  ~  —  IT-  "XT  • 

oil  0i|  0i| 


(6.2) 


*The  material  presented  here  and  in  §§  7  and  9  was  kindly  offered 
us  by  the  senior  scientific  colleague  of  the  Institute  of  Mechanics  of 
the  Academy  of  Sciences  of  USSR,  Candidate  of  Physical  and  Mathematical 
Sciences,  M.  P.  Galin  [5]. 

The  reader  will  find  a  survey  of  the  contemporary  state  of  the 

statics  theory  of  thin  shells  in  E.  Reysner's  ..-tide  "Certain  problems 
of  the  shell  theory.  Elastic  shells.  Foreign  literature  (IL),  1962. 
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Here  the  following  designations  are  introduced 

=(!  +  *1»)  3„  +  (y  —  •,)  °i}  +  (y  v 

^1*  =  (y eM+  +  (1  +  *«)  +  i~^eU  —  “ij  °u. 

“(y *u  ~~  “•) *11  +  (y^*'  +  “*) 3«  +  (*  +  *«) 3u« 

5n  —  0  +  *u)  3J,  +(y  *»•  —  •*)  3a  +  (y  e»* +  •*)  V 
“  (  Y*u  +  **)  3Ji  +  0  +  **a)  3»  +  ( Y  ~  w»)  3**' 

“(y  <u  "*)  3*‘  (y*“  **)  °a  0  ~f  eu)  3*. 

«(I  +  «»i)  3^,  +  (y  e»~  w')  3a  +  eu  +  •*)  V 

“*  (y  e»  +  “*)  *»•  +  ^  +  **») 3*  +  (y  ~  ***)3"' 
s*  — (y  *iz  ~  •*)  *«•  +  (y  tu  **"  W|)  3«  ^  ^  **"  3»* 

Values 


*// 


S,  l  +  v 


*</  —  */i 


(6.3) 


constitute  stresses,  referred  to  initial  dimensions  of  the  element, 

the  dimensions  of  faces  of  which  are  increased  by  E.  and  their  area 

J 

becomes  equal  to  S*  instead  of  S^,aand  here 

E1  “  V2«jy+  1  —  I. 

-5-  =  VTT+  2t(y) ( I  +  2^) (i.  /.  *1,  2.  3).  (6.4) 


With  small  deformations  1  +  e.. 

11 


*  * 
1,  0.  . 
'  iJ 


a.  .  , 

ij 


Subsequently  we  shall 
consider  deformation  to  be  small  and  even  in  initial  equations  will 
assume  that  o*  ^  . .  strictly  speaking,  in  differentiation  of  valuer 

0.  .  we  should  bear  in  mi.. a  that 

1  tJ 


dz‘t,  _  s'i _ i _i!fL+0  [  a  {  sj  \  i 

da,  St  I  +£y  dr,  ^  'yl  dr,  \  s,  )  1.4  Ej 


since 


(s;\  1  *ej  1 

V  S,  /(!+£;)»  dr,  J 


(r=  1,  2,  3). 


dEj  _  1 _ dtjj 

dr,  j^I  -}  2ijj  dr, 


U 


— (— )  = 

Si) 


!=£  l" 


V0+2tjjHI  -r2i„) 

+  0+2.,,)-^--. 

then  in  small  deformations 


dii  i 

+  2>„)  -#•  + 


dif 


* 


'</  ,  /  dt**  ^  ^  &</  *»M 

I,  “  di,  +,/y  \  dr ,  ~tjk  db,  /  dr,  +  Ji, 


In  accordance  with  the  expressions  accepted  for  displacements 

de„  /da  =  0,  therefore 
zz'  r  ’ 

At*  Ai<.  At.  Ait  A:  <f 

(/./=!.  2). 


d&  g  dif  dtg 


* i *  ,  diJJ 

-sr+,«-sr 


(6.5) 


Taking  into  consideration  that  o  =  0  when  -h/2  <  z  <  h/2,  we  shall 


also  have 


=0  (1-1,2). 

d*t 


Let  us  assume  thau  the  shell  is  under  action  of  external  and 
internal  pressures  Pn(h/2)  and  Pn(-h/2),  and  also  of  external  and 
internal  tangent  of  loads  Psl(h/2),  Ps2(h/2)  and  Pgl(-h/2), 
p„,-,(-h/2),  In  the  case  on  surfaces  z  =  ±h/2  the  following  conditions 
must  be  fulfilled : 


°"(t)  "“l- "2“)  5")' 


We  shall  first  integrate  motion  equations  by  z  from  -h/2  to  h/2, 
and  then  multiply  the  first  two  equations  by  z  and  also  integrate 
them  within  the  same  limits;  then,  disregarding  the  effect  of  moments 
of  stress  on  the  conditions  of  equilibrium  of  forces  and  the  effect 
of  moments  of  tangential  stresses  and  moments  of  the  highest  order 
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on  conditions  of  equilibrium  of  moments,  after  simple  transformations 
we  will  obtain: 


3ii 

1 

BB 

U 

"  AB 

d>. 


(<p«W 


(f*W  + 


9A 


r/_i 

dp 

1  d/I 

lU 

d», 

AB  da. 

r/« 

db 

1  d/ 

lV  * 

di» 

/Id  da. 

B  dr. 


+>u,{[p-(t)+p- (-■?)]+ (4 


«)r,.  +  r„-Wi)]- 

«)r,+r11-(t«jj+ 

i)T“+Q‘] 


I  BB 


+ 

BB  \ 


—  fA  -  fJiAB 


a*u 

dP 


~  t**M  H-rW  +  fK-rf 

0>t  {h  g  l  \  A  wj 


/_L 

dp 

1  d/I 

V  * 

da, 

AB  da. 

m,)+~ 

0®u  <n 


d/I 

/  1  d« 

1  BB  ( 

da. 

\  B  da. 

AB  da, 

,  AB  lV  1  dip  p  > 

+  Rt  l\  B  da,  /?,  j 

lr“+( 

+  ([?,.  | 

i-n 

—•')rI,+r, ,-(,«,)]  + 


— =  (>/*  AS 


3*o 


(6.7) 


s““+irl’(-rS-TH  + 


.  jL 

r  »/jl 

dm 

9  \tJ 

IAQ.\  4- 

rU 

/?,  J  “J 

+  *H 

b 

fA(± 

du 

It  1  |  * 

\A(± 

$h 

L  l  a 

R,  J 

rn J 1 

L  \  a 

*i  #,  J  ”J 

iMi)"'H)l4HN7l- 

+  A  =  fJiAB  ~ 


(6.7) 

cent . 


Here  value  A  is  caused  by  the  second  component  of  the  right  side  of 
the  second  formula  (6.5)  and  is  equal  to 


a==oq^  +  aq>TL’ 

oij  di| 


(6.8) 


From  equations  (6.7)  it  is  clear  that  in  the  first  two  equations 
we  can  disregard  values  cpA  and  V'A,  which  are  of  the  higher  order  of 
smallness,  in  the  last  equation  from  (6.7)  the  value  A  is  of  the  same 

order  as,  for  instance,  the  component  B(—  — - 

V  A  da,  !  da, 

Now  we  write  the  equation  of  moments: 


+  IT,  +  T7  [*  (  «  %  ~  it  ")■ M» j  + 


(6-9) 


w  r 

(  >  . 

dv 

! 

«  u\ 

*.  1 

t  A 

da, 

AB 

j 

dfi  r 

(  * 

dp 

l 

U 

da,  1 

V  -4 

da. 

4 7 


■’)«*}+  tm[[p“(t)- 


fh*AB  i*-r 

12  on 


{BM^  + 

hi* 

(t 

do 

dB 

r/i 

du 

1 

dB 

d»i 

LV  B 

dit 

AB 

dti 

dA  1 

\(  * 

du 

1 

dB 

*.1 

LI  B 

9t% 

AB 

(6.9) 

cont . 


-«•-  (t-£-3-£  “) *} + t"{[Mt)- 

_PttK)]-,[_P.(A)_P.(_i)]}  = 

»j> 

12 

In  equations  of  moments  (6.9)  nonlinear  terms,  containing  displacements 
of  the  middle  surface,  can  he  disregarded  and  for  sloping  shells  we 
may  disregard  also  nonlinear  terms  containing  angles  of  rotation  of 
normals  cp  and  f  and  angles  of  inclination  of  tangents  (1/A)  (dw/da) , 
(l/B)(dw/da2). 

In  the  axisymmetric  deformation  of  the  snell  of  rotation  equations 
(6.7)  and  (6.9)  assume  the  form: 

+MMfhM-T)H[-'-(T)+M-T)])- 


(6.10) 


&»+iM 

+  '• 


<{*L_ 

_Mr 

t\  * 

*i  )l 

+ 


9m 

*• 


-Pa(-  t)] + [p*(— f)-p*(t)]}  -  •+■ 

■fWU  +  ^**+  r.[±  (■£  -t  )*.-«]  + 


'•(**  9? 
12  dr* 


(6.10) 
corn: . 


Disregarding  values  of  the  order  of  h/L  and  higher  as  compared  to  1, 
the  motion  equation  can  be  recorded  in  the  form: 

ilk  — ~-(«fO  4- + 

*Mt)*M-t)H-4t)+*H)1- 


fh 


9u 

dr* 


-[4r<T-  -*>  +t] + -£  [p“  (t) + p-  (-t)J  1 


Afu  —  Afi 


^-sina  —  Q 


f  ' 

+ r)l — %-SE- 


(6.11) 


§  7 .  Equations  of  Motion  In  Displacements 
In  Axi symmetric  Deformation 

We  introduce  abbreviated  designations: 

£ii  =  «?»  +  y  *«•  En  —  *»  +  y  *»•  + 

+  Y  =  ~'r  y  ^ll* 


dt 


\*vw)  —  wt(*vu),Fuk  = 


ds 


(7.1) 

(7.2) 
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(7.3) 

(7.4) 


ft  “  -y-  “  —  •£-  l«h*  J(«?,  —  «y  —  cwa  (io,  —  u)l; 

B,=  - - -  (sin  a  ((„  —  *„)+«,?  cos  a|; 

n  r# 

^u= «,—*!«.  r?.5) 

In  this  case  derivatives  from  quadratic  forms  PQ,  p  ,  P2  on  coordinate 
s  along  the  meridian  will  be  equal  to: 

=  2£uh„  +  (  2E„£„  +  ■ <„)  »„  + 

+  2£ufn  +  2£jift  +  “  ■..£ iii 

^  -  K||U»  +  K„£,/"„  +  +  <7-6) 

01 

4*  KuFn  “H 

~  =  2/Cu9m  +  2/C»5*- 

0f 

Therefore,  derivatives  from  integrals  IR  (k  =  1,  2,  3)  on  coordinate 
s  can  be  determined  by  the  formula 


~  =  (2£j,/*0  +  Ku/*i) 4*  j^2£M£lf  -p—  «j*  j  /*„  4* 
+  Kn£w/*»J  +  (£nAn  +  2/Cj|/m)<f„  +  2/to  ^£n£#w  + 
+  fjjSi  +  ~  *u^|  4-  /«(/C„Fu.  4-  XvP*  +  £«®*)  4* 

4-  2/hJC.A- 


After  substitution  of  expressions  of  moments,  forces,  intersecting 
forces  and  their  derivatives  with  respect  to  coordinate  in  motion 
equations  (6.11)  and  simple  transformations  we  obtain  a  system  of  three 
quasi-linear  second-order  equations  with  respect  to  cp,  w  and  u: 

?//  =  fl|9„  -p  atwu  4-  atuu  4-  L, 

wu  =  &i?„  4-  4-  4-  M, 

(7-0) 

««  =  f «  +  4-  c,u„  4-  /V. 


Let  us  note  that  equation  of  moments  is  linear  with  respect  to 


SO 


coefficients  ,  ...»  b^,  c1,  ...»  L,  M,  N,  and  the  force  equation 

with  respect  to  these  coefficients  is  nonlinear.  Bearing  in  miqp  that 
in  motion  equations  in  projection  on  the  direction  of  meridian  with 
small  intersecting  forces  we  can  disregard  nonlinear  terms,  it  is 
expedient  to  present  coefficients  b^,  b^.  b^,  M  and  c* .  c^,  c^,  N  as 
consisting  of  two  parts: 

*=<;+«;.  «.=<j+4  *,=<;+«;•  n  =  n>+n\  (7-9) 

where  strokes  designate  components,  dependent  on  nonlinear  terms  in 
force  equations . 

We  introduce  the  following  designations  for  the  sake  of  brevity 
in  writing: 

EnK*  +  EfJ),  -f  —  tuF (£„/»  —  K nlH)  -f 
4  <*,*£.»  4  Kj>.  +  EA)  (£„/n  -  /(„/„)  +  2KA  (EJn  - 

-  /Cn  /„)  4  U  (>..  +  y&,)-j /A. 

Aq  =  «J2  |2  ^EUF uw  +  EnD,  4-  —  I io  4 

4  (KuE ■«  4  KA  4  EnPk)  In  4  2/C  AJit  j  +  liEUk » 

Ar  =  2  ^£,i£ sv  4  £«0,  —  *!*£,,*  j  (Fu^io  KiiUo)  4 

4-  (/CnF av  4  *,A  4*  EttPt,)  [F.itfu  /CuAtt)  4 

+  2«*6,  <£„/„  -  *„'»)  +  A  (f..  +  -“  B.)  -  -f  'A-  ( 7  •  10 ) 


Then  for  coefficients  of  the  system  of  equations  (7.8)  we  obtain  the 
following  formulas: 


fli  —  —  (/*  —  £ji  (£tl/n  Kul  ft)  2/(||  (Exiln  /Cu/»j)|— — 

3  fh 

ai~  j-pA*  4  2  ^£|,£u  -f  — 'i*)  (EiJn  KiJio)  4 


4  /(„£«<£„/„  —  » 

pi  4  2£u  (£„/j0  /(„/»)  4  /Cn  ~ K\XI n)  j- 


f-A 


(7.11) 
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5 


— Af^anct  +  Q  — Aj,  — 

®|=  -j-*w(£iAi  +  —  • 

*8-  -f  [A + 2*i.  (f..£u  +  /,. + ~ . 

®ii  +  K„/„). 

"  T  {“  3  Q  ^  a  +  *>r>1  +  **7'“) + 

I** 

-  *f  [,l£“  +  2  (£u£l*  +  T  *u)  (£lI,°  “  + 

+  KnEu(Enltl  /(ii/ji)J—  , 

*5“  T-  (^uA»  —  *„/*)  -f  Ku  (£u/u  —  /(||/,i)I  , 

u  d| 

*•  -  {-[ipw*)*..-  .,<?] + [p.  (!)+/>,(- 1)] + 

+i4r)^; 

pa 

<— A  *r-±w.±. 

c\ - ft".  c-=  -,*» 

w' =  { -  <C„C  +  -^  (?®  sin  o  -  9  [— -1  j  +  p,  A  jj  _. 


(7.11) 


(7.12) 


(7.13) 


(7.14) 


(7.15) 


For  elastic-deformations  integrals  IR  (k  =  1,  2,  3)  are  constants: 

■^1  ~  Eh,  Ip  =  I-z  =  Eh  /2,  and  therefore,  their  derivatives  I,  .  = 

2  k,j 

=  0  (j  =  0,  1,  2). 

Thus,  the  first  notion  equation  will  be  linear,  the  other  two  - 
quasi -linear,  where 


lW 


-  --  Eh*Bk,  A 
12  * 


w 


ihF„.  A';'  =  £«(F„.+»e.). 


(7.16) 
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Coefficients  of  motion  equations  for  elastic  deformations  will 
be  equal: 

=  L  =  -j~ - Af„)sina4 


*®«0.  ,  4§=0, 

Af  —  —  Qsin  o  +  x,r„  4  *,7 M  j  4 

c®  —  cj  =  0,  <1  =  Y-*  ~J  ’ 

*  *  [t  CTU  ■ "  rj  si  i  a  -  *t  <?]  4  [P.  ( |)  4  P,  ( ~  |)  ]  + 


Eh 


1-v* 


c,  —  0,  fj  —  —  <p  —  *  fj-0, 


*;  =  o.  *; 


*.  =  ~7~~7~  M'  -  <F„  +  '&)  10/ 


l-v* 


I— >• 


^-(»Q)s»no-9[-P.(A)4P«(— -)]- 


(7.17) 


(7.18) 


(7.19) 


(7.20) 


(7.21) 


For  the  unloading  throughout  the  entire  thickness  of  the  shell 
made  from  incompressible  material  motion  equations  will  have  this  fori 


9/i  =  <*i?«  +  L*, 


where 


»//  =  *>twu  4  Jy/M  4  M*, 
“//  =  W,  4  c,u„  4  N*, 


LJL 

3  P 


9</-fli9M  +  4  —  £/. 


*.= 


£ 

3 


S’,. 


Af*  «=  o>„  -  -  b,u„  4  Af,  — 


( 


53 


(7.24) 


N*  — H|* — Cj30tt — (7*25) 
Here  L  ,  M  ,  N  are  coefficient  values  for  elastic  deformations  when 

c  c  c 

t  <  t  +  0,  and  sign  (~)  marks  values  of  corresponding  functions  in  the 
moment  of  the  beginning  of  unloading  t  =  t  -  0. 

§  8.  Initial  and  Boundary  Conditions 
If  on  the  surface,  which  limits  the  body,  external  forces  f*  are 
given,  projections  of  which  on  coordinate  lines  cy,  a2,  are  equal 
f£,  f^>  f^,  then  the  following  conditions  should  be  fulfilled  on  the 
surface : 

Su  cos  (iiAj)  -f  Su  cos  (nk^j  -f  Sn  cos  {nk,)  =  f\, 

Sitcos(nkt)  +  Sfj  cos  (nkf)  +  Sj,  cos  (nAt)  =  f\, 

Sucos(nA,)  +  Sucos(nkJ  +  S„cas(nk,)  —  f*r  ^8'1^ 

Here  (nk^),  (nk2),  (nk^)  are  angles,  formed  by  the  normal  to  the  unde¬ 
formed  surface  with  directions  a^,  a^,  a^. 

If  however  external  forces  "watch"  the  deformed  surface  of  a  body 
(for  instance,  pressure  of  liquid  or  gas)  and  projections  of  the  ex¬ 
ternal  force  f*  on  directions  lf,  2’,  31  of  axes  1,  2,  5  after  defor¬ 
mations  are  equal  to  f£,  f£,  f^,  then  condition  on  the  surface  will 
have  this  form: 

|(1  +  2«u)  0„  +  cos  (nkt)  -f  |(1  -f  2eu)  o’j  -f  + 

+  «u9al  cos  (nkj  + 1(1  +  2in)3;,  +  t„  s*u  +  ccs  (nkt)  = 

+en)/i+  (y*n+®*)/;+  ®*)/;-  /;. 

1(1  +  +  *u9ail  cos  (n4*)  -f  (( 1  +  2«t|)  +  'n3),  +  ( i  •  2 ) 

+  cos  (n*,)  +  |(1  +  2*lt)  o’,  +  +  tuo*tl]  cos  (nfc,)  = 

-  -|j-  [o +«»>/;+ (+« +•.)/;+ (|  —,)/;]= rr 
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ki +**-)<■«+ *«•;, + cos(«y + i(i  +  *■„)  + 

+  ««»y  CM  (/!*,)  + 1(1  +2i„)>i  +  t„»,B  +  .ll5ycos(ntJ=  (8  .2  cont'd) 

s# 

- X  [('  +*•>/;  +  (t'“  +  “•)/:+  (t'« — »)«]  -  I'y 

For  small  deformations  relationships  (8.2)  will  be  simplified  and  will 
assume  this  form: 

auCOS(fl*,)  -f  awcos  {nkj  -f  oucos(nJt,)  =  /j, 

%  cos(/iAt)  +  o„  cos  (nkj  +  au  cos  (nk9)  -  f'r 

an cos (nkt)  -f  an cos (nkj  -f  o„ cos (nkt)  =  /j.  (8*J?) 

On  the  surface  of  a  body  displacements  can  also  be  given 

u  =  u(t),  v  =  v(t),  w  =  w(t). 

In  solving  dynamic  problems  in  points  of  boundary  surface  we  may 
be  given,  speeds  and  accelerations,  and  not  displacement.-. . 

Let  us  first  consider  the  unclosed  shell,  the  contour  of  the 
middle  surface  of  which  is  described  by  equation  F(a^,  a 2)  =  0.  Let 
us  assume  that  to  this  contour  force  IT*  and  moment  "G*  are  applied. 

Let  us  expand  vector  K*  in  the  directions  a^,  a^,  z: 

K*  =  K]k,  IKA+KS.  (8.4  ) 

The  connection  between  internal  forces  T. .  and  Q.  and  components  K*, 

IK  1  l 

K*,  of  k*  can  be  obtained  by  integrating  (8.1)  with  respect  to 
thickness,  in  this  we  should  take  into  consideration  that 

*  »  i 

*;=  f  f\dz,  ]  vjz,  ]  r&, 

_T  -T  "T 

as  a  result,  for  a  small  deformation,  we  obtain  (a^  =  a,  a2  =  (3): 

[7“  +  ("7  —  AfaT  “)  T“ — ^  ]  c“  *"*■' + 

+  [T“  +  (~a  IT “ ' 7b  IT ’)' T” ~ m <"‘*)  “  *•’ 


(8/,) 


+{«.+( 


»  + 

(* 

do 

da  ' 

_ L  **  u 

AB  d? 

)tu 

+ 

a 

do  _ 

it 

__Lid 

AB  *> 

)r„— W 

1 

dm 

«  ' 

+/± 

d» 

9 

A  ' 

da 

"  Ri . 

rll+U 

a?  ‘ 

J_ 

dm 

1 T  4-  /_L  . 

d*  _ 

.  JL\ 

a 

a?  ‘ 

Rtl 

I7"*!* 

da 

#1/ 

(8.5  cont 'd) 


If  the  shell  is  limited  by  lines  a  c.  =  const  and  (3  =  c  .  = 

1  J 

=  const  (i,  t1  =  1,  2),  to  which  forces  K*i#  K*±,  K*±,  K*j,  K*j, 

* 

K-jj,  are  applied  then  on  3.ines  a  =  c^  =  const  these  conditions  must 
be  fulfilled 


r« 

+ 

(i 

* 

a?  " 

1 

‘  AB 

da  > 

da  ", 

I7-"— 

fQi! 

+ 

(* 

do 

da 

1 

"  AB 

a?  , 

)r„- 

1>Qi 

ft  i  / 

i 

db 

M  ' 

\t  j 

L  ^ 

d» 

v»  +  r 

4 

da 

#1. 

ii  d 

\  a 

a? 

(8.6) 


and  on  lines  0  =  Cj  =  const  —  conditions: 


«-+(7rT-i)r'*+( 


1  dm 
A  da 


i)r”=*i- 


(8.6* ) 


Here  K^,  ^2j*  are  norma^-  forces,  K^,  are  tangent  forces, 

*  -If 

K^,  are  intersecting  forces,  acting  on  the  contour.  For  sloping 

shells  nonlinear  terms,  containing  displacements  of  the  middle  surface 
u  and  v,  can  be  disregarded. 

If  surface  forces,  in  the  process  of  deformation  "watch"  the 

direction  of  the  normal  and  tangent  to  the  contour  and  are  equal  re- 

»  »  » 

spectively,  to  K^,  K2,  in  small  deformations  from  (8.5)  we  obtain 
boundary  conditions  for  the  forces  in  that  same  form  as  in  small  sags, 
namely: 
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Tucos(nkt)  +  Tltcos(nkt)  -= 

Tn  cos  (nkj  +  Tu  cos  (nkt)  =  Kr 

Q1cos(nkl)  -f  Qtccs(nkJ  «  /Cj.  (8.7) 


For  moments  in  small  deformations  we  do  not  have  to  distinguish  between 
projections  of  the  vector  of  moments  on  the  deformed  and  undeformed 
contour  of  the  shell,  and  therefore,  boundary  conditions  for  moments 
will  be  written  in  this  manner: 

Mtiix&inki)  4-  Mlt cos (nkj  =  G 

Mn  cos  (nkj  +  Mu  cos  (nkt)  ~  G*.  ^ 8 ' 8 ) 

If  the  shell  is  limited  by  coordinate  lines  a  =  c^  =  const  and  {3  = 

=  c.  =  const,  then  along  a  — 

J 

Af„  =  g;.  (8.q) 

and  along  lines  0  — 


Mit  =  = 

Here  G*^,  G£j  are  bending  moments;  G^ ,  G£j 


(8.10) 


—  torques,  acting  on 


the  contour  of  the  shell. 


Along  the  entire  contour  of  the  shell  or  its  part,  instead  of 
forces  and  moments  we  can  be  given  displacements  of  the  middle  surface 
u,  v,  sag  w  and  angles  of  rotation  of  normals  <p  and  f  or  their  first 
or  second  derivatives. 


Thus,  on  every  section  of  the  shell  contour  five  boundary  condi¬ 
tions  have  to  be  given,  which  is  in  full  conformity  with  the  available 
five  motion  equations  with  respect  to  five  unknown  functions  u,  v,  w, 

<P,  if* 

If  the  shell  presents  a  ruled  surface  with  a  closed  directrix, 
where  a  is  the  coordinate  along  generators,  and  (3  is  the  coordinate 
along  the  directrix,  then  when  a  =  c^  (i  =  1,  2)  ten  conditions  of 
the  single-value  of  displacements  and  their  derivatives  with  respect  to 


f 


0  must  be  fulfilled,  and  for  the  shell  of  rotation,  when  coordinate  a> 
is  the  azimuth,  they  will  have  the  form: 

“  (•)  =  “(«*  +  2r),  p(w)  =  o(«-f  2c).  w(u)  =  w(u  +  2c), 

fM  =  f<«  +  2*),  ♦(•»)  =  *(»  +  2«).  (p>  . 


«;<*)  -  + 2c), »;(«)  *  »;(« + 2c), 

■£(•)*  “£(*  +  2*). 

fr(“)  =  fi(»  +  2c).  ti(«)  =  ti(®  +  2«). 


For  dynamic  problems  it  is  sometimes  expedient  to  use  the  condi¬ 
tion  of  single  value  of  derivatives  from  time  and  0  coordinate  dis¬ 
placements  . 

The  remaining  ten  equations  will  supply  immobilizing  conditions 

when  a  =  e  and  a  =  c0. 

1  2 

If  the  deformation  of  the  shell  of  rotation  is  symmetrical  with 
respect  to  the  plane,  passing  through  points  to  =  0  and  to  =  ir,  then  it 
will  be  possible  to  consider  only  the  section  0  <  to  <  ir,  and  instead 
of  conditions  of  periodicity  to  use  ten  conditions  of  symmetry,  when 
co=0  and  (o  =  tt 


o  =  0,  *  =  0,  — 
T  9} 


0. 


(8.12) 


where  instead  of  the  third  condition,  taking  into  account  the  second 
condition  it  is  possible  to  take  condition  of  symmetry  Q2  =  0.  For  a 
shell,  closed  on  both  coordinates  a  and  0,  conditions  of  single  value 
both  for  a  and  0  must  be  fulfilled. 


1 
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CHAPTER  II 

ELASTIC  OSCILLATIONS  OF  SHELLS 


§1.  Natural  Oscillations.  Formulation  of  Problem 

Let  us  set  up  a  problem  on  thin-shell  oscillations  according  to 

that/ 

Love  [6].  It  is  known  /  equations  for  shell  equilibrium  are  obtained 
by  means  of  equating  to  zero  the  main  vector  and  the  moment  of  all 
forces,  applied  to  any  part  thereof.  Equations  for  shell  oscillations 
can  be  set  up  by  means  of  addition  of  expressions  for  forces  of 
inertia  and  their  moments  to  external  forces  and  pairs,  which  enter 
in  equations  of  equilibrium:* 


—  2 fh 


dfl  ’ 


where  p  is  density  of  material. 

In  setting  up  the  equations  we  reject  all  products  of  values  u, 
v,  w  by  their  derivatives;  since  forces  and  moments  are  linear  func¬ 
tions  of  these  values,  we  wilx  simplify  the  equations,  referring  them 
to  the  undeformed  state  of  the  shell.  Equations  of  moments  we  will 
write  in  the  following  form: 


♦Damping  forces  are  not  examined  here. 
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-s{iSFL-*T-+M'%-u**}JN'  0 

~a-  +  -~+s1+sa- 0 

"i  "l 

and  the  three  equations  for  forces  will  be: 


(1.1) 


*(T,g) 
fe  • 


d(M> 


+  S*  T> 


•HSjB)  apyt) 

d»  ff 


Tt 


dA 

% 


*-$} 


Nt_  _ 

tf. 


*1 


2<A 


an> 

dfl 


i  f  awtB)  a(/M)\  .  r,  r,  „aA  <*> 

4*  \  ih  ffi  I  RiR,  '  dfi 


(1.2) 


Equations  (1.2)  constitute  a  system  of  oscillation  equations, 
where  some  of  the  values  included  are  connected  by  relationships  (1.1) 
These  equations  must  be  transformed  into  a  system  of  partial 
differential  equations  for  determination  of  displacements  u,  v,  w  by 
means  of  replacement  of  values  T^,  ...  ,  by  expressions  using  u,  v,  w 
and  their  derivatives,  while  the  third  equation  from  (1.1)  should 
turn  into  identity. 

Let  us  note  that,  as  a  particular  case,  the  theory  of  oscillation 
of  plane  plates  is  included  here.  Actually,  if  one  were  to  assume 
that  r=5—  =  =  0  in  all  equations  (1.1)  and  (1.2),  then  these  equation 


will  fall  into  two  groups: 

d2w 

force  T,  S,  the  other  — S-, 

at2 


one  of  them  will  contain 


^2  >2 

o  u  o  v 


at"  at" 

the  elastic  force  N  and  moments  M. 


and 

Further 


in  this  case  T,  S  are  expressed  through  e^,  ...,  and  the  latter  in 
turn  through  u,  v  according  to  known  formulas. 
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Thus,  one  of  the  groups,  into  which  equations  (l.i)  and  (1.2) 
are  divided,  is  identical  with  equations  of  longitudinal  oscillations 


(deformations  are  reduced  to  elongation  in  plane  of  the  plate). 
Further,  moments  M  are  expressed  through  x^,  ...»  and  the  latter  — 
through  w  according  to  known  formulas.  Components  N^,  and  are 
expressed  through  moments  M  by  the  formulas: 

u  dAfj  t  SMfi  •  •  dMt  £<Vfit 

w‘=nr+nr’  "•—* — sr- 

This  second  group  of  equations  is  equivalent  to  the  equation  for 
transverse  oscillations  of  the  plate. 

With  such  a  rendition  of  the  theory  of  oscillations  we  make 
assumptions,  similar  to  asumptions,  applied  in  the  theory  of  thin 
rods.  We  assume  that  the  deformed  state  in  the  thin  oscillating 
shell  (or  plate)  is  of  the  same  type,  as  that  determined  in  setting 
up  equations  of  equilibrium.  For  instance,  in  the  case  of  the  plane 
plate  [3],  subjected  to  transverse  oscillations,  we  make  an  assump¬ 
tion  that  internal  deformation  in  a  small  part  of  the  plate  is  very 
close  to  that  form  of  deformation,  which  this  part  would  have,  if  it 
were  kept  in  equilibrium  with  the  same  degree  of  distortion  of  the 
middle  plane.  Let  us  consider  the  state  of  cylindrical  or  prismatic 
element  of  plane  plate,  inserted  in  a  corresponding  hole  in  it.  Let 
us  assume  that  during  transverse  oscillations  such  an  element  of  the 
plate  in  any  moment  of  the  period  of  oscillations  is  practically  in 
the  same  state,  as  in  equilibrium.  If  this  takes  place,  then  defor¬ 
mation  component  in  this  section  during  transverse  oscillations  will 
be  equal  to: 


’  ft|t  tyy  - 


*(*!  +  *»). 
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and  when  the  plate  oscillates  in  its  own  plane. 


**•  *t»  *sy  *•  *a  -  —  - '  (*i  4*  **)• 

In  both  cases  e  is  such  that  stress  Z  is  equal  to  zero.  It  is 

ij  Zi  t-> 

clear  that  our  assumption  is  justified,  when  the  period  of  oscillation 
of  the  plate  is  great  as  compared  to  the  period  of  those  free  oscil¬ 
lations  of  the  prismatic  element  of  the  plate,  with  which  the  defor¬ 
mation  is  of  the  assumed  type.  Actually,  the  period  of  all  transverse 
oscillations  of  a  plate  is  directly  proportional  to  the  square  of 
the  linear  dimension  of  the  area,  included  in  the  outline  of  the  plate, 
and  is  inversely  proportional  to  its  thickness;  the  period  of  any 
kind  of  longitudinal  oscillations  is  directly  proportional  to  the 
linear  dimensions  of  plate  and  does  not  depend  on  its  thickness.  The 
period  of  any  free  oscillations  of  the  prismatic  element,  accompanied 
by  deformations  of  the  type  adopted  here,  is  proportional  to  the 
linear  dimensions  of  this  element  or  approximately  proportional  to 
the  thickness  of  the  plate.  In  this  reasoning  there  is  nothing  which 
specially  pertains  to  the  plane  plate  only.  Hence,  we  conclude  that 
in  an  oscillating  plate  or  shell  the  deformed  state  In  the  small 
section  must  be  considered  to  be  practically  the  same,  as  if  the  plate 
were  in  equilibrium,  during  which  the  middle  surface  would  have  such 
stretch  and  bend,  as  in  any  moment  during  oscillation.  It  should  be 
borne  in  mind  also  that  these  reasonings,  which  justify  the  assumption 
made,  become  invalid  when  oscillation  frequency  increases. 

Displacement  component  must  satisfy  equations  (1.2),  which  are 
transformed,  as  it  is  indicated  above.  Furthermore,  they  must  satisfy 
the  boundary  conditions.  On  the  free  ends  the  bending  pair,  and  the 
three  linear  combinations,  composed  of  forces  and  the  turning  pair. 


must  turn  into  zero. 


Let  us  note  that  expression  for  moments  M,  of  forces  N  contain 


factor  D  = 


and  expressions  for  the  forces 


consist  of  two  members,  of  which  one  is  proportional  to  h  and  the  other 
to  h  .  Each  of  equations  (1.2)  we  shall  divide  by  h;  then  terms  de¬ 


pending  on  e^,  e2,  and  w,  will  not  contain  h,  while  others  will  con- 
2 

tain  factor  h  .  Further,  we  assume  that  we  can  obtain  a  correct 

* 

p 

approximate  solution,  rejecting  terms,  containing  h  .  If  we  do  this 


then  on  the  free  edges  two  boundary  conditions,  namely,  M.  =  0  and 
(3m.  . 

N  -  - ^  =  o  become  superfluous;  the  system  of  equations  will  be  of 

ds 


a  sufficiently  high  order  to  satisfy  the  remaining  boundary  con¬ 
ditions.  But,  now  h  is  left  cut  of  the  equations  and  boundary  con¬ 
ditions  and,  therefore,  frequency  will  not  depend  on  thickness. 
Lengthening  of  the  middle  surface  will  be  the  most  important  feature 
of  the  deformation,  and,  furthermore,  deformation  is  necessarily 
accompanied  by  a  bend. 

Oscillations  of  thin  shells,  accompanied  by  elongations,  are 
analogous  to  oscillations  of  this  type  for  plane  plates.  Examination 
of  shells  with  slightly  bent  middle  surfaces  shows  that  an  open  shell 
can  accomplish  such  kind  of  oscillations,  which  are  analogous  to 
transverse  oscillations  of  plane  plates.  The  frequency  of  these 
oscillations  will  be  significantly  lower  than  the  frequency  of 
oscillations,  during  which  elongation  of  the  middle  surface  occurs. 
The  existence  of  such  kind  of  oscillations  may  be  established  by 
means  of  the  following  reasonings. 

The  upper  limit  for  the  lowest  pitch  frequency  can  be  found.  If 
we  set  out  to  achieve  a  certain  suitable  type  of  oscillation,  since 
in  an  oscillating  system  the  frequency,  obtained  for  an  adopted  type 
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of  oscillations,  cannot  be  less  than  the  lowest  frequency  of  natural 
oscillations.  If,  for  instance,  we  adopt  such  a  type  of  oscillation, 
with  which  lines,  drawn  on  the  middle  surface,  do  not  change  their 
own  length,  we  can  calculate  the  frequency  with  the  help  of  a  formula 
for  the  kinetic  and  potential  bending  energies.  Since  the  kinetic 
energy  is  proportional  to  h,  and  potential  energy  is  proportional  to 
h  ,  then  the  frequency  should  be  proportional  to  h.  Frequency  of 
similar  oscillations,  not  accompanied  by  elongations  in  a  shell  of 
a  given  shape  decreases  indefinitely  together  with  h  in  contrast  to 
longitudinal  oscillations.  It  follows  from  this  that  the  frequency 
of  longitudinal  oscillations  cannot  be  the  lowest.  However,  let  us 
note  that  the  case  of  the  closed  shell,  for  instance  a  spherical 
shell,  is  an  exception,  since  here  oscillations  without  elongations 
are  absolutely  impossible:  similarly  a  shell  of  small  thickness, 
which  is  almost  closed  and  has  only  a  small  hole  is  also  included  in 
this  exception,  but  only  if  this  hole  is  sufficiently  small.  In 
order  to  force  the  shell  to  oscillate  in  such  a  manner  that  there 
would  be  no  elongations,  it  will  be  necessary  to  apply  forces  to  its 
edges  and  its  surface.  If  these  forces  are  absent,  then  the  displace¬ 
ment  differs  from  the  displacement,  which  satisfies  conditions  of 
deformation  without  elongations.  However,  this  difference  for  low 
oscillation  frequencies  should  be  insignificant,  since  otherwise  we 
would  have  to  deal  in  actual  practice  with  longitudinal  oscillations 
and  the  frequency  in  reality  could  not  be  sufficiently  small,  to 
correspond  to  the  given  case.  As  we  can  conclude  from  the  form  of 
motion  equations,  the  elongation,  which  we  are  discussing,  on  the 
greater  part  of  the  surface  is  extremely  small;  only  near  the  edges 
will  it  be  such,  as  to  satisfy  the  condition  on  these  boundaries. 
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§2.  The  Closed  Cylindrical  Shell 
Let  us  assume  that  a  is  the  radius  of  a  shell,  and  a  =  x,  6  =  <p. 
Let  us  assume  that  the  edges  of  the  shell  are  formed  by  two  circum¬ 
ferences  x  =  ±i m  Elongations  and  change  of  curvatures  are  determined 
by  values: 


The  displacement  is  a  periodic  function  with  respect  to  cp  with 
period  of  2tt.  It  is  assumed  that  normal  oscillations  of  the  shell 
have  a  frequency  of  l^p.  Therefore,  we  assume  that  u,  v,  and  w  are 
proportional  to  sines  or  cosines  of  arcs,  multiple  of  cp,  and  also 
cosines  pt  +  e.  After  that  oscillation  equations  are  transformed  into 
a  system  of  linear  equations  with  constant  coefficients,  determining 
u,  v,  and  w  in  relationship  to  x.  Let  us  establish  these  equations, 
but  first  let  us  examine  the  order  of  this  system.  Expressions 
n 2-  end  t  include  only  second  derivatives,  expressions  e^,  and 
include  first  derivatives.  Thus,  and  M2  contain  second  derivatives, 
but  —  third  derivatives.  The  third  equation  (1.2),  consequently, 

contains  — ^  in  those  terms,  which  are  lowered,  when  an  equation  of 

oscillations  with  elongations  is  formed.  Thus,  full  equations  will  be 
of  a  significantly  higher  order  than  equation  of  oscillations  with 
elongations,  the  first  ones  will  be  of  the  eighth  order,  the  second 
ones  —  of  the  fourth  order.  Lowering  of  order  upon  the  transformation 
from  the  full  system  to  equations  of  oscillations  with  elongations 
lias  a  fundamental  value  and  in  general,  is  quite  independent  of  the 
special  cylindrical  shape  of  the  middle  surface. 
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In  accordance  with  the  above,  we  shall  write  that: 


it  =  t/sin  of  cos(pf  +  e), 

V  «=KCCS/Jf  COS  {pt  -f  e), 

w  —  W  sin  ny  cos  {pi  4-  *), 


where  U,  V,  W  are  functions  of  x.  It  follows  from  this  that 

MJ 

t,  =  —  siting  cos(pf -f«), 

«,=  — — sinn<pcas(pf  -J-  s), 

—  (•^+"T)“S"»C05(P'  +  *,;  (2.2) 

MW 

«,  =»  — — sin  iif  cosfytf  + 1), 

mjfi 

14=  —  sin  n<pcos(pf+  c), 

x=  ~  (V  -f  nlT)  cos  mp  cos  (pf  -f  2). 

and,  consequently, 

Mt »  — D  sin  zap  cos  (pf  -f- «)  ~  v  ^  , 

Mt « -Dsinn,  cos(*  +  5)  ( >  **  - 

\  o*  y  ’ 

^i«  =  0cosmpcas(pf  +  j)  -L—  +  =  —  Aflt. 

The  first  two  equations  from  (i.l)  of  this  chapter  will  have  the  form, 


AW,  .  I  dMn 
dx  +  0  a?  ’ 


1 

a  dj  dx 


or,  which  is  the  same: 


,,  =  -0si„w+s,[^-r(,ir+^)). 

AT,  -  -Dcos»»cosu<  +  4  If  5-  r  +  !=: 
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Further  we  have: 


+  ‘h)  ~ 
-r  «i)  — 


2  —  2«  —  3>* 
2(1 -v) 

•«  +  2-«*  Jj 

2(1  — v)  a 


IK  _  2'  '*  **  1 

a  3(1  —  •*)  a  J 

_  2t>  xtl 

2(1  ->)  «J’ 


S.  =  >■-»[£-+ f]. 


where  e^,  . ..,  have  values,  given  by  formulas  (2.2).  The 

oscillation  equation  will  be, 

- —  +  2pAp*u  —  0, 

dr  i  df 

+  i  - Z*  -j.  fyJtffiv  =  0, 

dr  a  df  a 

JZL  +  J-  -f  li-  4  2'JlflO  =  0. 

dr  •  d*  fl 

or,  introducing  U,  V.  and  W,  we  will  obtain: 


V  +  nV 


a 

3.*  d*lF 


3D  rj  r  dU_  _ 

A*  [  dr  \  dr 

+  A"  l  2(1  —  v)a  dr* 

3D  /  dp  r-niv\. 

A*  l  a  V  dr  a  y 


)1+2?p>t/+ 

J  2  a  \  dr  a  Ji 


2(1— ’<)  a*  dr 
1  —  •«  d  /  dV 
2  dr  \  dr 


(V  +  nW)J  -  0.  (2.3) 

+t£/)]+ 2,opSK+ 


-b 


D  f- 

v  t  2>* 

n  '  d*IP  2  +  v  n* 

A  l 

2(1 

-*) 

a*  dr*  +  2(1  —  v)  a* 

_ L 

1- 

*  d* 

V  +  nW>+  l  £ 

+  T 

o* 

dr* 

n* 

a* 


r  + 


+ 


1  -■»  d*V_ 
a*  dr* 


-?VH 


A1  [  a  dr  fl*  J 


+  -r-(2 

«•  1 


dr* 


J)  r^MP  2n«  d-T  , 

A  [  dr4  fl*  dr* 

..  i  O  .*  W2U'/ 

F  + 


2(1— *)fl*  dr* 


(2.4) 


(2.r^) 
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Conditions  on  the  boundary  with  x  =  ±i  will  be  as  follows: 

7*|  *0,  Sj.+  -^-  =  0,  Nx  — -  =  0,  Af4  =  0, 

41  II  Of 

where  all  the  left-hand  parts  of  equalities  are  linear  functions  of 
U,  V,  and  W  and  their  derivatives  with  respect  to  x. 

Ins  system  of  equations  for  determination  of  u,  v,  and  w  depend¬ 
ing  upon  x  constitutes  a  linear  system  with  constant  coefficients 

2 

of  the  eighth  order.  This  system  contains  an  unknown  value  p  ,  and 
also  known  values  h  and  n,  where  n  is  an  arbitrarily  selected  number 
of  wave  lengths,  which  can  be  laid  along  the  length  of  the  circum¬ 
ference.  Let  us  assume  that  u,  v,  and  w  in  addition  to  factors, 

containing  <p  and  t,  are  proportional  to  values  £e  ,  rje  ,  Ce  > 

where  tj,  £,  and  m  are  constants.  Constant  m  will  be  the  root  of 

the  equation,  obtained  by  means  of  equating  the  determinant  to  zero; 

this  will  be  an  equation  of  the  eighth  degree  with  respect  to  m  or 

2 

the  fourth  degree  with  respect  to  m  and  will  not  contain  terms  with 

2 

odd  powers  of  m.  The  coefficients  of  this  equation  depend  on  p  . 

If  m  will  satisfy  this  equation,  then  relationships  |:tj:£  will  be 

2 

determined  depending  upon  m  and  p  from  any  two  equations  of  motion. 
Not  taking  into  consideration  the  factors,  depending  on  <p  and  t,  we 
can  write: 

u=Ya/'‘‘  -r  tie' 

(2.6) 

I- 1 

i-i 

where  and  ^  are  arbitrary  constants,  and  r^,  ...,  will  be  propor¬ 
tional  to  the  first  two  constants.  Boundary  conditions  x  =  ±l 


68 


yield  eight  linear  homogeneous  equations  with  respect  to  ^  and 

Exclusion  of  these  constants  leads  to  one  equation  for  determination 
2 

of  p  ;  this  will  be  the  equation  of  frequencies. 

Let  us  examine  longitudinal  oscillations  (oscillation  of  elonga¬ 
tions).  Equations  of  longitudinal  oscillations  are  obtained  by  means 

of  rejecting  in  equations  (2.3),  (2.4),  (2.5)  terms,  containing  factor 
D  2 

pp  The  equation  for  determination  of  m  becomes  a  quadratic  equation. 
Conditions  when  x  =  ±1  are  reduced  to  equalities: 


or 


Tt  =  0,  S|  —  0, 


dx 


V  +  nV 

V - 

a 


=  0. 


dx  a 


Since  h  is  not  included  in  these  equations,  then  the  frequency  will 
not  depend  on  h. 

Under  the  condition  of  symmetrical  oscillations,  when  u,  v,  and 
w  do  not  depend  on  cp,  we  have: 

u  «i/c6s(/rf  +  s),  v  =  Vcos{pt  +  t),  uf  —  W cos (pt  •-  *); 
substituting  in  oscillation  equations,  we  will  obtain: 


E  fdHJ 


* 


a 


=  0, 


E 

I  -  v« 


£  d*V 
2(1+*)  dx * 

'_L  _ L 

.  a  dx  a* 


+  pp'V  =  0, 

w'j  +  pfW 


=  0. 


Boundary  conditions  with  x  =  ±<  will  be, 


dU  ^  V 
dx  a 


®=0, 


dV_ 

dx 


0. 


(2-7) 


(2.8) 
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There  exists  two  kinds  of  symmetrl.ai  oscillations.  In  the  first 
U  and  W  disappear,  so  that  the  displacement  will  be  tangential  to  the 
normal  section  of  the  cylinder.  In  this  case  we  have. 


«/  _  _ _  wsf  E  ■*** 


(2-9) 


where  n  is  an  integer.  In  the  second  kind  of  oscillations  V  disap¬ 
pears  so  that  displacements  occur  in  the  plane,  passing  through  the 
axis;  here: 


r-Csin— - 


(2.10) 


where  £  and  C  are  enterconnected  by  equations, 

f/K" — — - — —]l - —  ;*=o, 

1  Ml-'*)  P  J  fa 

fp» - - — lie - —  —  t  =  o. 

I  Ml—1*)  p(l— **)  fa 

The  equation  for  the  frequencies  will  be 


(2.11) 


«•  (■  J.  +  *  _*! 

»d  T  i»  ^  ■  f*(i- 


£*n*c* 


>*)a*/* 


=  0. 


(2.12) 


If  the  length  of  the  cylinder  is  great  in  comparison  with  its  diameter, 
i.e.,  y  is  small,  then  there  are  two  types  of  oscillations,  1)  almost 
purely  radial  with  frequency 


by 


2ra 

2)  and  almost  purely  longitudinal  with  frequency 

"iff 

2 / 

The  latter  are  similar  to  longitudinal  oscillations  of  a  thin  rod 
(oscillation  of  elongations). 

Let  us  now  examine  oscillation  without  elongations.  Such  oscil¬ 
lations  along  the  generatrix  are  determined  by  formulas: 
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«“0.  v  =  A„cas{pJ  e,)cos(/qp  4-  9„), 
»*=  —  cos  (pr  -f  «.)  sin  (n?  -f  a,). 


(2.1?) 


where 


cl_  D  If  (2.14) 

r*  2fha*  **  +  1 

If  oscillations  occur  in  three  dimensions,  displacements  will  have 
the  following  form: 


u  =  — B„  cos  (p7  +  sin  (n<p  4-  ?„), 

v  =  jB,  cos  {pt  +  f )cos(mp  -j-  %), 


(2.15) 


where 


w  —  —nxBmca&{p’t  +  %)sin  (mp  +  &). 


6(1  — >)d» 

p*  _  D  **(**- 0  *  «*/P  (2.16) 

2pta*  «*+!  3d* 

I  + - 

1)1* 

As  we  can  see,  values  p  and  p'  here  are  proportional  to  h. 

In  the  latter  case,  when  we  introduce  the  assumption  of  the  pos¬ 
sibility  of  oscillations,  not  accompanied  by  elongations,  an  inaccuracy 
is  admitted,  owing  to  which  the  equations  of  motion,  and  boundary 
conditions  are  not  fully  satisfied.  Besides,  it  turns  out  that  in 
order  to  satisfy  different  equations,  it  is  necessary  to  introduce 
a  correction  which  contains  small  changes  due  to  displacement,  while 
to  satisfy  boundary  conditions  the  correction  for  displacement  should 
be  more  significant  than  the  one,  which  is  necessary  to  satisfy 
differential  equations. 

Let  us  clarify  the  character  of  the  corrections,  which  must  be 
introduced  into  the  deformation  without  elongations.  The  existence 
of  oscillations,  not  accompanied  by  elongations  is  connected  with  the 
fact  that  the  order  of  the  system  of  motion  equations  is  lowered 
from  eight  (oscillation  with  elongations)  to  four.  In  the  frequency 
equation  (in  the  case  of  oscillation  with  elongations)  terms. 
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O  ^  p  2 

containing  m°  and  m  ,  have  factor  h  ,  and,  thus,  two  values  of  nr 
will  be  large  numbers  of  the  order  In  order  to  show,  how  with  the 
help  of  the  solution,  depending  on  large  values  of  in,  it  would  be 
possible  to  satisfy  conditions  on  the  boundary,  we  will  examine  Lamb's 
example  [7 ] . 

A  cylindrical  shell,  limited  by  two  generatrices  and  two  circum¬ 
ferences  of  normal  sections,  is  subjected  to  action  of  forces,  applied 
along  the  generatrices  (circumferences  are  free  from  forces);  it  is 
distorted,  turning  into  a  surface  of  revolution,  in  such  a  way  that 
the  displacement,  tangential  to  the  circumference  of  normal  section 
v  is  proportional  to  <p.  Let  us  find  this  displacement. 

We  have  v  =  cq>,  where  c  is  a  constant  and  displacements  u  and  w 
do  not  depend  on  <p.  Hence: 


Forces  S^,  S2  and  moments  M12,  M21  disappear,  and  M^,  M2,  K^,  N2 
will  be  equal: 


/ 

V  djfl 


V 


d*w  \ 
d*  )' 


JV,  =  0. 


Equations  of  equilibrium  will  assume  the  form: 


-§-«■  -d-£+t=°- 

and  tie  condition  when  x  =  ±i  will  lead  to  equalities: 


Tj-C,  ^  =  0,  Af,  =  0. 

In  order  to  satisfy  these  equations  and  conditions,  we  assume 
that  e ^  and  e2  will  be  values  of  the  same  order  as  hn^  and  hn2.  If 
this  takes  place,  then  the  forces  can  be  expressed,  with  a  sufficiently 
close  approximation,  in  the  following  manner: 
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If  n  >  1,  then  two  normal  oscillations  of  the  second  class  correspond 
to  each  n,  and  the  lowest  tone  corresponds  to  the  slowest  of  the  two 
oscillations  of  this  class  when  n  =  2.  Its  frequency  will  be 

(5.5) 

if  Poisson*s  ratio  v  =  0.25,  the  frequencies  of  all  these  oscillations 
do  not  depend  on  the  thickness  of  the  shell. 

In  the  specific  case  of  the  plane  plate  oscillations  are  divided 
into  two  main  classes:  one  of  them  corresponds  to  deformations  with¬ 
out  elongations  with  displacements,  which  are  normal  to  the  plane  of 
the  plate;  the  second  —  to  deformations,  accompanied  by  elongations, 
when  displacements  are  parallel  to  the  plane  of  the  plate.  Here  we 
can  have  longitudinal  oscillations,  when  displacements  are  parallel 
to  the  plane  of  the  plate;  oscillations  of  this  class  are  divided 
into  two  subclasses,  the  first  subclass  includes  such  oscillations,  ir: 
which  the  middle  plane  does  not  undergo  deformation;  the  second  in¬ 
cludes  oscillations,  in  which  displacements  are  analogous  to  the 
tangent  displacements  in  a  closed  thin  spherical  shell.  Oscillations 
of  the  second  class,  with  which  displacement  has  both  the  normal  com¬ 
ponent  to  the  plane  of  the  plate  and  the  component,  lying  in  this 
plane  are  also  possible;  if  the  plate  is  thin,  the  first  component 
will  be  smaller  than  the  second.  The  normal  component  of  displacement 
disappears  on  the  middle  plane,  and  the  normal  component  of  rotation 
disappears  everywhere,  so  that  these  oscillations  are  analogous  to 
oscillations  of  the  second  class  in  a  closed  thin  spherical  shell. 
There  is,  further,  still  another  class  of  bending  oscillations,  when 
the  displacement  has  a  normal  and  a  tangential  component,  where  the 
latter  is  smaller  than  the  normal  one  in  the  case,  when  the  plate  is 
thin.  The  tangential  component  disappears  on  the  middle  plane,  so 


that  the  deformation  can  be  approximately  considered  not  to  have 
any  elongation.  With  these  oscillations  linear  elements,  which  at 
the  beginning  were  normal  to  the  middle  plane,  during  the  entire 
movement  remain  rectilinear  and  normal  to  the  same  plane.  The  fre¬ 
quency  of  the  oscillation  is  approximately  proportional  to  the  thick¬ 
ness  of  the  plate.  Similar  oscillations  without  elongation,  as 
noted  earlier  (see  §2  of  this  chapter),  in  a  closed  spherical  shell 
are  impossible. 

Among  these  extreme  cases  there  is  an  open  sphere  or  a  spherical 
arch  (dome).  If  the  hole  is  small  and  the  shell  is  almost  closed, 
then  its  oscillation  closely  approaches  the  oscillations  of  the  closed 
shell.  If  however,  the  solid  angle,  under  which  the  hole  in  the  shell 
is  seen  from  a  pole,  located  on  a  part  of  the  sphere,  locking  the 
shell  is  small,  and  the  radius  of  the  sphere  is  large,  then  oscilla¬ 
tions  approach  those  of  the  plane  plate.  In  intermediate  cases  we 
will  find  oscillations,  which  for  all  practical  purposes  belong  either 
to  the  type  of  the  oscillations  which  proceed  without  elongations  or 
to  the  type  of  oscillations  with  elongations. 

Investigation  of  oscillations  without  elongations  of  thin  spheri¬ 
cal  shell  with  the  boundary  contour  in  the  form  of  a  circumference 
was  performed  for  the  first  time  by  Rayleigh  [8]:  he  applied  the 
energy  method.  In  the  case  of  a  hemisphere  the  frequency  of  the 
lowest  pitch  is  equal  to 

p-(-?)/f(4’279)'  (5.4) 

When  angle  a  which  determines  the  size  of  the  hole  approaches  tt,  the 
sphere  will  be  almost  closed  and  the  frequency  of  the  lowest  tone  of 
these  oscillations  will  be  equal  to 

p-5^|/f<5’657'-  (?•->) 

76 


Let  us  assume  that  angle  (ir  -  a)  becomes  sufficiently  small; 
leaving  h  constant,  we  can  obtain  for  the  frequency  of  the  lowest 
pitch  of  oscillations  without  elongations,  a  value  larger  by  any 
amount  than  the  lowest  frequency  of  oscillations  of  a  closed  spheri¬ 
cal  shell  (the  oscillations  of  the  latter,  of  course,  will  be  with 
elongations).  Thus,  in  the  case  of  an  almost  closed  shell  the  princi¬ 
pal  argument,  with  the  help  of  which  we  verify  the  existence  of 
oscillations,  which  have  practically  elongations,  becomes  superfluous. 

When  fundamental  equations  of  oscillations  are  set  up  by  the 
method,  which  is  shown  in  §2  of  this  chapter  for  the  cylindrical  shell 
we  take  the  displacement  components  in  a  form,  containing  two  factors, 
the  first  is  the  sine  or  cosine  of  an  arc,  which  is  a  multiple  of  cp> 
the  second  constitutes  elementary  harmonious  function  of  t;  after 
that,  equations  are  reduced  to  a  linear  system  of  the  eighth  order, 
which  serves  us  to  determine  the  dependency  of  displacement  components 
on  width  6.  Conditions  on  the  free  edges  are  expressed  by  equating 
to  zero,  for  a  specific  value  of  6,  certain  linear  expressions,  con¬ 
necting  displacement  components  and  their  derivatives  with  respect 
to  6 .  The  order  of  the  system  is  sufficient  to  enable  us  to  satisfy 
these  conditions.  If  the  solution  of  the  system  of  equations  sub¬ 
ordinate  to  boundary  conditions,  was  found,  this  would  lead  to  deter¬ 
mination  of  the  type  of  oscillations  and  their  frequency. 

Oscillations  of  elongations  are  investigated  by  the  method,  which 
is  expounded  in  the  problem  on  the  cylindrical  shell.  The  system  of 
equations  in  this  case  will  be  of  the  fourth  order,  besides  it  will 
be  necessary  to  satisfy  two  boundary  conditions.  With  any  form  of 
oscillations,  movement  is  composed  of  two  motions;  in  the  first,  the 
radial  component  of  displacement  is  absent;  in  the  second,  the 
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radial  rotation  component.  Each  of  these  motions  is  expressed  with 
the  help  of  the  spherical  function,  but  the  order  of  the  latter  in 
general,  will  not  be  a  whole  number.  The  order  of  the  spherical 
function,  expressing  the  oscillation  without  radial  displacement,  is 
connected  with  the  frequency  by  relationship  (3.1)  which  has  a  instead 
of  n;  order  3  of  the  spherical  function,  expressing  displacement, 
when  the  radial  component  of  rotation  equals  zero,  is  connected  with 
frequency  by  relationship  (3.2),  in  which  n  is  replaced  by  3.  Both 
a  and  3  are  connected  by  a  transcendental  relationship,  which  con¬ 
stitutes  an  equation  of  frequencies.  Oscillations  are  not  divided 
into  classes,  as  in  the  case  of  the  closed  shell;  as  the  shape  of  the 
open  shell  approaches  the  shape  of  the  closed  shell,  its  oscillations 
of  elongations  are  transformed  into  analogous  oscillations  for  the 
closed  shell. 

The  existence  of  oscillations,  practically  approaching  oscilla¬ 
tions  without  elongations,  obviously,  are  intimately  connected  with 
the  fact  that  upon  assuming  the  presence  of  elongation  oscillations 
we  lower  the  order  of  the  system  of  motion  equations  from  the  eighth 
to  the  fourth.  As  in  the  case  of  the  cylindrical  shell,  it  is  pos¬ 
sible  to  show  that  oscillations  cannot  be  entirely  unaccompanied  by 
deformations  of  elongations  and  that  the  correction,  necessary  to 
satisfy  the  conditions  on  the  edges,  is  greater  than  that,  which  is 
needed  to  satisfy  motion  equations.  Hence  it  may  be  concluded,  that 
on  the  free  edge  elongations  are  comparable  in  value  with  bending 
strains  and  that  to  all  purposes  these  elongations  are  limited  only 
by  a  narrow  band  near  the  edges. 

If  we  imagine  the  gradual  changes  in  the  character  of  oscillations, 
appearing  with  the  growth  of  curvature,  starting  with  the  plane  plate 
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and  finishing  with  the  closed  spherical  shell,  the  class  of  oscilla¬ 
tions,  which  proceed  practically  without  elongations,  will  disappear 
completely.  The  basis  for  this  should  be  sought  in  the  rapid  growth 
of  the  frequency  of  all  oscillations  belonging  to  this  class,  upon 
a  significant  decrease  of  the  hole  in  the  shell. 


§4.  Asymptotic  Method  of  Investigation  of  Oscillations 
For  investigation  of  natural  oscillations  of  plates,  sloping 
shells,  and  also  unsloping  shells  during  oscillations  with  high 
indices  of  changeability  of  shape,  V.  V.  Bolotin  proposed  an  effective 
asymptotic  method  [9-11],  the  essence  of  which  in  the  general  formu¬ 
lation  can  be  presented  thus. 

In  a  certain  retangular  (in  a  generalized  sense)  spatial  region 
of  variables  x^,  x2,  ...,  xffl,  (0  s  £  a±,  i  =  1,  2,  ...,  m)  we  seek 
functions  cp^,  (p2,  ...,  <pn,  satisfying  the  system  of  differential 
equations 


(? a)  —  *  Mjn  (<pa) 

«--l 


0 


0’  =  I,  2 


(*.1) 


and,  on  every  border  of  the  region,  satisfying  conditions: 

ft . <jW0)-0,  N,a  («plt  . . . ,  ynfa,)  —  0 

(<=1.2 . n;  «=1,  2 . r).  ^4,2) 

Where  L.  ,  M.  ,  and  N.  are  linear  differential  operators,  and  2r  is 
ja  ja  la  y 

the  general  order  of  the  system  (4.1).  It  is  assumed  that  the  bound¬ 
ary  value  problem  is  self-conjugate.  It  is  necessary  to  determine 

for  this  problem  the  eigenvalues  cf  X  and  eigenfunctions  of  cp . . 

J 

According  to  the  author  [11],  let  us  introduce  the  classification 
of  the  border  self-conjugate  problem.  The  problem,  the  eigenfunctions 
of  which  permit  their  presentation  in  the  form  of  the  product  of 
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functions,  depending  only  on  each  of  the  arguments  individually: 

f/=nt,<*<)  (/-  1,2... .,n).  (4.3) 

1-1 

we  will  call  a  boundary  value  problem  with  separable  variables.  Solu¬ 
tion  of  such  problems,  as  a  rule,  is  sought  in  the  form  of  the  product 
of  trigonometric  functions. 

We  shall  term  the  self-conjugate  problem  (4.i)-(4.2)  a  boundary 
value  problem  with  quasiseparating  variables,  if  either  the  system  (4.1) 
permits  a  generating  solution  in  the  form  (4.3)  owing  to  the  cor¬ 
responding  selection  of  conditions  (4.2),  or  system  (4.1)  permits  a 
solution  in  the  form 

f/“ ♦*,(*<) (4 “1.2. . m'»  /•»  1,2, (4.4) 

t+L 

where  are  certain  functions  of  one  variable  x.  .  Consequently, 

J10  1o 

substitution  (4.4)  transforms  (4.1)  into  a  system  of  differential 

equations  with  respect  to  functions  $..  ;  or  substitution  (4.4)  in 

J10 

conditions  (4.2),  which  correspond  to  i  =  iQ,  transforms  them  into 

conditions,  containing  only  $> . .  . 

J10 

An  example  of  boundary-value  problems  with  quasiseparating  vari¬ 
ables  are  problems,  described  by  systems  of  differential  equations 
with  constant  coefficients,  which  contain  derivatives  of  even  orders; 
boundary  condition  for  every  boundary  must  contain  an  operation  of 
differentiation  with  respect  to  every  "transverse"  coordinate  of  thQ 
same  parity. 

V.  V.  Bolotin's  asymptotic  method  for  1 oundary- value  problems 


with  quasidividing  variables  is  based*  on  the  assumption  of  possibility 
of  the  use  of  solution  (4.3)**  as  a  generating  solution  also  for  those 
problems,  which  do  not  permit  an  exact  solution  in  this  form;  in 
addition  we  should  consider  it  only  as  an  approximate  solution  for 
an  internal  region,  sufficiently  removed  from  the  boundaries.  Near 
the  boundaries  the  exact  solution  will  differ  from  the  generating 
solution;  this  phenomenon  is  termed  by  dynamic  edge  effect.  Here  if 
for  every  boundary  we  will  manage  to  construct  a  solution,  satisfying 
all  the  conditions  in  it  and  tending  to  a  generating  solution  as  it 
Is  removed  further  from  the  boundary,  then  asymptotic  expressions  for 
eigenfunctions  can  be  found  by  means  of  a  "gluing"  operation. 

In  setting  up  the  solution  one  should  bear  in  mind  every  function 
V-.  (x. )  in  (4.3)  in  the  corresponding  selection  of  conditions  for 
normalization  contains  two  constants:  the  wave  number  k^  and  certain 
phase  response.  These  constants  can  be  found  only  after  "gluing" 
of  solutions.  After  substitution  of  (4.3)  in  (4.1)  we  will  find  a 
bond  between  eigenvalue  X  and  wave  numbers  k^,  k 2,  ...,  km: 

X  =  X(*„  kt . km).  -5) 

Actually,  we  will  examine,  for  instance,  boundary  x.  =0. 

10 

Assuming  that  parameter  X  in  equations  (4.1)  is  determined  according 

to  (4.5),  we  will  look  for  their  solution  in  the  form  (4.4).  A 

system  of  ordinary  differential  equations  obtained  in  such  a  way  will 

have,  as  it  was  already  noted  earlier,  a  solution  of  type  p..  (x.  ) 

JJ-0  1o 

*0nly  qualitative  considerations  are  adduced  here. 

**Solution  (4.3)  possesses  asymptotic  properties  of  eigenfunctions, 
which  are  maintained  also  when  boundary  conditions  are  changed. 
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which  depends  on  two  arbitrary  constants.  If  this  system,  furthermore, 
admits  r  -  1  linearly  independent  solutions,  possessing  properties 
of  the  boundary  effect,  then  we  will  have  r  +  1  arbitrary  constants. 
And,  consequently,  we  will  satisfy  r  conditions  on  the  boundary  and 
the  normalization  condition.  Analogously  we  will  construct  a  solu¬ 
tion  also  for  the  opposite  boundary  x,  =  a-  •  Requiring  that  in  the 

x0  L0 

internal  region  both  solutions  coincide  with  the  accuracy  of  the 
solution  of  the  edge  effect  type,  we  will  obtain  condition  of  "gluing", 
containing  as  unknowns  wave  numbers  k^,  k2,  ...,  km.  In  all  we  may 
obtain  m  such  conditions,  after  which  eigenvalues  are  determined  by 
for  formula  (4.5). 

It  is  possible  to  expect  that  the  error  of  operation  of  "gluing" 
has  an  order  of  values,  which  is  adopted  by  functions  of  dynamic  edge 
effect  in  the  internal  region.  Consequently  the  faster  the  edge 
effect  damps  the  smaller  is  this  error. 

The  investigation  of  solutions  shows  that  with  the  growth  of 
wave  numbers  the  error  decreases  rapidly.  However,  in  certain  in¬ 
stances,  when  for  a  certain  region  of  wave  numbers  the  solution  of 
the  type  of  edge  effect,  in  general,  cannot  be  constructed.  In  such 
cases,  according  to  the  author,  we  will  discuss  the  degeneration  of 
dynamic  edge  effect  resulting  from  the  strong  influence  of  the  bound¬ 
ary  on  the  behavior  of  eigenfunctions  in  the  internal  region,  in  these 
cases  the  asymptotic  method  becomes  invalid  and,  consequently,  cannot 
be  used. 

Solutions,  obtained  by  means  of  the  asymptotic  method,*  can  be 
considered  to  be  approximate  expressions  for  eigenfunctions,  which 

*Differential  equations  and  boundary  conditions  are  satisfied 
exactly  here,  however  singleness  of  solution  is  attained  only  by  the 
"gluing"  operation,  which  needs  a  mathematical  foundation,  as  also, 
does  the  entire  method. 
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can  be  used  everywhere,  except  in  the  vicinity  of  angular  points  of 
the  region.  It  would  be  a  sound  practice  to  examine  separately  the 
solutions  for  the  internal  region  and  the  solution  for  every  boundary, 
as  we  do  when  we  examine  separately  the  moment  and  zero-moment  solu¬ 
tions  in  the  shell  statics. 


Let  us  apply  V.  V.  Bolotin's  asymptotic  method  to  do  research 
on  natural  oscillations  of  the  sloping  shell  [11]  and  the  circular 
cylindrical  shell,  using  Yu.  V.  Gavrilov's  resolution  [12]. 

First,  we  will  examine  the  natural  oscillation  of  the  sloping 
shell  cf  constant  thickness  with  radii  of  curvature  =  const  and 
=  const,  supported  on  a  rectangular  frame  [11].  Equations  on 

sag  w  and  tangential  forces  <p  are  recorded  thus: 

1  1 


Dv*v*w - -  —  -ohptw  =  0, 

v  v  Rt  dj  dx |  r 

I 


(*.6) 


Eh 


,  1  I  »ts 

*  +  R,  ftrf  +  /?, 


0. 


(*.7) 


The  generating  solution  has  the  form, 

w  =  sin  kt  (jt,  —  x«)  sin  kt  ( xt  —  x®). 

Eh  ( * f  A?  \ 

where  k^  and  k^  are  wave  numbers,  x^0  and  x2°  are  phase  responses 
(limit  phases). 

Solution  for  edge  x^  =  0  we  take  in  the  form  of: 

w  =  IF,  (jc,)  sin  kt  (xt  —  x®), 

f  =  **»(*»)  sin  M*«— *jl- 

Substitution  (4.8)  in  (4.6)  leads  to  a  system  of  ordinary  differential 
equations  with  constant  coefficients  with  respect  to  W^(x^)  and  ^(x^). 
The  dynamic  edge  effect  does  not  degenerate,  if  the  characteristic 
equation  of  this  system,  set  up  with  the  additional  condition  that 


(4.8) 


r 

J»  =  /£?  h7)-  4-  —  ,  Rl 

f*L(,+  9  1  D  (*?  +  *§,• 
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('*.9) 


has  three  roots  with  negative  real  parts.  Let  us  note,  that  the  edge 
effect  does  not  degenerate  with  any  values  of  k^  and  k 2,  if  R^  > 

(it  also  never  degenerates  for  plates).  With  R^  <  R2  degeneration 
is  possible  only  with  sufficiently  small  k^  and  k^.  For  instance, 
for  the  asymptotic  edge  in  a  shell  of  zero  Gaussian  curvature  the 
edge  effect  degenerates,  if 

"Gluing”  together  the  solutions,  which  originate  at  the  boundaries 

x^  =  0  and  =  a  ^  and  at  boundaries  x2  =  0  and  x2  =  a2,  we  will 

obtain  two  equations  for  finding  k^  and  k2.  After  that  frequency  p 

is  found  by  the  formula  (4.9).  Let  us  note  that  with  large  wave 
m.7 r  mptf 

numbers  k.  -  and  k0  - ,  where  m„  and  m0  are  positive  integers 

9.  ^  ' —  a  ^  ^ 

and  formula  (4.9)  is  turned  into  an  estimate  of  the  type  of  well- 
known  appraisals  of  Courant-Weyl .* 

Now  let  us  investigate  the  spectrum  of  natural  oscillations  of 
circular  cylindrical  shells  [12]. 

Let  us  combine  with  the  middle  surface  of  the  shell  an  orthogonal 
curvilinear  system  of  coordinates  x^,  x2  so  that  line  x2  =  const 
coincide  with  the  generatrices. 

Forms  of  oscillations  for  normal  sag  w*  are  determined  from  the 
resolving  equation 

vVvV“4  +  vV“>.  *  o-  (4.io) 


*With  large  wave  numbers  the  equations  of  the  classical  theory 
of  shells  (and  plates)  become  insui table  and  must  be  replaced  by  equa¬ 
tions,  which  take  into  account  deformation  of  the  shift  and  rotation 
inertia,  The  asymptotic  method  may  be  applied  to  this  class  of  prob¬ 
lems  also. 


I 


Here  y  is  the  specific  gravity  of  the  shell  material,  g  is  the 
acceleration  of  the  force  of  gravity. 

Solution  of  equation  (4.10)  near  the  circular  edge  is  in  the  form 

w.  =  r^xjsin*,  (x,  —  jrp 

and  analogously  near  the  rectilinear  edge 

w.  =  *t  (**)  sin  kt  (xx  —  xp. 

Function  W2(x2)  is  determined  by  expression 

*.(*.)  *=  Cj| sin -f  Cjj cosijXj -j- 

t-i 

Here  s^j  are  negative  roots  of  the  characteristic  euqation  for  edge 
effect  near  the  rectilinear  edge.  Function  W^(x^)  has  the  form 

wi  (xi)  -  cn  +  Cxt  cos  kxxx  +  £  C1(HV*/*.,  ( U  ’ 1 2  ’ 

/-i 

if  all  roots  of  the  corresponding  characteristic  equation  assume  real 
values,  and 

Vx  (x»)  =  Cxx  sin  kxxx  -f  C„  cos  *,x,  +  + 

+  Cl4  sin  3x1<?a,>  -j  C,j  cos  ^x,*"*,  (4.13) 

if  roots  s12  and  are  complexly  conjugated,  s^0  ^  -  a  ±  iP. 

The  first  two  terms  in  expressions  (4.11),  (4.12)  and  (4.13)  cor¬ 
respond  to  the  asymptotic  expression  for  forms  of  oscillations,  but 
the  three  remaining  ones  describe  the  dynamic  edge  effect. 

Values  of  sp.  are  expressed  in  the  explicit  form,  but  s,  .  can  be 
represented  graphically  or  determined  from  the  characteristic  equa¬ 
tion  directly. 

Wave  numbers  k^  and  k2  are  determined  from  conditions  of  "gluing" 
together,  which,  for  cylindrical  panel,  in  the  case  of  identical  con¬ 
ditions  on  opposite  edges  are  recorded  in  the  form: 
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(4.1*) 


Mi 


* 


-+T  -*(-£)• 


where  n^,  =  1,  2,  5,  . . . ;  and  a 2  are  sides  of  panel. 

After  determination  of  wave  numbers  it  is  easy  to  calculate  the 
frequency  of  oscillations, 

P“  «  ~  f  (A*  +  +  —  — ^__1. 

1*  1  '  V  D*  <**  +  4^  J 

Let  us  now  determine  the  parameters  of  the  dynamic  edge  effect 
near  the  circular  edge.  Let  us  examine  the  edge  effect  near  the 
fastened  circular  edge  and  near  the  circular  edge  with  sliding  fasten¬ 
ing. 

In  the  first  case  boundary  conditions  have  the  form 


-  v.  =  0  when  xt  —  0 


and  in  the  second 


“  7? -  *r = =i 0 whenx‘ =i °- 


(“.15) 


(“•16) 


Here  u#  and  v*  are  tangential  displacements,  which  can  be  determined 
from  relationships. 


(4.17) 


where  cp*  is  a  function  of  efforts  in  the  middle  surface,  for  the 
determination  of  which  we  can  use  the  second  Mushtari  -  Vlasov 
equation  [13].  Then 


V*V*9.  =  ~ 


Eh  tPw, 

*  As*  • 


(4.18) 
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From  (4.17)  and  (4.18)  we  find, 

*»,-  Vt(*J  cos  *,(*,— *5, 
f.  *=  *i(xl)sin*t{jr1  -  x$), 

where  in  the  case  of  nonoscillating  edge  effect. 


9 

l/j  =  — ^(CijCosAjij — Ci|Sinit<i)  —  ^  £■«/+*) 

/-i 

s 

Vg  ■  -~|x*  (Cj4  sin  klxl  4-  C||CositXi)  ^>n/+?)Siy<?I’/Jr‘| , 

1  /-» 

s 

=  y  [#r*(CM  sinMi  +  cu  cos  Vi)  ~  2  . 


Here  we  introduce  designations 


c  _  **?/  +  *» 

A - ~7i  ITT*  •  °ii  —  -  *  .9.. 


A”-iirnp 

„  d+-)»!+^  p+»)^-^ 

Jr“  iij+#  "  ’  5l' — • 

...  _  *1  o*  *1/ 

A  ~  ^  4+  '  *>1/  —  ,  J  _ fc2»*  * 


*.  +  +  c. 

A  “  .il  .  A*  *  *1/  — 


<*?  +  # 


<*?,-#  * 


Further,  assuming  that  =  1,  from  (4.15)  and  (4.16)  we  find  con¬ 
stants  (k  =  2,  3,  4,  5).  For  determination  of  wave  numbers  we  will 

^12 

be  interested  only  in  ratios  ~ — ,  which  for  a  clamped  circular  edge 

°11 


■re  equal  to: 


i  Pa 


:”=*  /ri_ 

r*  >  1 

”  g* 


(•’4.19) 


and  for  edge  with  sliding  fastening 


c”  i* 

/-i 


(4.?(  ) 
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Here 

4i-feC&-£ic*+Sui. 

Pji  **  fuSu(Sn  —  Sjj)  (K  +  Sij), 
pw-*u(Su-su)(/r+s;;), 

/>*,  -  *i  At  (Su  —  SlJ)  (JC*  +  SS), 

and  expressions  for  Pkj  (k  =1,  2,  3,  4;  ,}  =  1,  2,  3)  are  obtained 
from  p.  .  by  cyclic  permutation  of  second  indices. 

In  the  case  of  the  oscillating  edge  effect  the  corresponding 
expressions  are  obtained  analogously. 

With  the  help  of  (4.19)  and  (4.20)  from  equations  (4.14)  we 
calculate  wave  numbers  for  closed  cylindrical  shells  with  rigid  and 
sliding  fastening  at  the  circular  edge,  as  well  as  for  panels  with 
the  same  conditions  at  the  circular  edge  and  with  free  support  at  the 
rectilinear  edge. 

The  solution  of  system  (4.14)  presents  certain  difficulties. 
However,  the  first  approximation  may  be  obtained  by  the  graphic  method 
relatively  simply. 

After  the  wave  numbers  are  determined,  oscillation  frequencies 
are  easily  calculated.  Furthermore,  calculating  all  roots  of  charac¬ 
teristic  equations  s^.  and  s^.  (j  =  1,  2,  3)  and  all  constants 
and  CQk  (k  =  1,  2,  3 ,  4,  5)»  we  obtain  expressions  for  function  of 
forces,  a.s  well  as  for  forms  of  oscillations  and  for  bending  moments 
and  forces.  Thus  we  can  determine  the  stresses  near  the  edges. 

The  asymptotic  method  may  be  applied  also  to  problems  on  forced 
oscillations  which  is  based  on  making  use  of  expansion  into  series 
with  respect  to  asymptotic  expressions  for  forms  of  natural  oscilla¬ 
tions.  This  method  can  be  successfully  applied  for  the  analysis  of 
vibrations  of  plates  and  shells  during  high-frequency  excitation. 
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Since  in  this  case  simplifications  are  possible,  because  with  larpe 
wave  numbers  the  influence  of  the  edge  effect  is  localized  in  narrow 

regions  near  the  lines  of  distortion.  Consequently,  it  is  permissible 
to  resort  to  expansion  with  respect  to  eigenfunctions  of  the  generatin 
solution  (under  the  condition  that  phase  responses  are  found,  taking 
into  account  boundary  conditions).  After  all  coefficients  of  de¬ 
compositions  are  found,  we  can  calculate  bending  moments,  severing 
forces,  stresses  and  so  forth  in  the  dynamic  edge  effect  zone. 

$5.  Parametric  Oscillations.  Formulation  of  Problem 

In  preceding  paragraphs  we  examined  natural  oscillations,  when 
an  oscillating  body  is  isolated  from  any  external  influences.  Such 
oscillations  appear  after  an  external  action,  which  determines  the 
initial  deflection  and  initial  speed,  i.e.,  initial  conditions,  but 
the  latter  simply  determine  the  subsequent  process  in  the  elastic 
system.  An  elastic  system  itself  from  the  point  of  view  of  natural 
oscillations,  in  general,  is  determined  by  two  parameters,  which 
characterize  the  oscillatory  process:  natural  frequency  p  and  decre¬ 
ment  6  (or  damping  coefficient). 

Forced  oscillations  in  the  body,  i.e.,  oscillation  under  the 
action  of  external  forces,  are  determined  not  only  by  the  physical 
properties  of  the  body  and  by  the  parameters  of  the  elastic  system 
(p  and  6),  but  also  by  external  forces;  mathematically  this  is  ex¬ 
pressed  by  the  fact  that  into  the  equation  a  term  enters  which,  depend 
explicitly  on  time.  However  an  external  influence  of  another  form 
is  possible,  when  an  external  force  does  not  act  on  a  body,  and  at 
the  same  time  either  parameters  of  the  system  (included  in  the  coef¬ 
ficients  of  the  equation)  depend  on  time,  or  the  external  influence 
changes  the  parameters  of  the  elastic  system.  Appearance  of  an 
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oscillatory  process  due  to  variation  of  parameters  is  called  para¬ 
metric  excitation  of  oscillations,  and  oscillations  are  called  para¬ 
metric  . 

Thus,  parametric  oscillations  are  oscillations,  appearing  in  an 
elastic  system  as  the  result  of  periodic  change  of  those  of  its  pro¬ 
perties,  which  remain  constant  during  free  oscillations.  And  con¬ 
sequently,  among  oscillations,  appearing  in  the  presence  of  external 
periodic  influence,  we  must  distinguish  two  forms:  forced  oscilla¬ 
tions  and  parametric  oscillations.  Forced  oscillations  are  caused 
by  the  action  of  prescribed  external  forces  on  the  elastic  system, 
the  properties  of  which  are  constant,  i.e.,  the  values  (parameters), 
characterizing  these  properties,  are  constant.  Parametric  oscilla¬ 
tions,  on  the  contrary,  appear  owing  to  the  periodic  change  of  the 
elastic  system  itself. 

The  phenomenon  of  the  build-up  in  time  of  the  intensity  of  para¬ 
metric  oscillations  of  an  elastic  system  is  called  parametric  reso¬ 

nance.  Parametric  resonance  appears  with  a  definite  relationship 
between  the  frequency  of  change  of  a  parameter  during  external  in¬ 
fluence  on  the  body  and  frequencies  of  its  natural  oscillations;  it 
can  arise  every  time,  when  the  ratio 

_  average  natural  frequency _ 

frequency  of  change  of  parameter 

1 

is  close  to  one  of  the  following  values,  75-,  1,  2,  3,  ....  The  condi¬ 
tion  for  appearance  of  parametric  resonance  is  fulfilled  easier  tne 

larger  the  magnitude  of  the  change  of  parameter,  the  less  the  loss 
of  energy  in  the  elastic  system  (friction  or  resistance),  and  the 
less  the  value  t, .  Therefore,  it  is  observed  most  frequently  when 
£  =  75.  The  essential  specific  feature  of  parametric  resonance  is  the 


fact  that  it  can  appear  in  the  presence  of  even  an  insignificant 
initial  deflection  of  the  elastic  system  from  the  state  of  equilibrium. 
In  actual  practice  such  deflections  are  always  possible. 

Let  us  outline  the  formulation  of  the  problem  cn  parametric 
oscillations  of  shells.* 

Let  us  investigate  the  behavior  of  a  shell  under  the  influence 
of  external  surface  load,  variable  in  time  according  to  periodic  lav*: 

*•(«.&  0.  YA*.  ?.  0.  A(a.  P.  0*  (-•!) 

Let  us  assume  that  load  (5.1)  induces  in  the  shell  a  momentless 
state  of  strain  and  let  us  assume  that  in  this  state  displacements 
of  points  of  middle  surfaces  are  equal  to  uQ,  v^,  wq.  A  change  to 
the  moment  state  will  produce  transpositions: 


K,  +  U,  V  —  V'  +  O,  W  =  W9  +  W, 


(5-2) 


satisfying  equations  of  the  moment  theory.  Components  X,  Y,  Z  of  the 
surface  load  consist  of  the  reduced  external  load  (5.1) ,  forces  of 
inertia  and  an  additional  induced  load,  appearing  upon  deflection  of 
the  middle  surface  from  the  initial  momentless  state: 


X-  X#  + A X  —  m 
Y  =  Y#+ AY  — m 
Z  =»  +  AZ  —  m 


*•  * 
d*t> 
dP  * 


(5.5) 


dP 


Here  m  is  the  mass  of  the  shell,  referred  to  a  unit  of  area  of 
the  middle  surface. 

Introducing  (5.2)  and  (5.3)  in  equations  of  the  moment  theory 
in  V.  Z.  Vlasov^  [15]  form  and  taking  into  account  that  undisturbed 
parameters  are  connected  by  equations, 


*Here  and  in  subsequent  paragraphs  of  this  chapter  V.  V.  Bolotin’s 
[ lh ]  results  are  expounded. 


4»(*<i)  +  4*(*)i)  4*  £m (w*)  +  /X|  —  R  ~j  =»  0, 

4.W  +  4.W  +  4.M  +  -^(»'.-i>>^-)-0. 

^iiW  +  ^iiW  +  ^iiW'1  n-^*j  =®- 


we  obtain  "equations  In  variations." 


4.  (“)  +  4.  ft  +  +  ~  (AX  -  m  jjL)  -  0. 

-0.(1)+  4.(2)  +  £»(£)  +  ~  (iK-m-g.)  -  0. 
4,  (2)  +  4.(2)  +  4.(2)  +  (a2-  »i -£=-)  =  0. 


(5.4) 


bars  above  u,  v,  w  are  subsequently  omitted.  Here  L^,  L^, 
are  linear  di  ferential  operators,  referred  to  lines  of  the  main 
curvatures:  h  is  the  thickness  of  the  shell. 

Regarding  determination  of  components  of  a.  reduced  load  AX,  AY, 
and  AZ,  it  may  be  carried  out  in  the  following  manner.  ,-t  us  assume 
that  the  zero-moment  state  is  characterized  by  normal  forces 
(a,  P,  t)  and  (a,  [3,  t),  which  will  be  considered  positive,  if 
they  cause  compression.  Disregarding  forces  of  inertia  of  the  zero- 
moment  state,  we  can  calculate  the  internal  forces  from  equations  of 
equilibrium  of  the  shell  element  in  this  state: 


±{BTX)-T,^-^  ABX,. 

±{AT1-TX*±^ABY,.  V’Jj) 

*iT i  +  htT  |  =  Z.. 

where  k^,  k^  are  the  main  curvatures. 

Let  us  assume  that,  as  it  was  earlier,  and  are  relative  lon¬ 
gitudinal  deformations,  n^and  is  the  increase  of  main  curvatures  due 
to  moment  deformation.  The  first  quadratic  form  assumes  the  form 


<b*  -  *(1  + 1  ,)*<*»•  +  B*(l  +  «*>'<*?*• 


Now,  if  in  equations  (5.5)  instead  of  coefficients  of  the  first  quadra¬ 
tic  form  A  and  B  we  introduce  A(i  +  e2)  and  B(1  +  e.2)  respectively; 
furthermore,  if  in  the  last  equation  we  replace  k^  and  k2  by  k^  + 
and  k2  +  x2,  then  in  this  case  they  are  not  satisfied  identically  and, 
consequently,  it  is  necessary  instead  of  XQ,  YQ,  ZQ  to  take  XQ  +  AX, 

Yq  +  AY,  ZQ  +  AZ,  where  AX,  AY,  and  AZ  are  the  additional  (reduced) 
load.  Thus,  equation  (5.5)  should  be  written  in  the  following  fora: 

~IB()  +  ijT.i  -  ■  +  «jl  = 

=  ,4B(I  +«,)(1  +«J  (X.  +  AX), 

-i-MO  +  ‘Orj-r,  +  «.)l  - 

d? 

r=XB(l  +  «1)(l+h)(K.+  AY). 

(*i  +  *1)  7*,  +  (*,  +  Tt  =  2,  +  AZ. 

Taking  into  account  (5.5)  and  disregarding  values  of  the  second  order 
of  smallness  (products  of  type  e^e,^,  AX),  we  arrive  at  the  follow¬ 
ing  formulas: 

=  —  [-£-  WIT,) — —  X.  (.,  +  «J. 

Ay  -  ^5-  Nr MTJ -T‘~k ih  A)]~  n(“ + 

AZ=  7^|  +  ‘  ( 5  •  e  ) 


Let  us  introduce  in  formulas  (5.6)  instead  of  e^, 
sions : 

I  du  ,  I  dA  ,  .  . 

+  —  ~v  +  ktw. 


A  d% 


««  =  - 

w  u  +  - 

AB  dj  , 

*1  = 

d*i  u  , 

•aTT  + 

a*, 
d ) 

i  a 

/  1  dw' 

\ 

d  a* 

\  A  d*  . 

I 

dk,  u  , 

dkt 

d*  A  ^ 

a? 

i  a 

f  1  dw 

\ 

b  a? 

\b  a? 

) 

AB  ff\ 

I  dv 


B  d} 


+  ktw. 


—  k]w  — 


I  dA  dw 


AB*  dTi  ^  ’ 


dw 

~dT 


2>  k2  eXPreS" 


(5.7) 
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Now  it  is  easy  to  note  that  the  terms  in  equations  (5.^),  con¬ 
taining  AX,  AY,  AZ,  are  linear  with  respect  to  internal  forces 
and  and  also  with  respect  to  displacements  u,  v,  w  and  their 
derivatives.  In  the  case  of  a  periodic  external  load,  of  forces 
and  T2,  are  also  periodic  functions  of  time;  system  (5.*0  in  this 
case  has  periodic  coefficients.  Assuming  that 

=  (Ox*  («.?)• 

where  functions  are  selected  so  that  corresponding  boundary  conditions 
are  satisfied,  and  putting  them  in  (5.4),  we  will  reduce  the  problem 
to  a  system  of  ordinary  differential  equations  with  periodic  coef¬ 
ficients.  Methods  of  solution  of  such  are  sufficiently  well  developed. 


16 .  The  Closed  Cylindrical  Shell 


Let  us  assume  that  a  circular  cylindrical  shell  with  a  radius 


of  the  middle  surface  R  and  thickness  h  is  loaded  with  an  evenly 


distributed  radial  load  qQ  +  qt  cos  0t  end  is  compressed  by  a  longi¬ 
tudinal  force  PQ  +  Pt  cos  Qt.  We  shall  use  the  system  of  coordinates 
in  accordance  with  Fig.  5,  introducing  a  dimensionless  longitudinal 
coordinate  a  =  We  will  designate  the  displacement  in  the  direction 
of  the  generatrix  by  u,  the  circumferential  displacements  by  v  and 
the  radial  displacerm  nt  by  w. 
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In  equations  (5.4)  of  this  chapter,  within  tolerance  limits 
assumed  with  respect  to  a  cylindrical  shell,  one  should  write: 


Here, 


,  _  a*  ,  i -v  a* 

+—W 


dp  S  di*  ’ 


f  _ i  _ 3*  g  _ f  _  d 

Lit-Lti -  —  Ln-Ln-1-^, 

Lu=Ln^~J}'  £rt  =  c*V2V*’ 
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v  a*«  T  a?** 


•  •  «  a*  .  «  a*  ,  a* 

vv  v  a*«  a«*  a?  a?« 


(6.2) 


Noting  that  internal  forces  corresponding  to  the  initial  zero- 
moment  state,  are  expressed  in  the  form: 


7*£  =  /?  (Qi  +  gt  cos  0 1), 


(6.5) 


and  that  in  the  case  under  consideration  A  =  B  =  R,  k^  =  0,  kg  = 
and  according  to  the  formula  (5.7)  of  this  chapter. 


I  du  l  /  do  .  \ 

••“TV  **“t(v+“'> 

a»*  /?»  \  9*  J 


it  is  not  difficult  to  write  the  expressions  of  components  of  the 
reduced  load  AX,  AY,  AZ  using  formulas  (5.6): 

^X=J^zIi.JL(Jl  +  w\ 

*»  di  \a?  ^ 


AK=  — 


7*t  -  r,  a»u 

*•  a*a?/ 


(6.4) 


w=-T[r‘VL  +  r-(|r  +  »)] 


Thus,  for  a  cylindrical  shell  equations  (5.4)  of  this  chapter 


assume  the  form: 
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(6-5) 


(6.6) 


We  seek  the  solution  for  the  system  of  equations  (6.5)  in  the  form: 

u  =  U  (0  cos/:*  cos  kri, 
o  —  F  (Osin  msi  n  it?, 
w==  V  (I)  sin  m  cask'}, 

IttR 

where  n  =  ~~i~’  where  1  311(1  k  become  positive  integers.  Here  i  indi¬ 
cates  the  number  of  half-waves  in  the  meridional  direction  (l  is  the 
length  of  the  shell),  k  indicates  the  number  of  half-waves  in  the 
circumferential  direction.  The  solution  in  form  (6.6)  corresponds 
to  the  case,  when  on  the  ends  of  the  shell  (z  =  0  and  z  -  l)  both 
the  radial  and  the  circumferential  displacements  (u  ^  0)  disappear. 

We  can  easily  prove  by  direct  substitution  that  equations  (6.5) 
are  identically  satisfied,  if  functions  U(t),  V(t),  W(t)  are  deter¬ 
mined  from  a  system  of  ordinary  differential  equations: 


m(l  -^)  frU 


Eh 


41* 


4 


+ 


— —  k*)U- 

2  J  2 


nfcV 


'nW ”  1rr  “V ~ n w + w)  =  °* 


«(!-■.»)  4*V 
Eh  4*t* 
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I  -  V 


2  (**  +  ~LntjV  + 


+  *^  + 


L-+  Ti-r, 


Eh 
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nkU  =  0, 


(6.7) 


~  -  >nU  +  W  +  c'  (n*  +  *')■  IP  - 
Eh  o*» 


1  --»«  V  , 


(Ttn'  +  ’W-  1)1=0. 
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The  system  of  equations  (6.7)  may  be  represented  in  the  matrix 

form 

"-S- +<*-rA-*vw = o. 

where  f  is  the  vector  with  components  U,  V,  and  W, 

it*  q.  —  — Lill  nk  —  v/t 

2  2 

**-|.±Zln*  * 

2  2 

-vn  k  e*(n*  +  Jk*)* 

0  nk  n  0  — nik  n 

Sj  =  ™  —  nik  0  0  ’  ^,  =  "]jr  ^  0  0  ||  - 

0  0  «*  I  0  Oik*—  til 

Frequencies  of  natural  oscillations  of  an  unloaded  shell  are 

determined  from  equation 

\R—pE\  =  0, 

and  critical  parameters  of  longitudinal  compressing,  and  radial  loads 
are  determined  from  equations 

j/j — Sj j  =  p  h  |/?~ =*0. 

The  problem  of  dynamic  stability  leads  in  the  first  approximation 
to  the  equation 

-(ft±-f?,)RS,-±e*£|-0.  (6.8) 

In  case  it  is  possible  to  disregard  the  effect  of  tangential 
forces  of  inertia  and  tangential  components  of  the  reduced  load,  then 
the  problem  about  oscillations  of  a  cylindrical  shell  is  reduced  to 
one  'Vesolving"  equation.  For  a  nonsloping  cylindrical  shell  it  has 
the  form: 
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(v*  + 1)*  vY* -  (I  -  *)  £  (£  - jf)  V*  + 


l-<  M  f,, 

<•  d*«  /> 


(6.9) 


here 

=  v. 

Using  (6.9)  and  the  last  formula  (6.4),  we  obtain, 

<v+  irw®- <■ -  (£- i)  v*+ 

+-f[T,^+r.(|r+i)]^=o.  (6io) 

Let  us  assume  that  X  is  the  length  of  a  half-wave  in  the  meridio¬ 
nal  (or  circumferential)  direction.  Then  the  first  term  in  equation 


(6.10)  will  have  the  order 


■or- 


the  second  term  ~l^l  ;  the  third 


If  the  length  of  a  half-wave  is  small  as  compared  to  the 


xV 


radius,  then  the  second  component  in  (6.10)  can  be  disregarded. 
Disregarding  on  the  basis  of  similar  considerations  the  other  terms 
of  the  similar  order  of  smallness  we  arrive  at  equation 


vWV* + — ^  ( -Sl  iL + Jjl  JL + 

v  v  v  v  T  e*  W  T  D  (  .fc«  T  T 

+m|r)vV«>~o. 


(6.11) 


This  equation  completely  corresponds  to  the  known  equation  for  mildly 
sloping  shells. 

Thus,  returning  to  the  general  equation  (6.10)  and  assuming  that 

in  it 

(*,  P.  0  =  /  (0  sin  ni  cos  *?• 

which  corresponds  to  case  (6.6),  we  arrive  at  an  ordinary  differential 
equation 

-jjr +*<"•*>'  —jT  *I>*  +  T'  <*’  (6.i?) 
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where 


#< M) 


(!*•  +  *•+  IJ* («•  +  **/»  4- (I  -  _**)  4 


l-v» 


<«*  +  *V 


(6,13) 


Let  us  introduce  designations: 


— g  D&fr*  _  T  t)  _  *• 

Equation  (6.12)  may  be  now  recorded  in  the  form 


(6.14) 


** 


+ 


(6.15) 


T 

x  ?* 

where  P#  =  2ttRT1#,  q*  =  — Consequently,  the  problem  is  reduced 
to  a  known  equation. 

In  conclusion  let  us  note  that  these  results  are  easily  genera¬ 
lized  for  the  case  of  the  orthotropic  cylindrical  shell.  Really, 
let  us  assume  that  E^,  E 2  and  v^,  v 2  are  moduli  of  elasticity  and 
Poisson's  ratio  in  directions  3  =  const  and  a  =  const  respectively; 

G  is  the  shear  modulus.  Let  us  introduce  the  following  differential 
operators : 


“  £*  £  +  + E'Wm 

£r  +  ^  +  E*^ 


v}  =  £, 


(6 . 16 ) 


where 


•  Eq  —  2G  (1  — -  Vj  Vj)  -f*  £jvii 
E%  —  AG  (1  —  Vjv,)  £jv,  -f  ^ivt> 

G 


(6.17) 


The  equation,  analogous  to  (6.11),  for  the  orthotropic  shell  assumes 
the  following  form 


(6.18) 
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where  is  the  function,  connected  with  the  radial  displacement  by 
relationship  (6.9). 

Further  transforms  again  result  in  equation  (6.15),  the  coef¬ 
ficients  of  which  for  the  case  of  a  supported  shell  are  determined 
without  difficulty.* 


§7.  The  Spherical  Shell 

Let  us  investigate  oscillations  of  the  spherical  shell  under 
the  action  of  a  radial  load  evenly  distributed  on  the  surface: 

-(fc  +  f,cos0O.  (7*1) 

Let  us  designate  with  R  the  radius  of  the  middle  surface,  with 
h  —  the  thickness,  and  adopt  geographic  coordinates  rp  and  p  (ip  is 
the  angle  of  latitude,  p  -  angle  of  longitude.  Fig.  6).  Displace¬ 
ments  of  points  of  the  middle  surface  will  be  disignated  by  u  in  the 
direction  of  line  ip  =  const,  by  v  in  the  direction  of  line  p  -  const, 
and  by  w  —  the  radial  displacement,  positive  in  the  direction  of  the 
external  normal. 

We  know  [15]  that  in  the  case  of  a 
radial  load  only,  the  system  of  equations  of 
a  spherical  shell  is  reduced  to  one  resolving 
equation 


|C(v*  +  0*  +1|<V,  +  2)1’=~-(V’-I  ->)• 


(7.2) 


Here  )  is  a  Laplacian  operator  on  the  sphere 


*« 


12(1  —*•)/}•  ‘ 


(7.3) 
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*See  A.  N.  Markov  [16], 


In  the  zero-moment  state  th«  internal  forces  of  the  shell  ar* 
reduced  to  compressing  forces 

Tt  -  Tm  «  -£-*(*•  +  fc®08®*)-  { 

In  the  case  of  a  spherical  shell 

A  —  R, 

and  formulas  (5.7)  of  this  chapter  assume  the  form: 


*1= 


Where,  according  to  (5.6)  of  this  chapter  an  additional  given  load, 
appearing  upon  deflection  of  the  shell  from  the  zero-moment  state, 
will  be 

AZ  =  +  9, COS 00  (*!  +  *,). 

or 


AZ=— -^-(9o  +  9/Cos®0(V*  +  2)w*  ^7- 

Components  AX  and  AY  are  equal  to  zero.  In  addition  to  the  external 
pressure  (7.1)  and  reduced  load  (7.5)  the  shell  is  acted  upon  y 
forces  of  inertia 


m 


d*n 

’ 


(7 


j 


Rejecting,  in  accordance  with  the  adopted  approximation,  the  tangent! 
components  of  the  forces  of  inertia,  we  will  find  that  forces,  acting 
upon  the  shell,  are  reduced  to  a  radial  load 


Z  =  —(?,  +  q, cose/)--^- (?„  +  ?, cos 00  x 
X  (V*  +  2) 
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The  first  component  produces  a  uniform  compression  of  the  shell  and 
may  be  discarded  if  we  understand  that  w (<}/,  3,  t)  is  the  deflection 
from  an  undisturbed,  momentless  state.  Then  equation  (7.2)  assumes 
the  form 

|*<V#+lJ*+l|<v*4-2)®  + 

+  mT**  tv'+ '-•>(?*+  2I°  + 

+  >-^-=0  (7.8) 

Let  us  look  for  the  solution  of  equation  (7.8)  in  the  class  of 
functions 

(7.9) 

where  f(t)  is  an  unknown  function  of  time,  F(^,  3)  are  solutions  of 
the  differential  equation 


V*F  -f  IF  -  0, 


(7.10) 


satisfying  the  boundary  conditions  for  w  (i.e.,  conditions  of  con¬ 
tinuity  and  the  single-valuedness  on  the  sphere) .  Substitution  in 
(7.8)  after  reduction  on  F (ip,  3)  yields: 

It*  P—  I  )*  +  1 1  ft  -  2)  / - *•  +  *£•*>*'  ((.  _ ,  +  v)  x 

+  =  0.  (7.11) 


Let  us  introduce  designations: 


»*+l|. 


«Af*  -  1  +  v 

-  2Eh 
=  R(k- I  +  v) 


|c*  (/.-!)*+ !| 


and,  introducing  them  in  (7.11),  we  will  obtain: 


(7.1?) 


■£t  +  p.(i--*+««»«<,)/=.o. 


(7.13) 
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Formulas  (7.12)  give  natural  frequencies  and  critical  forces,  depend¬ 
ing  on  the  still  unknown  parameter  X.  However,  one  practically  im¬ 
portant  question  may  be  solved  to  the  end  even  without  determination 
of  X.  Boundaries  of  main  regions  of  instability  can  be  found  by 
known  approximate  formulas.  In  particular,  the  lowest  boundary 

2  -  )  ( 7 .  lf; ) 

For  practical  applications  it  is  interesting  to  know  the  envelope 
of  the  lower  bounds  of  regions  of  instability.  Let  us  assume  that 
parameter  X  can  assume  any  real  positive  values,  i.e.,  let  us  assume 
that  equation  (7.10)  has  a  continuous  spectrum  of  values.  For  a 
limited  region,  such  as  the  sphere,  spectrum  of  values  is  discrete. 

But  in  the  vicinity  of  values  of  X  which  are  of  interest  to  us  the 
spectrum  of  equation  (7.10)  is,  nevertheless,  sufficiently  "thick," 
so  that  the  error,  following  from  the  assumption  made,  is  small. 

Subsequently  let  us  designate. 


f  7  '  T  \ 
V  i  •  j  ■'  } 


where 


=  2) 


«•(*  —  l)**f  1 

lt-1  +  v 

2 Eh 

(7.10) 


For  determination  of  envelope  let  us  assume  that  ^  =  0,  hence, 
we  will  obtain  an  equation  for  X.  Let  us  consider  the  case  of  suf¬ 
ficiently  large  values  of  X  »  1.  Then 


1 


(» +  T  "•) 

2Eh 


K 


(7.17) 
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and  the  root  of  equation  ^  =  0, 


r  I  \ 

4 £*• 


and  consequently. 


(7.13) 


Qt  4 Eh 


Let  us  introduce  designation: 


(*+T*) 

V  1 

16£*ft*c*  J 

(7.19) 


mP* 


(7.20) 


Formula  (7.19)  assumes  the  form 


(7.21) 


Certainly,  one  should  take  into  account  that  q**  constitutes  an  ap¬ 
proximate  (in  the  sense  of  the  assumptions  made)  value  of  the  minimum 
critical  pressure.  Actually,  considering  that 

_ Jt _ 

we  will  obtain  a  well-known  formula 


(7.22) 


Finally,  let  us  determine  parameter  X  in  the  general  case. 
Equation  (7.10)  on  a  sphere 

leads,  as  we  know  to  spherical  functions. 

We  find  the  solution  of  equation  (7.25)  in  the  form: 


(7.23) 
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(7.24) 


The  condition  for  single-valuedness  of  F (ip,  0)  on  the  sphere  requires 
that  k  be  an  integer  or  a  zero  (k  =  0,  1,  2,  ...).  Substitution  in 
(7.25)  yields: 


(*  =  0,1.2,  ...). 


(7.25) 


Assuming  that  x  =  cos  ip,  we  reduce  equation  fj.25)  to  the  form: 


(7.26) 


This  is  a  known  equation  for  associated  Legendre  polynomials.  Equa¬ 


tion  (7.26)  has  eigenvalues 


K-n(n+l)  (a  =  0,1,2, ...). 

Every  eigenvalue  X^  corresponds  to  (N  +  1)  eigenfunctions: 


where 


*>*(*)  =  (*-0.1.2 . n), 


(7.27) 


(7.23) 


Now  it  is  possible  to  record  for  equation  (7.25)  a  system  of  its 


solutions : 


*  =  0  p)  =  P„(cos'», 

*  =  1  F_»  (t.  P)  =  Pi”  (cos  •*)  sin  ?, 

Fj  (<|>,  p)  -  Pi”  (cos  -*)  cos  p, 


(7.29) 


*  =  n  F_„  (1*.  P)  =  Pi"’  (cos  d)  sin  np. 

F.(t.  p)  =  p£°(cos^)cosnp. 

We  know  that  Legendre  polynomials  Pn  (x)  have  in  the  interval  of  change 
f(0,  it),  exactly  n  zeroes.  Associated  functions  p(k^(x)  have  accord¬ 


ingly  (n  -  k)  zeroes. 
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Since  sin  k£  and  cos  k£3  turn  into  zero  on  2k  meridians,  and 

P^n^(x)  view  tha't  what  was  just  now  said  —  on  (n  -  k)  latitudes, 
then  the  entire  sphere  is  partitioned  into  "cells"  inside  which 
F(^,  fc)  retains  the  constant  sign.  This  means  that  number  X  deter¬ 
mines  the  form  of  the  oscillation  formula  and,  in  particular,  dimen¬ 
sions  of  "half-waves"  in  meridional  and  latitudinal  directions.  The 
smaller  are  the  dimensions  of  half-waves,  the  larger  is,  consequently, 
the  parameter  X.  In  this  case  the  difference  between  two  neighboring 
eigenvalues  becomes  small  compared  to  their  magnitude,  which  justifies 
the  assumption  about  the  continuity  of  change  of  X. 
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CHAPTER  III 


FLUTTER  OF  PANELS  AND  SHELLS 

§  1.  Formulation  of  the  Problem 

In  the  preceding  chapter  we  investigated  natural  oscillations  of 
parametric  character.  Other  types  of  natural  oscillations  of  plates 
and  shells  originate  in  their  interaction  with  liquids  and  gas  flow:- . 

Here  we  examine  a  phenomenon,  very  interesting  and  essential  f  r 

k 

the  technology  of  high  speeds,  which  is  termed  panel  flutter  and  con¬ 
sists  of  the  fact  that  sheathing  or  other  thin-walled  elements  of 
structures  of  the  type  of  plates  and  shells,  around  which  there  is  a 
supersonic  fluid  or  gas  flow,  during  specific  critical  speeds  attain 
oscillatory  motion  with  intensely  growing  amplitudes,  which  can  "bring 
the  structure  to  destruction. 

Theoretical  research  of  panel  flutter  in  a  setting  that  is  correct, 
in  the  physical  and  mathematical  sense,  became  possible  after  the  law 
of  plane  sections  in  the  aerodynamics  of  Large  supersonic  speeds  [17] 
was  established  in  19^7. 

Analyzing  the  motion  of  thin  solid  bodies  with  great  supersonic 
speeds  in  various  media,  A.  A.  Il'yushin  discovered  the  following 
general  property,  which  he  termed  the  law  of  plane  sections,  "if  the 
speed  vector  of  any  point  of  a  body  of  a  regular  aerodynamic 
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form,*  is  V  and  if  transverse  speeds  of  its  other  points  are  of  the 
order  not  exceeding  eV,  then  in  either  the  established  or  transient 
motions  the  body  produces  in  its  environment  only  transverse  pertur¬ 
bations,  and  the  pressure  at  any  point  of  the  body  surface,  calculated 
according  to  this  law,  can  differ  from  the  true  pressure  by  the  value 
of  the  order  not  exceeding 


as  compared  to  unity. "  Here  M d  =  —x  »  1  is  Mach  number,  e  **  ■=—  is 

v0  0 

Il'yushin's  parameter,expressed  through  the  body  speed  V,  slope  of  the 
normal  to  area  e,  and  speed  of  sound  in  undisturbed  medium  vQ,  i.e., 
speed  of  sound  in  gas  at  infinity;  this  parameter  has  fundamental 
value,  inasmuch  as  both  in  linearized  and  nonelinearized  theories  in 
the  presence  of  vortexes  and  shock  waves  the  pressure  on  the  body 
surface  is  determined  only  by  these  parameters  and  the  form  of  the  body. 

Consequently,  if  before  the  body  we  separate  by  two  neighboring 
parallel  planes  a  layer  of  physical  particles  of  the  medium,  perpen¬ 
dicular  to  the  speed  vector  V  of  the  body,  then  in  calculating  the 
pressure  with  the  shown  degree  of  accuracy,  one  may  assume  that 
particles  of  the  medium  will  make  motions,  parallel  to  the  planes,  so 
that  for  them  the  plane  would  be  like  hard  impenetrable  walls. 

The  law  of  plane  sections  enabled  us  to  give  a  new  setting  for 
supersonic  aerodynamics  problems  (and  the  method  of  aerodynamic  model 
studies);  at  the  same  time  it  made  it  possible  to  reduce  the  problem  of 


♦This  is  the  body,  for  which  during  the  motion  in  a  gas  medium  the 
normal  to  its  surface  deviates  from  the  plane,  perpendicular  to  the 
vector  of  speed  V,  by  a  small  angle  e  in  all  points  of  the  surface* 
with  the  exception  of  singular  points  or  lines.  However,  inasmuch  as 
in  supersonic  aerodynamics  the  state  of  flow  in  a  certain  cross  section 
of  the  body  depends  only  on  the  form  of  the  front  part  of  the  body,  all 
calculations,  true  for  regular  bodies,  are  also  true  for  other  thin 
bodies,  having  a  regular  front  part,  i.e.,  for  plates  and  shells  cf 
various  forms. 
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calculation  for  the  established  and  transient  motions  to  the  simplest 
problem  on  the  motion  of  a  piston  in  a  pipe  of  constant  section,*  where 
the  piston  moves  according  to  the  given  law  v  =  v(t),  and  this  is  the 
speed,  with  which  in  a  motionless  column  the  surface  cutting  it, 
compresses  the  gas;  for  any  point  of  the  surface  it  is  equal  to  the 
projection  of  the  vector  of  absolute  velocity  of  the  surface  element 
on  the  normal  to  this  element. 

Thus,  it  became  possible  to  investigate  theoretically  in  a  correct 
and  convenient  for  practical  applications  form  the  important  problems, 
pertaining  to  motion  of  thin-walled  structures  in  gas,  determine 
pressures,  and  consequently  all  aerodynamic  forces,  acting  on  the 
supporting  surface  during  great  supersonic  speeds,  presence  of  shock 
waves  and  variable  entropy  of  gas.  The  calculation  is  especially 
simple  in  the  linearized  theory,**  in  this  case,  for  instance,  over 
pressure  Ap  on  any  area  of  the  surface  is  equal  to  the  pressure  in 
motionless  gas  pQ,  multiplied  by  politropy  h  index,  and  the  relation 
of  normal  component  of  the  speed  vector  of  this  area  v(t)  to  the  speed 
of  sound  in  undisturbed  gas  vQ; 

A,  = 

In  19^9  A.  A.  Ilyushin  for  the  first  time  expressed  the  idea 
on  the  possibility  of  investigation  of  the  panel  flutter  on  the  basis 
of  these  regularities  and  give  a  correct  formulation  of  the  problem.*** 

*This  theory  is  true  for  M  >  1.5  and  small  angles  of  attack  e. 

? 

**I.  e.  when  with  M  >  1  parameter  e  <  1  is  nevertheless  small 
at  the  expense  either  of  the  angle  of  incidence  e  or  thickness  of  the 
profile  ^f  supporting  surface  and  the  gas  entropy  can  be  considered 
constant. 

***The  model  of  supporting  surface  in  the  form  of  a  beam  with  a 
rigid  chord,  considered  in  the  theory  of  bending-twisting  flutter  (M.  V. 
Keldysh,  Ye.  P.  Grossman,  A.  I.  Nekrasov  and  others),  is  replaced  by  a 
model  in  the  form  of  elastic  plate  and  shell. 
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The  first  .solution  of  the  problem  cn  plate  flutter  in  this  formulation 
took  place  in  1950  and  belongs  to  A.  A.  Movchan;  they  also  introduced 
the  effective  concept  of  the  "stability  parabola,"  which  is  widely 
used,  and  offered  the  method  of  obtaining  exact  solutions  for  the  .class 
of  problems  on  rectangular  plates,  two  sides  of  which,  directed  along 
the  flow,  are  supported  by  hinges,  and  two  remaining  sides  have 
arbitrary  boundary  conditions  [18-22],  After  him  a  number  of  authors 
—  abroad  and  in  our  country  have  examined  problems  of  this  kind  [23-28] 
as  well  as  numerous  other  authors. 

Problems  on  flutter  as  applied  to  shells  for  aerodynamic  forces, 
considered  in  the  form  of  overpressure  [17],  were  studied  by  R.  D. 
Stepanov;  to  him  belongs  the  solution  of  problems  on  the  flutter  of 
cylindrical,  spherical  shells,  and  panels  and  the  attempt  of  investi¬ 
gating  plate  flutter  in  nonlinear  setting  [29-31].  We  know  of  research 
on  critical  speeds  in  nonlinear  theory  of  aeroelasticity  performed  by 
V.  V.  Bolotin  [32-33]  and  others. 

Now  we  will  give  a  formulation  of  the  problem  on  the  flu1 ter  of 
shells  [3^].  The  principal  layout  of  formulation  of  the  problem, 
without  lowering  the  general  character  of  reasonings,  can  be  suffi¬ 
ciently  distinctly  comprehended  with  the  example  of  cylindrical  shell 
flutter. 

It  is  known  that  in  the  case,  when  a  load,  directed  in  every 
point  along  the  normal  to  surface  (X  =  Y  =  0,  Z  ^  0),  acts  on  the  shell, 
the  basic  solving  equation  for  sloping  cylindrical  shells,  without 
calculation  of  tangential  forces  of  inertia,  has  the  form  [15] 


Here  c' 


h‘ 


12R‘ 


vYvV*  +  -^  -0-  “-§■*• 

is  the  constant,  R  —  radius,  D  = 


Eh' 


12(l-v2) 


(1.1) 

cylindrical 


no 


rigidity,  h  —  thickness,  a,  3  are  dimensionless  coordinates  of  the 

point  on  cylindrical  surface  of  the  shell,  constituting,  a  —  distance 

along  the  generator  expressed  in  fractions  of  radius  R,  3  —  central 
2  d2  d2 

angle,  7  =  -  +-  — -,  and,  lastly,  i>(a,  3,  t)  —  scalar  function, 

3a2  33^ 

determined  by  Ihe  formulas; 


p 


11  = 


a»» 

v  *«*  * 


w  *=  7*7*0  ==  7*0. 


(1.2) 


Internal  forces  are  determined  through  function  1>  with  formulas; 


Tt 


Eh  d «♦ 

A  fc*^’ 


s=s, 


j» 

a  «i*^  * 


(1- 


Generalized  transverse  forces,  determined  in  the  Kirchhoff  sense 
and  necessary  for  the  formulation  of  boundary  conditions,  are  calculated 
by  the  formulas; 


(1.4) 


In  the  system  of  dimensionless  coordinates  a,  3  when  X  =  Y  =  0, 
and  Z  /  0  the  basic  solving  equation  for  average-length*  cylindrical 
shells  has  the  form 


<«  r  »  .  i«  =  * 

di‘  T  l-v«  T  J  ft*  Eh 

Here  function  1>^(a,  3,  t)  is  determined  by  formulas. 


(1.5) 


♦From  now  on  we  use  the  approximate  theory  of  calculation  o;' 
cylindrical  shells  of  average  length  [35]. 


ill 


H*= 


(1.6) 


Internal  forces  in  this  case  through  function  are  expressed  by 
relationships; 
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(1.7) 


To  differential  equations  (1.1)  and  (1.5)  in  every  particular  case 
we  must  add  boundary  conditions  prescribed  on  edges  of  the  shell. 

Let  us  assume  that  the  shell  moves  in  the  gas  flow  with  constant 
speed  V  under  the  action  of  aerodynamic  and  other  forces,  originating 
from  loads  on  the  structure,  and  is  in  the  state  of  relative 
equilibrium,  which  we  call  undisturbed  equilibrium.  Let  us  assume 
that  u*(ot,  0,  t),  v*,  w*,  T±*(a,  0),  ...,  1>*(a,  0,  t),  i>1*(a,  0,  t) 
will  be  displacements  and  other  corresponding  functions  in  undisturbed 
motion.  Then  force  Z  ,  included  in  equation  (1.1)  or  (1.5)*  according 
to  [17]  will  be  equal 


Z* 


BY 


dcr* 

P&> 


B , 


ftp* 
dt  ' 


(1.8) 


P0H 

Here  B  =  -  =  const  is  the  coefficient  of  swaying  and  B1  =  const  — 

V0  jj 

Ji- 

coefficient  of  damping,  which  reflect  properties  of  the  medium,  in 
which  the  shell  moves. 

For  greater  generality  it  is  of  interest  to  study  the  boundary 
value  problem  for  values  V,  included  in  the  internal  0  <  V  <  oo,  which 
we  propose  to  do  subsequently. 

Let  us  assume  for  states,  other  than  stationary; 
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«  =  «•+«,  v^xf*  +  p,  »=»'  +  »,...  0-0*  +  $, 

ot<=®;+$t. 

Then  force 

Z=Z*  +  2. 

while  on  the  basis  of  [17]  and  D'Alembert's  principle 

l-BV 


t  £  .1. 


(1-S) 


a2£ 


where  ph - is  the  force  of  inertia,  p  —  density  of  the  shell  material 

at 

and,  consequently,  equations  (1.1)  and  (1.5),  as  well  as  the  corre¬ 
sponding  boundary  conditions  will  become  linear  and  uniform. 

Equation  (1.1)  taking  into  account  (1.2)  assumes  the  form 

cya>+  -rr  +  “  p—  v4® — — -  -  v^-f 


dP 


Eh  d* 


(1.10) 

In  its  turn  equation  (1.5)  taking  into  account  (1.6)  assumes  this 


form* 


d1®, 


a*« 


+«(i-+,r^+^ 


*P» 


ar*a?* 


(l.ll) 

In  equation  (1.10)  and  (1.11)  we  introduced  a  new  dimensionless 


WR  aHP,  ■  Blip  »<th  __0 

£*  ”**  £A  did}* 


value 


C*  = 


(1.12) 


1— >*  |2£t(|_v>) 

Relationships  (1.10)  and  (1.11)  are  equations  of  small  oscillation 
of  cylindrical  shells.  Together  with  corresponding  boundary  conditions 
they  form  the  initial  boundary-value  problem  of  the  shell  flutter. 

This  problem  has  the  solution 

®(*,fcO  =  0.  (1.15) 


♦From  (1.11)  we  can  easily  obtain  an  equation,  describing  plate 
flutter. 
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The  flutter  problem  consists  of  clarification  of  conditions, 
under  which  the  undisturbed  motion,  responding  to  trivial  solution 

(1.13) ,  is  stable  in  the  sense  that  the  given  smallness  of  perturbed 
motions  at  any  moment  Of  time  t  >  tQ  will  be  guaranteed  by  the  suffi¬ 
cient  smallness  of  initial  perturbations,  given  in  the  initial  moment 
of  time  tQ. 

Let  us  investigate  the  class  of  solutions  of  the  type 

<&<«.  M (1.14) 
where  =  p  +  iq  is  the  constant  complex  number  (complex  frequency), 
and  Tp(a.,  0)  =  ^(a,  0)  +  i^2(a ,  0)  is  a  continuous  together  with 
eight  derivatives,  complex  function  of  real  values  a,  0.  It  is  obvious 
that  in  the  class  of  solutions  (1.14)  condition  Reu)  >  0  will  be  a 
sufficient  criterion  of  instability. 

Let  us  gi;re  the  name  of  critical  speeds  to  those  values  of  speed 
V,  which  separate  regions  of  stable  and  unstable  states  of  the  shell. 

The  question  of  the  relationship  between  the  stability  in  class 

(1.14)  and  stability  with  respect  to  a  broader  class  solutions  of 
equations  (1.10)  and  (1.11)  is  not  considered  here. 

After  introduction  in  equation  (1.10)  expression  (1.14)  instead 
of  $  and  reduction  by  factor  e^  we  obtain  for  functions  of  a,  0) 
the  equation 

dv‘*  +  -“)-vN’--^-^V**  =  0  (1.15) 

Here  we  assume  that  B  =  and  introduce  designation 

-x  =  p-£^+»^.  (1.15) 

Adding  here  the  given  boundary  conditions  on  the  edges  of  the 
shell,  we  obtain  the  boundary-value  problem,  the  solution  of  which 
gives  values  of  X  and  eigenfunctions  of  ^(a,  0).  From  the  relation¬ 
ship  (1.16)  we  can  easily  find  for  every  X  two  values  of  complex 
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•frequency  cjd; 


(1.17) 


•u«* 


B 

ifk 


El  I*. 

f/P  J  ‘ 


In  investigating  the  stability  in  class  (1.14)  those  values  of 
speed  will  be  critical  during  transition  through  which  the  boundary- 
value  problem  acquires  solutions  of  the  form  (1.14)  with  positive  real 
part  of  the  complex  frequency  od.  One  of  the  roots  (1.17)  always 
has  a  negative  real  part,  because  the  sum  of  roots 


«!  +  «*  =  — 


B 

ifk 


*  H'i 
-  '■■  / 


is  negative.  Let  us  assume  that  for  a  certain  X  one  of  the  roots  of 
(1.17)  is  a  purely  imaginary  number;  Recu  =  p  =  0,  to  =  iq.  Then  from 
(1.16)  we  find. 


Rek-X, tmk  =  X,  =  — q.  (1.1  ) 

Equations  (1.19)  on  the  complex  plane  X^,  X?  depict  points  of  a 
square  parabola  (Fig.  7) 


i, 

1  r  BNP  ^ 


(1.20) 


which  is  called  [18]  parabola  of  stability.  The  region,  lying  inside 
the  parabola  of  stability,  corresponds  to  proper  values,  for  which 
both  roots  of  (1.17)  have  a  negative  real  part,  but  the  region,  lying 
outside  the  parabola,  corresponds  to  proper  values,  for  which  the 
‘•ea.1  part  of  one  of  roots  (1.17)  is  positive. 

Thus,  the  problem  of  finding  the  critical  speed  in  class  (1.14) 
is  reduced  to  the  study  of  location  of  eigenvalues  of  X  of  the  boundary- 
value  problem  (1.10)  or  (1.11)  with  respect  to  the  stability  parabola 
(1.20). 


§  2.  Flutter  of  Panel 

Let  us  assume  that  a  slender  body  of  aerodynamic  shape  moves  in 
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a  stationary  gas  rectilinearly  and  evenly  at  a  high  supersonic  speed  V 
On  the  surface  of  the  body  we  will  examine  a  part  of  its  sheathing  — 
the  rectangular  panel,  which  in  the  undisturbed  state,  being  plane, 
moves  parallel  to  two  own  edges  without  an  angle  of  incidence  with 
respect  to  the  gas*  (Fig.  8).  In  the  plane  of  this  undisturbed  motion 
of  the  panel  we  introduce  a  rectangular  system  of  x  and  y  coordinates, 
moving  together  with  the  body  rectilinearly  and  evenly  with  speed  V 
along  axis  x.  Edges  of  panel  at  any  moment  of  time  t  coincide  with 
sectors  of  straight  lines  x  =  0,  x  =  a,  y  -  0,  y  =  b. 


Fig.  8. 


Under  the  influence  of  certain  causes  the  undisturbed  motion  of 
the  panel  in  its  own  plane  may  be  disturbed,  and  the  panel  will  begin 
to  perform  a  perturbed  motion  with  sag  w(x,  y,  t),  the  positive  value 
of  which  is  determined  by  w  axis  in  Fig.  8.  Considering  the  panel  to 
be  thin  and  isotropic,  we  use  for  the  description  of  its  small  sags 
w(x,  y,  t)  the  equation  of  bend  of  plate  [3]* 


where  u  is  the  mass,  per  one  unit  of  the  panel  area,  q  —  transverse 
load,  forces  N^,  N^,  being  the  result  of  heating  or  some  other  causes. 


♦Here  are  expounded  the  results  of  research  by  A.  A.  Movchan  [19] 
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are  assumed  to  be  constants  in  the  entire  panel  and  not  changing  with 
a  change  of  sag  w(x,  y,  t). 

Sag  w  will  produce  over  pressure  Ap  ^n  the  upper  streamlined 
surface  of  the  panel  from  the  side  of  the  gas,  in  which  the  body  moves 
and  over  pressure  Ap'  on  the  lower  surface  from  the  side  of  the  medium 
which  adjoins  the  panel  from  within  the  body. 


Here  pQ  is  the  pressure,  vQ  —  speed  of  sound  in  the  gas  at  infinity, 
k^  and  —  non-negative  numbers,  characterizing  properties  of  medium 
(k1  —  elastic  support  factor,  —  damping  factor).  The  transverse 
load  q  is  the  result  of  pressures  shown,  q  =  Ap'  -  Ap. 

Subsequently  instead  of  x,  y,  w  we  use  values  ^  and  for 
which  designations  x,  y,  w  are  retained. 

With  the  above  assumptions  for  a  panel  supported  along  its  entire 
contour  we  obtain  the  following  perturbed  motion  equations. 


d*m  ,  .  d*  d*p 


i1  d*w 


flW,  9m 
D  dr* 


d*ir 


Do, 


*•  W  D  dr*  M>  dp 

fr+^+(v+*')£H=°- 

»<o, ».  A  -  _  0, 

«*  ox* 

»<r, «.  0  _  *'£**...  .<*,  I,  /)  _  itfcJii  _  o. 


(2.1) 


For  obtaining  sufficient  criteria  of  instability  of  undisturbed 
motion  let  us  study  the  class  of  solutions 


w{x,  y.  0—  X(x)sin  nzyr*.  ( n  —  1, 2, ...),  -  (2.2) 

where  co  =  p  +  iq  is  a  complex  number,  X(x)  =  |X(x)|e  f '  '  is  the 
comnle:  function  of  real  value  x.  Putting  (2.2)  in  (2.1)  and  intro¬ 
ducing  designations. 
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(2.3) 


A=-J^T’  B=l£-  +  ltr  X  =  — +  Bu). 

Wi  %  D 

we  find  the  function  (2.2)  is  the  solution  of  initial  problem  (2.1) 
when  and  only  when  X(x)  is  the  eigenfunction  of  the  bo andary-value 
problem, 

X*v-2/b*X»  +  kH'X- AX'  =  (X  +  <0*  «  1*X. 

X(0)«Xn(0)  =  X(!)=X»(l)  =  0.  ^2* 

and  complex  frequency  a)  is  determined  by  formula 


Let  us  note  that  to  the  complex  solution  (2.2)  correspond  real  proper 
motions  of  panel  with  sags, 

■(r.»,0-|XW|sinmt|i««'~|«W  +  «.  (2.2) ' 

The  actual  solution  (2.2)  is  subsequently  termed  a  complex  proper 
motion. 

Value  A  in  equation  (2.4)  is  called  the  reduced  speed  of  undis¬ 
turbed  motion  of  the  panel,  X  and  X2  are  called  eigenvalues. 

Complex  frequencies  (2.5)  will  be  designated  as  <x>  and  cu  in  such 
a  manner  that  Reco'  <  Reas  is  fulfilled.  Frequency  od'  has  a  negative 
real  part  with  any  X,  and  for  frequency  a)  Reoo  <  0,  Reoo  =  0  or  Rood  >  0 
is  fulfilled  depending  upon  whether  X  is  inside  or  outside  the 
parabola  (Fig.  7) > 

Rex  =  (2.6) 

Thus,  to  the  eigenvalue  X  of  the  boundary- value  problem  (2.4) 
correspond  two  complex  proper  motions  w'(x,  y,  t)  and  w(x,  y,  t),  the 
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first  of  which  damps  with  the  flow  of  time,  but  the  second,  while 
damping,  either  has  a  constant  amplitude  or  deviates  without  a  limit 
depending  on  the  fact  whether  X  is  inside,  on,  or  outside  the  parabola 
of  stability  (2.6). 

2  2 

For  every  k  =  a  • S -  +  0.5n. ,  (n  =  1,  2,  ...)  equations  (2.4) 

b  1 

deteimine  own  boundary- value  problem.  Considering  a  great  number  of 
values  of  all  these  boundary-value  problems,  let  us  use  the  term  of 
the  instability  of  undisturbed  motion  of  the  panel  for  the  number  s 
of  eigenvalues  X,  located  outside  of  the  stability  parabola.  Obviously, 
inequality  s  >  0  means  that  there  are  proper  motions  of  the  panel, 
the  amplitude  of  which  grows  with  the  passage  of  the  time  without  any 
limit;  equality  s  =  0  signifies  the  absence  of  proper  motions  of  the 
panel  with  the  growing  amplitude.  Let  u.  ote  that  we  do  not  affirm 
here  that  when  s  =•  0  the  undisturbed  motion  is  stable.  If  in  addition 
to  proper  motions  (2.2)  we  -onsider  the  "apparent  additional  motions" 
of  form 

(X,  (x)  +  tX  (x)l  sin  nvyr*. 

[*«  (*)  +  tXt  (x)  +  y  t*X  (jr)J  sin  myer1 . 

which  can  appear  for  multiples  of  X°,  then  it  can  happen,  that  even 
with  s  =  0  there  are  deflected  perturbing  motions  (this  is  possible, 
when  the  multiple  X  is  on  the  parabola  of  stability). 

Let  us  investigate  eigenvalues  of  the  boundary-value  problem. 

The  characteristic  equation 

F{k,  yU°)  =  0.  (2.7) 

connecting  values  k,  and  A  with  eigenvalues  >°,  may  be,  bv  applying 
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variables*  a,  p  [18]#  reduced  to  equations; 


F(*.  8  s  **  +  $*«=*  co»fr)  , 

'  P*  1  0>-3i* +  **«?» +  4**?  '*" 

+  JL HF--  +  a/pc^r+igr  tin? 

1  J0»»  _  3i*  +  *c*J*  +  4rf?)  /  ?  -  W  +  **«•  p 


=  0; 


(2.8) 


4  =  4*  (p*— «•  +  *c*);  (2.9) 

1«-**S<  +  (**  +  M(?,~3i«4  2*ic*).  (2.10) 

The  characteristic  system  of  two  equations  (2.8),  (2.9)*  in  which  k, 

and  A  are  considered  to  be  given,  and  a  and  p  are  sought,  has  the 

specific  property  that  to  its  every  solution 


according  to  the  formula  (2.10)  corresponds  the  eigenvalue 

X*  =  !•(*,  A),  (2.12) 

i.e.,  the  solution  of  equation  (2.7);  to  every  eigenvalue  (2.12) 
■.’oiToc-pond  several  solutions  (2.11)  of  the  characteristic  system.  With 
the  fixed  k  and  changing  A  solutions  (2.11)  and  (2.12)  can  be  treated 
as  curves,  which  we  shall  term  "branches."  Using  analytical  properties 
of  equations  (2.7)-(2.1Q),  we  can  show  that  branches  (2.11)  and  (2.12) 
are  continuous  and  "indestructible,"  if  we  consider  them  both  in  the 
real,  and  complex  regions  [18], 

The  elementary  analysis  of  characteristic  system  shows  that  when 
A  =  0  all  eigenvalues  of  are  yielded  by  formulas 

X«  =  *«(«•  +  *)*.  (m=l,2,.„)  (2.15) 


♦Transition  to  parameters  a,P  may  be  carried  out  in  this  manner: 
let  us  assume  that  zi(k.  A,  \0)  are  roots  of  a  characteristic  equation. 
At  first,  we  will  consider  certain  two  roots,  for  instance  z^,  z2,  as 
basic  parameters  from  parameters  z^,  z2  by  means  of  transformation  = 
=a+iPi  z2  =  a  -  ip  we  pass  to  parameters  a,  p,  and  through  them  express 

the  remaining  roots  and  all  characteristic  values  of  the  boundary-value 
problem. 


and  each  eigenvalue  (2.13)  gives  the  beginning  to  a  certain  branch 
(2.12).  Hence  and  from  the  properties  of  indestructibility  follows 
the  existence  of  a  denumerable  set  of  continuous  branches 

*•**•(*.4).  (« =  1, 2, ...),  (2.14) 

which  we  number  in  suet  a  way,  that  branch  (2.14)  with  number  m  passes 
through  point  (2.13)  with  the  same  number  m  when  A  =  0. 

Let  us  prove  that  with  any  fixed  k  and  A  /  0  any  real  eigenvalue 
X&(k,  A)  is  strictly  larger  than  the  least  eigenvalue  \°(k,  0),  avail¬ 
able  when  A  =  0.  Multiplying  equation  (2.4)  by  X(x)  and  integrating 
by  parts  with  the  use  of  boundary  conditions,  we  can  easily  obtain 
the  relationship 


connecting  eigenvalue  X°(k,  A)  with  the  corresponding  eigenfunction 
X(x).  Hence 

ReX*(t,  A)  =  ■***'» +“*•'■+'■  ,  | /„>  <M)|  .  -L^ll . 

In  the  class  of  functions  X(x),  which  are  continuous  together 
with  derivatives  of  the  fourth  order  and  satisfy  boundary  conditions 
(2.4),  the  minimum  ReX^(k,  A)  is  equal  to  the  minimum  with  respect  to 

ho  p 

m[minm7r  (m  +  k)  ]  and  is  attained  for  the  solution  X(x)  -  sin  nnrx 

of  the  boundary- value  problem  (2.4)  when  A  =  0;  for  any  solution  when 
A  /  0  the  absolute  inequality  is  fulfilled. 

Re  X*  (k.  A)  >  min*  r*  (m*  +  k)*  =  min*)£  (4, 0). 
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(2.15) 


Hence  follows  that  which  was  to  be  proved. 

The  examination  of  the  real  plane  a,  p  and  lines,  determined  on 
it  by  equations  (2.8)-(2.10),  allows  us  without  the  fulfillment  of 
anj  approximate  calculations  to  establish  the  following. 

For  any  fixed  value  A  and  for  sufficiently  large  m  all  points 
of  branches  X^  =  >^(k,  A)  are  real  and  positive,  and  with  the  growth  of 
m  they  asymptotically  come  near  eigenvalues  (2.13),  available  when 
A  -  0. 

On  the  real  plane  A,  X^  there  exists  a  denumerable  set  of  finite 


ovals  isolated  from  one  another  (/i  Fig.  9  parts  of  these  ovals 
are  shown  in  the  right  half-plane),  consisting  of  real  pieces  of 


A'=A'mi(KJ) 


Fig.  9. 


4,  A 


branches  (2.14).  In  a  general  instance  the 
straight  line  A  =  0  intersects  every  oval 
in  two  certain  points  (2.13).  For  certain 
negative  values  k  -2.5  a  certain  oval 
can  be  pulled  into  a  point,  lying  on  axis 
A  =  0  (for  instance,  the  lower  oval  when 
k  =  -2.5j  -6.5;  -12.5;  the  second  oval 


when  k  =  -8.5;  -14.5,  ...).  When  nr  >  -0.5k  on  each  of  ovals  i  ,  there 

mk 


is  a  point 


(A)  *=  «4  [(W*  +  *)*  +  Y  (5m*  +  *)*  J. 
A‘m(k)  =  m*  +  *)  V**Th, 


(2.16) 


corresponding  to  the  solution  a  =  r  y  +  )f  3  =  2m7r,  of  the  char- 

ac+eristic  system. 


Let  us  prove  the  existence  of  complex  eigenvalues  \  in  the 


investigated  boundary- value  problem.  Let  us  assume  that  A^  =  Am(k) 
is  the  upper  limit  of  those  values  A,  with  which  oval  1  ^  has  real 
intersections  with  straight  lines  A  =  const.  Lei  us  consider  any  one 
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Df  these  ovals,  and  for  simplicity's  sake  let  us  assume  that  it  is  the 


lower  oval  and  that  in  a  certain  neighborhood  of  the  value  A  =  A1  for 
A  <  A^  parts  of  the  oval  are  formed  by  two  branches, 

i* =<*.<*. (2.17) 

When  A  -  branches  (2.17)  cross  at  the  point  (A.,  X.°)  •  In  Its 
neighborhood  the  equation  (2.7)  is  presented  in  the  form 

F<*,  A.  )•)  a  [(>.•—>«)*  -  2f t (k,  *)<>•-  *•)  + 

+  ft(*.A)l<D<A,i4.*c)  =  0. 

where  the  analytic  function  <I>(k,  A,  X°)  does  not  vanish  in  the  neigh¬ 
borhood  examined,  and  analytic  functions  cp1(k.  A),  cp2(k,  A)  turn  into 
zero  when  value  A  =  A^.  Hence  for  branches  (2.17)  we  obtained  the 


presentation 


**=  fi<*.  *)  ±  W?(*.  A) A)~  ).\,  (2.18) 

which  proves  the  existence  of  branches  (2.17)  in  a  certain  neighborhood 

of  value  A  =  A1  as  well  as  for  A  >  A^.  Inasmuch  as  by  virtue  of 

determination  of  numbers  Am  =  Am(k)  in  the  neighborhood  of  value  A  = 

for  A  >  A^  branches  (2.17)  cannot  be  real,  they  are  complex. 

In  those  cases,  when  the  oval  is  pulled  in  point  (Am  =0),  complex 

o 

eigenvalues  X  exist  with  any  small  A  ^  0.  For  instance,  with  k  =  -8.5, 
when  the  second  oval  is  pulled  into  a  point, branches  X°  =  X^  (k.  A), 

X°  =  X^  (k,  A)  are  complex  with  any  small  A  ^  0.  This  example  shows, 

incidentally,  that  with  a  monotonous  growth  of  A  not  necessarily  those 
branches,  may  become  complex  for  the  first  time  which  give  the  least 
real  eigenvalues. 

Considering  the  inequality  A  (k)  >  A*(k),  it  is  possible  to  show 


that  for  the  given  k  >  -2  and  for  any  A  iiom  the  interval 

0<i1<3Fr',p  +  *)vT+* 
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(2.19) 


are  real. 


all  eigenvalues  of  xjj^k,  A),  m  -  1,  2,  ... 
Real  parts  of  branches,  forming  ovals  z 


Ik*  6 2k 


>  •  •  •  > 


and  also 


complex  parts  of  these  branches  can  be  built  by  points,  finding  of 
which  by  the  method  of  successive  approximations  does  not  present  on y 
fundamental  difficulties.  For  the  series  of  values  k  from  interval 
-16  <  k  <  16  such  calculations  were  carried  out,  and  for  the  treatment 
of  their  results  presentation  (2.18)  was  used.  Here,  for  all  k 
<  :amined  it  was  possible  to  select  such  values  of  constants  =  a^(k), 
b^  =  b^(k)  that  the  expression 


obtained  from  (2.18),  when 

with  an  accuracy  sufficient  for  practical  calculations,  approximates 

branches  (2.17),  which  form  the  lower  oval  z^k,  evenly  on  the  entire 

* 

interval  0  <  A  <  A^,  and  also  in  a  certain  interval  A^  <  A  <  A^  , 

* 

where  A^  is  determined  by  conditions  of  accuracy.  A  good  illustration 
to  the  above  is  Table  1,  adduced  below  where  k  =  -1  true  magnitudes  of 
eigenvalues  (2.17)  are  given,  and  under  them  for  comparison  are  adduced 
values,  found  with  the  help  of  (2.20) 


Table  1.  Magnitudes  of  Eigenvalues  X°  for 
k  =  -1 


A 

0 

SO 

100 

ISO 

n 

100.05 

too 

250 

000 

. i 

400 

600 

877 

867 

834 

760 

Re 

528 

578 

t 

714 

m 

A 

877 

867 

834 

760 

577 

.711 

794 

996 

1° 

0 

20,7 

88,6 

216 

Im 

0 

137 

374 

685 

826 

i - 

1104 

A 

0 

20,9 

87,2 

217 

H 

136 

370 

673 

1 

807 

1061 
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Humber  and  combination  (X^  -  a^)  included  in  (2.20)  are  found 

immediately; 


»t-  «.  =  Y  !>!.<*■  °> + <*•  °»l- 


(2.21) 


inasmuch  as  we  know  X^  (k,  0),  X^  (k,  0)  ordinates  of  points  of  inter- 

m2 

section  of  the  oval  with  the  straight  line  A  =  0.  The  expression 
(2.20)  becomes  definite,  if  in  addition  to  (2.21)  we  know  either  the 
pair  of  numbers  A^,  X^0  (coordinates  of  the  right  most  point  of  the 
o’fal)  or  A^,  a^. 

When  k  =  -4  the  following  formulas  yield  value  of  numbers  a^,  A^ 
with  an  accuracy  sufficient  for  practical  calculations; 


«i  =  -|p<5  +  2*)\ 


(9  K8161  +  1640ft  +  40ft*  +  679  -  20ft-20ft*]. 


(2.22) 


In  every  concrete  problem  parameter  k  passes  through  a  sequence 
2  2 

of  values  k  =  - -r- ,  n  =  1,  2,  ...  Fixing  n,  we  fix  k,  and  also  thos 

2  1 
b  +1T 

branches,  XC  =  A),  m  =  1,  2,  . . .,  which  are  available  with  this 

k.  Subsequently,  branches,  corresponding  to  the  fixed  numbei  n,  will 
be  designated  X°  =  ^n(A). 

To  eigenvalues  X^n  according  to  the  formula  (2.3)  correspond 


eigenvalues 


«»*! 

D  ' 
(nt,  n  **  1,  2,...) 


(2.23) 


The  degree  of  instability  of  the  unperturbed  motion  of  the  panel 
is  equal  to  the  number  of  eigenvalues  (2.23)  situated  on  the  complex 
plane  beyond  the  stability  parabola  (2.6).  To  every  such  eigenvalue 
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situated  beyond  the  stability  parabola,  corresponds  a  deviating  motion 
of  the  panel:  the  divergent  motion  (bulging)  corresponds  to  the 
negative  X,  and  fluttering  motion  to  the  complex  X. 

With  fixed  values  of  the  parameters  included  in  the  problem  only 
a  finite  number  of  eigenvalues  [2.23]  can  be  situated  beyond  the 
stability  parabola.  Beyond  the  stability  parabola  only  a  finite  number 
of  eigenvalues  (2.23)  can  be  situated.  Actually,  by  virtue  of  the 
information,  obtained  on  the  asymptotic  behavior  of  eigenvalues  X^n(A), 

all  ^^(A)  with  sufficiently  large  figures  m  or  n  are  real,  and 

X  (A)  -*  X _ (0),  if  at  least  one  of  the  figures  m  or  n  tends  toward 

mn'  '  mn' 

infinity.  From  (2.23)  by  means  of  (2.13)  we  obtain: 

i_(0)  =  *•[(„.+ -tt)’ + »■•».  +  ■ *.]+ ■ 

(m,  n  =  1,2! ...) 

Hence  it  is  clear  that  for  sufficiently  large  m  or  n  eigenvalues 
\nn(°)  and  \nn(A)  which  approach  them  are  positive  and  are  located 
inside  the  stability  parabola.  Corresponding  proper  motions  of  the 
panel  are  oscillations  with  a  damping  amplitude. 

Let  us  prove  that  in  the  adopted  formulation  of  the  problem, the 
flutter  of  panel  exists.  For  proof  we  will  examine  the  total  parameters 

~ A,  (2.24) 

which  determines  single-value  by  a  great  number  of  eigenvalues  (2.23). 
Let  us  assume  that  this  totality  is  such  that  among  eigenvalues  there 
are  complex  eigenvalues  (as  we  established  earlier,  there  always  exist 
such  A,  for  which  the  boundary-value  problem  (2.4)  has  complex 
eigenvalues).  Without  changing  parameters  (2.24)  and,  consequently, 
the  location  of  eigenvalues  (2.23)  on  the  complex  plane  X,  let  us 
begin  to  increase  parameter 
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pl> 

«•«» 


•‘(-“'+*.)1  (2.25) 

This  is  attained,  for  instance,  either  by  means  of  increasing  the 
mass  |i  or  decreasing  the  damping  factor  k2(~B^)  of  the  medium,  adjoining 
the  panel  from  within.  With  the  increase  of  parameter  (2.25)  branches 
of  the  stability  parabola  (2.6)  come  near  to  the  real  axis,  and  it  is 
clear  that,  with  any  fixed  complex  (immaterial)  eigenvalue,  it  will 
exceed  the  stability  parabola  with  a  sufficient  increase  of  parameter 
(2.25)  and  the  corresponding  proper  motion  will  be  a  flutter.  Thus, 
with  any  forces  N^,  whether  compressing  or  stretching  panel  flutter 
is  possible. 

These  reasonings  give  useful  information  about  the  influence  of 
mass  |i  and  damping  k2(~B1):  loading  of  the  panel  and  a  decrease  of 
damping  increase  the  danger  of  flutter,  lightening  of  the  panel  and 
an  increase  of  damping  decrease  it.  let  us  note  that  lightening  of 
the  panel  and  an  increase  of  damping  cannot  destroy  either  its 
divergent  proper  motions,  or  those  flutter  motions,  which  correspond 
to  eigenvalues  X  with  non-positive  real  parts. 

Let  us  examine  the  effect  of  the  elastic  support  factor  k^(~B) 
and  forces  N^,  N2.  As  we  can  see  from  formula  (2.23),  an  increase 
k^  (with  other  parameters  unchanged)  transfers  all  eigenvalues  ^^(A) 
on  the  complex  plane  to  the  right.  Here  the  degree  of  instability 
changes,  only  in  the  direction  of  decrease  if  it  changes  at  all.  With 
a  sufficient  increase  of  k^  we  can  render  the  degree  of  instability, 
equal  to  zero,  removing  the  danger  of  all  divergent  and  flutter 
motions.  The  same  effect  is  produced  by  an  increase  of  force  N2> 

This  can  be  easily  derived  from  formula  (2.23),  if  we  remember  that 
X^n(A)  does  not  depend  on  N2.  Conversely,  decrease  of  N2  produces  a 
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displacement  of  all  eigenvalues  *-n:n(A)  to  the  left,  which  increases 

the  danger  of  appearance  of  deflecting  proper  motions  of  the  panel. 

0 

The  large  stretching  force  renders  the  degree  of  instability  equal 
to  zero.  Indeed,  whatever  the  fixed  values  of  the  remaining  parameters, 
an  increase  of  can  produce  such  an  increase  of  parameter  k  that  all 
eigenvalues  *-mn(A)  will  be  real  and  close  to  ^(0) ,  which  with  a 

sufficiently  large  k  are  all  positive. 

We  shall  prove  that  if  with  A  =  0  the  compressing  forces  do  not 
exceed  critical  forces  of  buckling,  then  for  the  same  compressing 
forces  with  any  A  ^  0  divergent  proper  motions  are  impossible.  We  car 
easily  obtain  proof  from  the  inequality 

ReU,  (4)  >  min.).*,  (0),  (2.26) 

which  in  the  corollary  of  (2.15).  Really,  from  the  fact  that  with 
A  =  0  compressing  forces  do  not  exceed  critical  forces,  it  follows 
that  ^mn(°)  >  Oj  m,  n  =  1,  2,  ...  But  then  from  (2.26)  we  obtain 
ReXmn(A)  >  0,  m,  n  =  1,  2,  ...,  which  is  a  sufficient  condition  of 
the  absence  of  divergent  to  motions.  Let  us  note  that  for  such  a 
panel  the  deflecting  proper  motions  in  flight  can  only  be  motions  of 
the  flutter  type.  They  cannot  be  detected  by  static  research,  since 
in  the  static  research  it  would  be  necessary  to  put  \(A)  =  0  in 
equation  (2.4)  which  is  erroneous,  since  it  contradicts  the  inequality 
ReX(A)  >  0. 

Inequality  (2.26)  also  enables  us  to  substantiate  the  possibility 
of  such  cases,  when  the  panel  compressed  by  supercritical  efforts,  and 
known  to  be  unstable  when  A  =  0  (s  >  0  when  A  =  0).  has  neither  the 
divergent  nor  flutter  proper  motions  during  flight  with  a  certain 
speed  A  /  0  (s  =  0  when  A  ^  0).  Such  possibility  of  instances  of 


"stabilizing”  of  undisturbed  motion  with  the  growth  of  speed  of  flight 

will  be  illustrated  by  an  example.  Let  us  now  use  formula  (2.16)  for 
# 

obtaining  of  certain  estimates,  and  information,  pertaining  to  forms 
of  proper  motions.  According  to  (2.16)  to  the  value  of  a  given  speed 


^5 m*  J- 
V. 


+  Tn' 


(2.27) 


corresponds,  along  with  an  infinite  set  of  other  solutions,  an  exact 
solution  of  the  characteristic  equation 

C --[(<"* +  ^  +  7-".)’  + 

It  is  not  difficult  to  find  the  corresponding  eigenfunction, 

(*)  ■=  »n  mirjt  sin  (mcjr  -f  V)  x 


(2.28) 


(2.29) 


n. 


2  2 

It  is  possible  to  show  that  when  m  =  1  and  k  =  — >  -1 

b 


forruulas  (2.27),  (2.28),  (2.29)  give  the  least  real  eigenvalue  X^n  and 
corresponding  eigenfunction  X^n(x),  which  are  available  for  the  given 

t  i  t 

n,  and  A  =  A^n.  Let  us  compare  expression  X^n,  X^n(x)  with  expressions. 


M0>  =  «*(l  +  -7r  +  -7-)’-<f.  X,.(x)-sin*x. 

giving  for  k  ^  -1  the  least  real  eigenvalue  X^n(0)  anc*  corresponding 

eigenfunction  X^n(x)  when  A  =  0.  We  notice,  first,  the  fact  of  an 

increase  of  X^n  as  compared  to  X^n(0)  and,  second  that,  whereas  with 
A  =  0  the  eigenfunction  X^n(x)  does  not  have  any  zeroes  in  internal 

i 

points  of  the  internal  0  <  x  <  1,  with  A  =  A^n  the  eigenfunction 
X-^n(x)  always  turns  into  zero  in  the  internal  point  of  the  same  internal. 
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Consequently,  in  flight,  proper  motions  of  panels,  responding  to  the 


least  eigenvalues,  even  before  these  motions  become  flutter  motions, 

¥ 

can  significantly  differ  both  in  form,  and  in  frequency  from  those, 
which  exist  when  the  speed  of  undisturbed  motion  is  zero.  It  is 
especially  important  to  remember  this,  when  approximation  methods 
are  applied  to  flutter  problems.  In  connection  with  the  application 
of  approximation  methods  it  is  also  useful  to  remember  that  in  the 
presence  of  a  sufficient  compressing  force  with  the  monotonous  growth 
of  A,  complex  eigenvalues  and  flutter  cannot  appear  for  the  first 
time  in  those  branches  X  =  X_(A),  which  with  A  =  0  give  the  least 
eigenvalues. 

i 

If  the  given  speeds  of  undisturbed  motion  does  not  exceed  A^n, 
then,  as  it  ensues  from  the  sense  of  inequality  (2.19),  for  those  n, 
which  satisfy  the  inequality 

all  eigenvalues  ^^(A),  m  =  1,  2,  ...  are  real  and  flutter  of  corre¬ 
sponding  proper  motions  is  impossible.  Hence,  taking  into  account 
(2.3),  we  obtain  the  formula  of  "pre-flutter"  speed 


VtD  8rJ 

ptxa*  ay'T 


(2.30) 


In  a  number  of  cases  formula  (2.30)  enables  us  to  clarify  an 
essential  part  of  the  region  with  the  zero  degree  of  instability. 

For  instance,  if  N2  >  0  (divergent  to  proper  motions  of  panel  in  this 
case  are  absent)  for  any  speed  V  in  the  internal  0  <  V  <  V^,  where 
is  derived  from  (2.30)  when  n  =  1,  flutter  proper  motions  are 
impossible  and  the  degree  of  instability  of  the  undisturbed  motion 
is  equal  to  zero. 


Formula  (2.30)  enables  us  to  make  a  useful  forewarning  remark 
about  the  method  of  calculation  of  panels,  greatly  stretched  in  the 
direction  of  undisturbed  motion.  Departing  somewhat  from  the  adopted 
formulation  of  the  problem,  we  will  only  assume  here  that  around  the 
rectangular  panel,  free  from  forces  in  its  own  plane,  gas  flows  on 
two  sides.  Then,  applying  (2.30)  with  factor  0.5  before  the  right-hand 
part,  we  find  that,  no  matter  how  great  the  length  of  a  the  panel  in 
the  direction  of  undisturbed  motion,  its  critical  flutter  speed  will 
always  be  larger  than 


_Xr  fjLV 

1  »V3  »>('-<•)  V.  »  ) 


(2.31) 


On  the  other  hand,  if  in  the  initial  problem  the  panel  is  pre¬ 
considered  to  be  infinitely  long  and  at  the  infinitely  remote  end  of 
panel  we  set  no  condition,  except  the  condition  of  arbitrary  smallness 
of  initial  perturbations,  then  we  can  prove  for  it  the  existence  of 
flutter  motions,  when  the  speed  exceeds  the  value 


(2.32) 


The  value  (2.32)  may  be  less  than  value  (2.31)  which  evidences 
the  inapplicability  of  formula  (2.32)  for  limited  panels.  The  example 
given  shows  that  the  results,  obtained  by  studying  panels,  cylinders, 
etc.,  theoretically  infinite  in  the  direction  of  undisturbed  motion 
are  not  always  applicable  to  the  case  of  finite  dimensions,  even  if 
these  dimensions  are  sufficiently  great. 

All  the  features  of  panel  behavior  in  a  flow  which  have  been 
clarified  so  far,  were  obtained  by  means  of  qualitative  research  of  an 
exact  characteristic  system  (2.8),  (2.9).  In  future  conclusions, 
pertaining  to  branches  X  =  X  (A),  X  =  X  (A),  which  give  for  every 
fixed  n  the  least  eigenvalues,  we  shall  use  the  presentation  of  these 
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branches  by  approximate  formula  (2.20),  from  which  we  obtain 


(**“  •{{••  )■ 

With  any  A  from  the  interval  0  <  A  <  eigenvalues  (2.33)  are 
real.  In  this  interval  such  values  of  A  are  critical,  in  transition 
through  which  one  of  the  eigenvalues  (2.33)  changes  the  sign.  These 
values  A,  termed  the  critical  divergence  speeds,  turn  into  zero  the 
right  side  of  (2.33)  and  are  easily  determined  by  the  formula 


(2.34) 


When  A  >  A^  formula  (2.33)  gives  complex  conjugate  values 

-')±frl A(-f-i)+>"  <2-55> 

disposed  on  the  complex  plane  along  the  second  order  parabolic  curve 

Re  X«-L(im  ).)•  +  >...  (2.36) 

/* 

* 

In  the  interval  A^  <  A  <  A^  ,  where  expression  (2.35)  with  suffi¬ 
cient  accuracy  approximates  pieces  of  branches  X  =  Xm  n(A),  X  =  \m  n(A 
such  value  of  A  is  critical,  in  transition  through  which  eigenvalues 
(2.35)  intersect  the  stability  parabola  (2.6).  This  value  termed  the 
stalling  flutter  speed,  is  derived  from  the  condition  of  intersection 
of  parabola  (2.6)  and  (2.36): 

*-*[,+-5£w]-  (*-■£)• 
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Hence 


HAjD 


yZ 


h. 

•t 


fi*D 

«*2P 


-I 


(2.37) 


To  every  n  =  1,  2, 


corresponds  a  definite  value  of  values  of 

n. 


n2a2  “1 

A^,  a^,  X^,  r,  depending  only  on  the  argument  k  =  — and, 

consequently,  the  specific  value  of  stalling  flutter  speed  (2.37),  of 
course,  if  value  (2.37)  is  real. 

Let  us  adduce  the  examples  which  give  a  certain  idea  of  the  orders 
of  stalling  speeds.  In  all  examples  the  following  values  of  constants 
are  taken  v  =  0.3,  n  =  1.4,  k^  =  0,  E  =  2.1*10^°  ,  pQ  =  103* 102 

meters 


B  =  £  =  7.8£?^S? 


mm 


mm 


h 


T’  vo  - 340 


sec 


v0  ”  cm' 

Example  1:  Square  panel  (a  =  b),  free  from  forces  in  its  own  plane 
(N^  =  =  0).  Results  are  represented  graphically  with  solid  lines 

(Fig.  10),  depicting  for  n  =  1,  2,  3  the  dependency  of  stalling 
flutter  speed  (2.37)  in  m/sec  on  the  value  of  the  ratio  —.  The  dotted 
line  gires  the  value  of  pre-flutter  speed  V^,  found  according  to 
formula  (2.30).  In  regions,  limited  by  solid  curves,  the  degree  of 
instability  s  is  shown.  For  a  panel  with  the  thickness  h  =  5*10  a 
we  have,  for  instance, 

*(0  <  V  <  2900)  =  0.  s  (2900  <V  <  6300)  —  2, 

*(6300  <V  <  13300)  —  4. 

-  3 

Example  2:  Square  panel  (a  =  b)  with  the  thickness  L  «  5*10  a, 

tt2D 


with  V  =  0  such  a  panel 


2 

compressed  by  forces  N.  -  -  - Np  =  -• — 

a  a 

is  known  to  be  unstable,  and  bulges  after  the  least  initial  perturba¬ 
tion.  Buckling  becomes  impossible  after  the  achievement  of  stalling 
speed  of  divergence  =  600  m/sec,  found  from  (2.3*0  when  n  =  1. 
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Formula  (2.57)  gives  for  n  =  1,  2,  3  stalling  flutter  of  speeds  1100, 
4000,  and  10,500.  The  degree  of  instability  is  given  by  realtionships, 

*(Q<V<600)  =  1.  *(600 <  F  <  1 100)  —  0, 

*(1100 <V  < 4000) «  2,  *(4000 <F<  10500)  -  4. 

Comparing  the  above  with  the  case  of  a  panel,  free  from  forces  in 
its  own  plane,  we  see  that  compressing  forces  not  only  made  possible 
the  appearance  of  divergent  proper  motion,  but  also  significantly 
lowered  the  stalling  flutter  speed. 

The  example  examined  is  remarkable  by  the  fact  that  in  it  the 
unstable  state  of  the  stationary  panel,  compressed  by  supercritical 

forces,  is  stable  for  the  same  forces  in  a 
flight  at  supersonic  speed  (from  the  interval 
600  <  V  <  1100). 

Lastly,  let  us  note  that  the  expounded 
method  of  investigation  of  the  rectangular 
panel,  supported  along  its  entire  contour 
is  transferred  without  a  change  to  those 
cases,  when  two  sides  of  the  panel,  parallel 
to  the  speed  of  undisturbed  motion,  are 
supported,  and  the  other  two  are  either  secured  arbitrarily  or  are 
free. 

In  the  case,  when  sides  x  =  0,  x  =  a  are  fastened,  characteristic 
equation  (2.8)  assumes  the  form 


2  H  6 

Fig.  10. 


8  a 


cl  .  o\_  —  e/k/£»  —  2i*  +  2*r.*cos?  , 

f *• P) - +  - + 


fct»  — 3*»  +  tiny 

0»  —  3«*  +  +  4»*?«  /<>*— ii*  +  2*T»  ?  “ 


Adding  to  it  relationships  (2.9)>  (2.10),  it  is  possible,  as  in 
the  case  of  panel  supported  along  its  entire  contour,  to  clarify 
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basic  properties  of  branches  X  =  ^^(A):  continuity  and  indestructi¬ 
bility,  asymptotic  behavior  (^^(A)  -*■  X^O)  when  m,  n  oo) ,  existence 

0 

of  complex  eigenvalues  and  possibility  of  flutter;  properties  of 
strengthening  of  the  motion,  determined  by  inequality  (2.26),  we  note 
that  the  latter  property  in  problems  with  other  boundary  conditions 
may  not  be  fulfilled.  Conclusions  concerning  the  effect  of  parameters 
k^,  N^,  k^,  N2,  u  on  the  degree  of  instability  remain  in  force.  As 

before,  to  the  value  of  a  given  speed  (2.27)  corresponds  the  exact 
solution  of  characteristic  equation  (2.28),  where  the  corresponding 
eigenfunction  has  the  form 

A^w=tin-«l.xe.p(— -fey/ 

Formulas  of  critical  speeds  (2.3*0,  (2»37)  are  also  retained. 

In  Fig.  11  curves  are  shown,  analogous  to  curves  In  Fig.  10,  allowing 
us  to  judge  of  the  degree  of  instability  of  square  panels  of  different 
thicknesses,  free  from  forces  in  their  plane.  For  a  panel  with  a 
thickness  h  =  5*10-^  a  we  have,  for  instance,  s(0  <  V  <  4600)  =  0, 
s(4600  <  V  <  8100)  =  2,  s(8l00  <  V  <  13200)  =  4.  Comparing  with  the 
case  of  the  panel,  supported  along  its  entire  contour,  we  notice  that 
in  the  example  considered  fastening  of  two  sides  resulted  in  a 
significant  increase  of  critical  flutter  speeds. 

Lastly,  let  us  note  that  not  only  solutions  of  the  examined  non- 
selfadjoint  problem,  but  also  the  solutions  of  corresponding  self- 
adjoint  problems  can  be  reduced  to  form  (2.2)'.  In  the  latter  case, 
as  a  rule,  the  condition  ^(x)  =  const  will  be  fulfilled  and  solutions 
(2.2)'  will  have  the  character  of  standing  waves  (when  flutter  ip(x)  ^ 
i  const).  An  analysis  of  the  concrete-form  functions  |X(x)|,  ^(x)  and 
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of  the  character  of  corresponding  traveling  waves  (2.2)  during  flutter 
is  given  by  Movchanami  (results  were  reported  in  August  1962  in  the 

city  of  Stockholm  and  in  October  1962  in  the 
city  of  Yerevan).  They  marked  a  strong 
irregularity  in  the  distribution  of  sag 
along  the  length  of  the  panel,  growth 
of  concentration  of  maximum  sags  near  the 
trailing  edge  of  panel  with  the  growth  of 
flight  speed,  which  agrees  with  the  results 
of  experiments  [36].  It  was  determined 
that  for  panels,  which  have  a  practical 
significance,  the  speed  of  waves,  traveling  downward  along  the  flow 
i  (it  is  precisely  for  them  that  the  case  of  p  >  0  is  possible),  is  small 
as  compared  with  the  speed  of  sound  in  gas,  which  is  in  accordance  with 
assumptions  of  applied  aerodynamics  piston  theory  [17] . 

§  3.  Experimental  Investigation  of  Panel  Flutter 

Experimental  investigation  of  natural  oscillations  of  a  square 
flat  plate  in  supersonic  flow  when  values  of  Mach  number  M  =  1.7;  2.3> 
and  3  for  the  case,  when  two  edges  of  the  plates,  perpendicular  to  the 
flow  are  fastened,  and  two  edges,  parallel  to  the  flow,  are  supported, 
was  conducted  by  G.  N.  Mikishev  [36].  Results  of  the  experiment  are 
in  complete  accord  with  the  theoretical  solution  [19].  We  give  a 
description  of  the  experiment. 

p 

Samples  were  prepared  of  steel  lKhl8N9(ob  =  80  -  120  kg/mm  )  and 
from  duralumin  D16AT  (o^  =  40  kg/mm2)  of  300  x  300  and  250  x  250  mm. 
size,  of  different  thicknesses. 

The  device  for  bracing  of  samples  in  the  wind  tunnel  consists  of 
a  slab,  two  edges  of  which  are  fixed  to  the  walls  of  the  pipe,  the 
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Fig.  11. 


two  other  edges  are  wedge  shaped,  for  streamlining,  the  slab  has  a 

square  cavity  in  the  center.  In  the  bottom  of  the  cavity  drain  holes 

0 

are  made  for  fast  levelling  of  pressures  and  for  decreasing  the  air 
damping  in  the  cavity.  The  sample  tested  is  secured  above  the  cavity. 
By  adjusting  ^he  bracing  screws  of  the  rear  cover  plate  and  upper 
fulcrums  it  is  possible  to  select  such  a  position,  in  which  edges  of 
the  plate  during  oscillations  can  converge  with  sufficient  ease  freely. 
The  plate  is  blown  at  a  zero  angle  of  incidence.  From  the  lower  side 
in  the  attachment  cavity  there  is  motionless  air.  Pressure  in  the 
cavity  is  practically  equal  to  the  pressure  in  the  flow.  The  pressure 
was  measured  in  several  points  both  in  the  flow  and  inside  the  cavity 
by  mercury  maooraet*  rs,  as  well  as  by  rheostat  gauges. 

For  the  determination  of  the  moment  of  the  beginning  of  natural 
oscillations,  and  also  for  the  determination  of  the  frequency  and  shape 
of  oscillations  resistance  tensometers  were  used.  Tensometers  were 
glued  on  the  lower  side  of  the  plate.  Wires  from  tensometers  were 
brought  out  through  the  body  of  the  slab  beyond  the  pipe  wall. 

Before  every  blowing  frequency  tests  of  the  plate  were  performed 
by  the  resonance  method.  For  this  purpose  the  device  was  suspended  on 
rubber  shock  absorbers.  Excitation  of  oscillations  was  created  by  a 
directed  mechanical  vibrator,  which  was  braced  on  the  device.  The 
resonance  frequency  was  determined  by  the  tachometer  and  according 
to  the  oscillogram  recorded  with  strain  gauges.  The  form  of  oscilla¬ 
tions  was  determined  with  the  help  of  sand.  For  tests  in  the  wind 
tunnel  only  those  plates  were  chosen,  for  which  values  of  natural 
frequencies  deviated  by  not  more  than  10$  from  estimated  values. 

The  introduction  of  the  plate  into  self-excited  operating  condi¬ 
tions  was  carried  out  by  selecting  the  plate  thickness  and  the  smooth 


change  of  pressure  in  the  flow  with  the  constant  number  M. 

Observations  showed  that  even  long  before  the  entry  of  the  pxate 
ufider  intense  self-excited  conditions,  the  spectrum  of  natural 
frequencies  is  greatly  deformed.  For  instance,  the  basic  natural 
frequency  of  the  plate  by  the  moment  of  beginning  of  natural  oscilla¬ 
tions  increases  mere  than  1.5  times  as  compared  to  the  frequency  in 
motionless  air.  At  the  same  time  the  shapes  of  oscillations  also  change. 
For  instance,  the  profile  of  the  pre-flutter  shape  of  oscillations  of 
the  basic  type  in  contrast  to  the  profile  in  motionless  air  is 
asymmetric,  and  the  summit  of  the  profile  is  displaced  toward  the 
trailing  edge.  In  the  region  of  stability  weak  oscillations  of  the 
plate  in  the  flow  are  observed.  In  crossing  the  boundary  of  the 
stability  region,  random  oscillations  are  replaced  by  intensive  natural 
oscillations.  In  natural  oscillations  of  the  plate  standing  waves  are 
the  form  of  oscillations,  but  under  self-excited  conditions  plate 
oscillations  resemble  traveling  waves. 

Certain  time  plate  oscillations  occur  with  a  constant  amplitude. 

Then  near  the  trailing  edge  a  fatigue  crack  is  formed,  and  the  destruc¬ 
tion  of  the  plate  begins.  The  destruction  of  the  plate  proceeds 
against  the  flow.  The  largest  amplitudes  and  the  fastest  destruction 
occur  for  those  plates,  the  edges  of  which  can  converge  during 
oscillations.  Limitations,  set  on  the  edge,  convergence  decrease  the 
amplitudes  of  oscillations  and  sharply  increase  the  time,  necessary 
for  the  destruction  of  the  plate. 

Different  methods  tried  for  bracing  of  plate  edges  did  not  change 
the  character  of  destruction. 

Theoretical  boundary  of  the  region  of  stability  is  determined 
by  the  expression 
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The  value  of  parameter  \  for  the  basic  region  of  stability, 
calculated  for  the  square  plate,  8l4.  In  Figs.  12  and  13  we  give  the 
comparison  with  the  experiment  of  calculating  the  boundaries  of  the 
basic  region  of  stability  (the  dotted  curved  line  corresponds  to  the 
value  (3^,  the  solid  curve,  to  £2).  In  Fig.  12  the  comparison  is 
given  for  the  constant  number  M  =  1.7. 


Fig.  12.  Fig.  13. 

Along  the  X-axis  the  ratio  between  the  plate  thickness  and  its 
length  is  plotted,  along  the  Y-axis  —  the  ratio  between  the  pressure 
and  Young's  modulus  of  the  plate  material.  Experimental  points 
correspond  to  the  moment  of  beginning  of  natural  oscillations.  Every 
experimental  point  is  obtained  as  the  mean  from  several  tests.  The 
first  two  points  correspond  to  steel  plates,  the  third  point  —  to 
Duralumin  plates. 

In  Fig.  13  we  show  the  comparison  with  the  experiment  of  calculat¬ 
ing  the  boundaries  of  the  region  of  stability  depending  upon  number 
M.  Curves  are  plotted  for  Duralumin  plates  and  pressures  corresponding 
to  the  sea  level. 

Experimental  points  were  also  obtained  by  means  of  recalculation 
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for  these  conditions.  Every  experimental  point  corresponds  to  plates 
of  such  a  thickness,  with  which  natural  oscillation  are  still  produced 
For  thicker  plates  natural  oscillations  were  not  observed. 

As  we  can  see  from  the  given  comparison,  the  computed  curvts 
quite  satisfactorily  agree  with  the  experiment. 


§  Unlimited  Closed  Cylindrical  Shell 

We  shall  seek  the  solution  of  the  basic  differential  equation  of 
small  oscillations  (1.15)  for  the  case  under  consideration  in  the 
form* 

♦  =  (4.1) 

where  Ckn  is  a  certain  constant  number,  n,  k  designate  the  number  of 

half-waves  in  the  meridional  direction  and  in  the  direction  of  the 
generatrix  of  the  shell  respectively. 

Placing  (4.1)  in  equation  (1.15),  we  obtain  the  characteristic 
equation,  from  which  for  \  we  obtain  the  following  expression: 

=  +  X,=  — V-£k.  0.2) 

On  the  complex  plane  \^,  equations  (4.2)  depict  points  of 
parabola  of  the  eighth  degree: 


‘■"cfcxH'+ 


E*h*i* 

B*R*V* 


PR*V* 


(*.3) 


For  determination  of  the  stalling  speed  of  flow  let  us  investigat 
the  relative  position  of  the  parabola  (4.5)  with  respect  to  the 
parabola  of  stability  (1.20)  in  the  case  when  n  =  0  and  n  /  0.  When 
n  =  0  (i.e.,  for  the  case,  when  the  contour  of  the  cross  section  of 


♦Solutions  belong  to  R.  D.  Stepanov  [29]. 
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the  shell  remains  a  circle  in  the  process  of  deformation)  equations 
(4.2)  take  the  form: 

It-CtP+l.  >*=-- tg-k.  0.4) 

For  points  of  intersection  of  the  parabola  (4.  :)  by  the  parabola  of 
stability  these  qualities  are  true: 


(4.5) 


Excluding  from  the  first  equality  (4.5)  parameter  q,  we  obtain  one 
equation  for  the  determination  of  points  of  mutual  intersection  of 
two  investigated  parabolas: 


(4.6) 


the  solution  of  which  will  be 


(*•7) 


From  (4.7)  it  follows  that  when 


(4.8) 


parabola  (4.4),  crossing  the  parabola  of  stability  in  four  points, 
exceeds  the  bounds  of  the  region  of  stability.  Hence,  when  the  speed 


of  flow  is  larger  than 


^2EC^  1/2 


the  shell  motion  may  be  unstable. 


For  the  study  of  mutual  intersection  of  the  parabola  of  stability 
with  the  parabola  (4.5),  in  a  general  instance  when  n  /  0  we  obtain 


the  equation 


*  +  *(4,.-,^)+4.{6n.+  ^_2f_^)  + 


0-9) 


the  solution  of  which  will  give  eight  roots. 
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-  ±  «  ±  (a* — 46  +  Sn*)‘\  ± 

± !(— *  ±  !«•— 46  +  -  16^' )-*'•. 


(4.10) 


where 


£C*  * 


*=&**+-'  2/z4. 


(4.11) 


Similarly  to  the  manner  in  which  we  worked  it  out  for  the  instance, 
when  n  =  0,  it  is  possible  to  show  here  that  the  necessary  and  adequate 
condition,  under  which  parabola  (4.3),  crossing  the  parabola  of 
stability,  exceeds  the  boundaries  of  the  region  of  stability,  is 
reduced  to  the  determination  of  conditions  of  appearance  of  complex 
roots  (4.10). 

Analyzing  expression  (4.10),  we  can  set  the  following  two  condi¬ 
tions,  which  are  essentially  different,  necessary  and  adequate  for 
parabola  (4.3),  crossing  the  parabola  of  stability,  to  go  beyond  the 
limits  of  the  region  of  stability: 


fl1— 46  +  8n4  =  f*-~ - £T>0. 

•  • 

—  fl  +  (a*  — 46  +  8n*)'!‘  <  An*. 

(4.12) 

For  (4.12)  the  inequality  should  be  fulfilled 

a  «=  4n*  —  p  >  0. 

• 

(4.13) 

Inequalities  (4.12)  and  (4.13)  enable  us  to  determine 

critical 

speeds 

V  ^  f^Y'*  I  r-'it 

\  t  )  •  yc.  - n.* 

(4.14) 

W'-- 

Formula  of  the  critical  speed  (4.14)  identically  coincides  with 
the  critical  speed  of  the  flow,  found  for  the  closed  cylindrical  shell 
when  n  =  0,  and,  as  we  can  see  from  inequality  (4.13)  it  can  be  used 
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for  all  values  n  >  n*,  which  for  the  class  of  thin  shells  corresponds 
to  the  number  of  half-waves  n  >  30  to  30,  i.e.,  to  such  a  large  number 
of  half-waves,  with  which  the  shape  of  the  cross  section  differs  little 
from  the  circle. 

The  minimum  of  speed  (4.15)  with  respect  to  n  occurs  when 
1 

1  "7 

n  =  — C  #  and  coincides  exactly  with  the  stalling  speed,  found  above 
for  n  =  0. 

Thus,  the  analysis  performed  shows  that  the  flutter  of  a  closed 
cylindrical  shell  of  unlimited  length,  being  in  supersonic  flow,  can 

[pec  1  1  /2 

-*  I  '  ,  when  the  shape  of  the 

cross  section  remains  a  circle. 

Using  formulas  (1.17)  and  (4.2),  we  can  obtain  two  values  of 
frequencies,  which  essentially  depend  on  the  speed  of  flow, 

.  mrt  jfk  ,  ,  „  , . 

+  ■  (4-l6) 

The  solution  of  differential  equations  for  small  oscillations  of 

sloping  shells  (1.15),  adduced  in  the  form 

<*>(*,■£  0  =  *«**)*>+*,  ( 4 . 1? ) 

means  chat  along  the  generatrix  of  the  shell  waves  propagate,  running 
with  the  velocity 

(4.18) 

Separating  the  real  part  of  the  complex  frequency  (4.1o)  from  the 
imaginary  part,  we  find. 


([(£)’  -  T5T  ^ + wh]  + 


fl* V*k*  Yh 
HYR*  ] 


r  * 

JL( 

pR1  1 

k* 


(*•  +  »')» 


(4.19) 
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Using  formula  (4.19),  we  determine  the  propagation  velocity  of 


the  traveling  wave  when  V  =  0: 

oa=  ±  \  4 — * 4 

l**L*  *  + 


4f****» 


■r- 


The  minimum  propagation  velocity  of  the  traveling  wave  will  be 


when 


'-•[a*-*]- 


(4.20) 


and  is  equal  to 


(4.21) 


Omitting  all  intermediate  calculations,  we  reduce  the  formula 
of  critical  speed  of  the  flow  for  the  unlimited  closed  cylindrical 
shell,  found  from  the  examination  of  differential  equations  for  small 
oscillations  of  cylindrical  shells  of  the  average  length  (1.11). 


V.> 


r 

i _ LYT 

i  f  \ 

*  )\ 

(4.22) 


We  can  use  formula  (4.22)  for  all  n  >  2.  From  (4.22)  it  follows 
that  when  n  =  oo  the  critical  speed  of  the  unlimited  closed  cylindrical 
shell  of  an  average  length  coincides  with  the  speed  of  the  unlimited 
closed  cylindrical  shell,  which  was  found  by  proceeding  from  the 
theory  of  sloping  shells. 


144 


§  5.  Closed  Cylindrical  Shell  of  Limited  Length 
Let  us  investigate  a  series  of  boundary-value  problems,  on  the 
basis  of  the  differential  equation  of  small  oscillations  of  average- 
length  shells  (1.11). 

Let  us  introduce  a  new  variable  £,  connected  with  a  by  the  formula 

(5.1) 


where  l  is  the  length  of  the  cylindrical  shell. 

Then  the  resolving  equation  of  small  oscillations  (1.11)  will 
be  written  in  the  form 


** 


+  P 


£W  [* 


9-9? 


9* 


ER*  dPdp 

=  0. 


(5.2) 


To  equation  (5.2)  in  every  particular  case  we  must  adjoin  boundary 
conditions  on  ends  £  -  0  and  £  =  1. 

Determining  by  the  formulas  (1.6)-(1.7)  displacements  and  inter¬ 
nal  forces  of  the  shell  through  we  can  present  the  boundary  con¬ 
ditions  for  boundary-value  problems  in  the  following  form: 

a)  the  shell  is  supported  by  means  of  hinges  on  ends  £  =  0  and 
£  -  1: 


=o  m  «  D  J  *•»  4.  l=n 

°*  *1"Tfr?r  +  “i 3rJ“0' 

(whtn^irr  0  W4  4—  1) 

b)  the  shell  is  clamped  on  ends  £  =  0  and  £  =  1: 


(5.5) 


0. 


0  R 

a*  =  i  asa?« 

(«h«t  =  9  fc  —  1) 


0; 


(5.4) 


c)  the  shell  (when  £  =  0  and  £  =  1)  is  supported  by  hinges  ofV 
end  £  =  1  and  is  rigidly  clamped  on  edge  £  =  0: 
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.  *  . 

■  jjr  *•  n 

i  *#• 

**=<>.  Aft= 

d?*  1  *  L 

o. 


(5.5) 


d)  the  shell  is  clamped  on  end  £  =  0  and  is  free  on  end  £  =  1: 


rt«— =o,  s=  1) 


(5.6) 


(from  the  second  group  of  equations  it  is  clear  that  boundary  condi¬ 
tions  on  the  free  edge  are  partially  satisfied); 

e)  the  shell  is  supported  by  means  of  hinges  on  end  £  =  0  and  is 
free  on  edge  £  -1: 


r'=-^w=0-  <—«-»• 

In  the  class  of  solutions* 

•  • 

®.(«.  ?.0"  Ctax,(5)r<c05nj 


(5.7) 


(5.8) 


equation  (5.2)  after  a  series  of  simple  transformations  will  be  written 
in  the  form 


where 


_  An* 2j±  +  q(«* -  l)*n*  - )*•  .  0, 


Q2  —  Qi  !*  —  W* 

‘  •  R*  l2/*(I-*»)  ' 

*The  solution  belongs  to  R.  D.  Stepanov  [29]. 


(5.9) 


(5.10) 
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The  equation  of  the  stability  parabola  will  have  the  following  form 


(5.H) 

With  fixed  C^,  n.  A,  X  the  solution  of  equation  (5.9 ),  when  roots 
of  characteristic  equations  are  different,  has  the  following  form 

X>a )-C<r*  +  C1rt*  +  C*-*  +  C£-*.  (5.12) 

The  subsequent  problem  is  reduced  to  determination  of  nontrivial 
solutions  of  for  this  purpose  it  is  sufficient  to  subordinate 
solution  (5.12)  to  boundary  conditions  and  to  request  conversion  into 
zero  of  the  corresponding  determinant  A(ki).  Dropping  the  question 
about  the  form  of  the  determinant  A(k^)  with  different  possible  com¬ 
binations  of  multiple  roots,  we  will  introduce  into  the  examination  a 
function 

(5-15) 

where 

8  (*i)  =  (*,  -  (*,  -  *,)  (*,  -  *4)  (*,  -  *,)  (*,  _  kt)  (k,  -  *,). 

From  expression  5(k^)  it  follows  that  all  zeroes  of  function  A(k. ) 
will  be  zeroes  5(ki),  and  F(k^)  will  be  an  analytic  function  in  the 
entire  region  of  variation  of  variables. 

The  solution  of  equation  (5.9)  in  the  most  general  case  is  con¬ 
jugate  with  appreciable  mathematical  difficulties.  We  will  apply  here 
the  method  of  investigation  of  eigenvalues  [18,  19]. 

The  essence  of  the  method  consists  of  the  fact  that  instead  of 
solution  of  equation  (5.9)  the  parameters  of  problem  A  and  X  and  the 
two  sought  roots,  for  instance,  k^,  k^,  are  expressed  through  two 


other  roots  k^,  of  the  equation, 

A-— i-I*,  +  Wl  +  *^  +  ^), 


i-qc*— ip-  ***■*■ . 

- [*A— *-(*,+«*]'. 


(5.14) 


and  instead  of  finding  the  eigenvalues  of  the  equation  (5.9)  we  inves¬ 
tigate  the  system  of  two  equations,  of  which  the  characteristic  sys¬ 
tem  is  comoosed: 


4+-£<V-t«)  =  o. 


(5.15) 


where  q  and  7  are  values  connected  with  roots  of  the  equation 

besides 


(5.16) 


*(*7)=  1«TIt,-2ti*J,/»1(T*~3t*)  +  47iV1.  (5.17) 


The  left  part  of  each  equation  (5.15)  presents  the  analytic  func¬ 
tion  of  variables  q  and  7,  and  the  problem  consists  of  finding  such 
a  solution 


7<  =  T  i(«M) 


(5.18) 


of  a  system,  which  would  enable  us,  using  formulas: 


— $-»V— rt. 

*4<=->l±[T,-2Vr-. 


(5.19) 
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for  every  boundary-value  problem  to  calculate  corresponding  eigenvalues 
of  X  and  to  establish  that  value  of  A,  with  which  the  eigenvalue 
becomes  complex. 

The  easiest  way  to  obtain  a  solution  of  the  characteristic  sys¬ 
tem  is  by  the  graphic  method;  if  we  plot  on  one  drawing  in  a 
rectangular-angle  system  of  coordinates  q  and  7  graphs  of  the  curves, 
determined  by  equations  (5.15).  The  general  appearance  of  curves  of 
the  characteristic  system  is  adduced  in  Fig.  14;  graphs  of  curves, 

corresponding  to  the  first  equation  of  the  system  (hyper¬ 
bola),  are  plotted  for  different  values  of  A  =  const. 

The  subsequent  problem  is  reduced  to  establishing  of 
such  values  of  A*^,  with  which  the  point  of  the  first 
and  second  real  branches  (5.18)  coincide  and  we  cannot 
draw  any  conclusion  concerning  the  eigenvalues  of  the 
boundary-value  problems  examined. 

Equating  A  =  A*^,  according  to  (5.10),  we  find  the 
the  speed  of  the  flow,  with  which  the  stability  of  undisturbed  motion 
still  exists,  but  above  which  the  motion  can  become  unstable.  Con¬ 
sequently,  for  every  particular  boundary -value  problem  it  is  necessary 
first  of  all  to  construct  an  expression  of  the  second  equation  of 
characteristic  system  A(rj,  7)  =  0. 

Let  us  construct  a  characteristic  system  A(q,  7)  in  the  case  of 
the  hinge  supported  shell.  To  determine  non-zero  C^(i  =  1,  2,  3,  4) 
we  will  subordinate  expression  (5.12)  for  X^(£)  to  boundary  conditions 
(5.3)  and  equate  zero  determinant  of  the  system  obtained: 

11  1  1 
a*  a*  a*  a* 

g-kt  g-k,  g—k,  g-k, 

**«-*■  *£-*•  Afr**. 


.Fig.  14. 


A  (tj]  Aj,  Aj,  A4)  — 


0. 


Opening  the  determinant  and  performing  in  it  the  replacement  of 


through  tj  and  7  according  to  formulas  (5.16),  we  will  obtain: 

a)  A  to  t)  2tj*r  It*  -  vr*  ch  2r(  +  2V7  It*  -  2  V]v*  x 

XcoaTchlT1— W*—  <V—  t*— 2T<•7«)sinT*fttT,—  (5.20) 

expressions  A(tj,  7)  for  different  boundary- value  problems  are  obtained 
in  an  analogous  way, 

b)  the  shell  is  clamped  on  ends  £  =  0  and  £  =  i: 

A (*  T)  -  ft  h*  ~ T  <*  (t*  —  — <*  2tJ  + 

+  3rl*sintaAlT,-‘W,}K  =  0;  (5.21) 


c)  the  shell  is  clamped  on  end  £  =  0  and  is  hinge-supported  on 


end  £  =  1: 


Ato  T)=  {2t(7 It* - 2VJV. 8h2yt  +  (7* - 3t«) It* - 2rfp.  X 
X  sln-rchlT*— 8VP»— y(j*  -f  V) cos  7sft  (  t*  — 2Vjv»} 8f  =  0; 


d)  the  shell  is  clamped  on  end  £  =  0  and  is  free  on  edge  £  =  1: 

A  to  T)  -  <8t  (V  +  T*)*  It’  -  2V1  •  ch  27  + 

+  47  (2ftr,4  +  274  -  4Vt*)  [7*  —  2t4*|‘  »cos  7  ch  |7*  —  2Vlv'  + 

+  8*i(2t|Y — 74  +  3V)sin  jsh  |7*  —  2t,*|'*  —  16»l7  (T4  — 

-  V)  cos  T  sh  l7*  -  2»,*|  » —  16t4  <4t*7*  -  3V  -  T*)  1 7*  -  W  '  X 
X  »n  7  ch  lja  —  2V|’  •  —  32Vt*  (7*  •—  V)  [7*  —  2r,*|'  •  r**1.}  i  «=  0; 

e)  the  shell  is  hinge-supported  on  end  £  -  0  and  is  free  on  end 

i  =  is 


a  to  Y)  -  2T|Y  (y*  +  V)  lY*  -  2V)'  ,ch  2y  + 

+  T<Y  lY*  ~  2vr*  l(Y*  -  V)*  +  (Y*  -  3V)«|  + 

+  8t|*y  Iy*  —  2T/I '  •  (y*  —  tj#)  cos  y  ch  (  y*  —  2V1;’  -f  (5.24) 

+  4t<  (3tiV  —  Y4  +  3t4* —  5t44Y*)  s'n  Y^A  (y*  —  2  VI'  •  + 

+  Y  I5*iV  —  Y*  —  1  9t/y*  +  23VJ  cos  ysh  (y*  —  2VI'  • -f 
-f  Iy*  —  2Vjv*  (y*  +  I  h44Y*  —  t4*y4  —  3V)  sin  y  ch  (y* — 2Vf  ’}  «  «  0. 


Let  us  note  that  when  rj  =  0  equations  A(r),  7)  =  0  degenerate 
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into  characteristic  equations  of  beam  fundamental  functions  for  cor¬ 
responding  boundary  conditions. 

§  6 .  Effect  of  Aerodynamic  Damping 

In  certain  examples  of  calculation  of  panel  flutter  in  a  super¬ 
sonic  flow  with  the  use  of  the  piston  theory  formula  [17] 

_ ~\ 

C  \  dx  dt  ) 

PqH  dw 

aerodynamic  damping  — -  —  exercises  a  weak  effect  on  the  value  of  the 

v0  dt 

critical  flatter  velocity  .  This  served  as  the  cause  for  recom¬ 
mendations  in  favor  of  the  quasi- stationary  theory,  which  does  not 
take  aerodynamic  damping  into  consideration  [27,28],  However,  dis¬ 
regard  for  aerodynamic  damping  does  not  allow  [22]  to  investigate  in 
full  measure  the  influence  of  the  elastic  base  and  forces  acting  in 
the  plane  of  the  panel  on  the  value  of  critical  velocity  and  can  lead 
to  appreciable  errors  in  its  determination. 

Let  us  show  using  an  example  of  a  problem  on  axisymmetric  flutter 
of  a  circular  cylindrical  shell,  that  even  in  the  absence  of  elastic 
support  and  tangential  efforts,  disregard  for  aerodynamic  damping  can 
cause  incorrect  results. 

Let  us  assume  that  a  circular  cylindrical  shell  moves  in  a  gas 
with  supersonic  speed  along  x  axis  directed  along  the  axis  of  the 
cylinder  (undisturbed  motion),  and  performs  additional  small  axisym¬ 
metric  motions  (perturbed  motions).  Applying  the  law  of  plane  sections 
[17]  in  its  linear  formulation  and  the  resolving  equation  of  circular 
cylindrical  shells  [15],  it  is  easy  to  obtain  for  dimensionless  normal 
displacement  w(x,  t)  of  shell  points  the  equation 


(6.1) 


+P*V  9m 
Dm,  ** 


» 


at 


w— 


f  * 


.Here  R  is  the  radius  of  the  cylinder,  x  is  a  dimensionless  coordinate, 
referred  to  length  a  of  the  cylinder.  Let  us  consider  natural  motions 
the  perturbed  motions  of  the  form 

*(x.t)  =  X(x)r*.  (6.2) 


Substituting  (6.2)  in  (6.1)  and  introducing  designation: 


.  A 


■m. 

Do,  o. 


X-— +  X*  =  X  +  rf. 

-“-31 -«->’»-£•«•+•)■ 


(6.3) 


we  arrive  at  the  boundary-value  problem,  for  the  case  of  a  cylinder 
freely  supported  (clamped)  on  the  edges: 

JPV— 2fat,Xn  +  Pt*X~AX}  =  »X, 

X(0)  =  xn(0)  =  XU)  =  X“(!)>  0.  (6.4) 

(X(0)  -  X*(0)  =  X(!)  -  X*(I)  =0). 

Comparison  of  equations  (6.1)-(6.4)  with  corresponding  equations 
(2.1) -(2. 4)  of  this  chapter  shows  that  the  problem  examined  about 
cylinder  flutter  is  equivalent  to  the  plane  problem  on  the  plane  panel 
flutter  of  infinite  amplitude,  the  parameters  of  which  and  condition 
of  fastening  coincide  with  those  for  a  cylinder  (except,  of  course, 
for  the  radius),  while  the  curvature  of  the  cylinder  is  compensated 
by  an  additional  fictitious  force,  compressing  the  panel  in  its  plane, 
and  an  additional  fictitious  elastic  base.  As  we  should  expect,  when 
§■  =  0  the  identity  of  both  problems  (cylinder  of  infinite  radius  and 
panel  of  infinite  amplitude)  does  not  require  the  introduction  of  any 
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additional  fictitious  factors.  If  |-  £  0,  formula  (6.3),  determining 
value  k,  gives  with  v  ji  0  a  negative  value,  which  is  interpreted  as  a 
fictitious  compressing  force;  in  equality  (6.3),  which  determines  value 
d,  an  additional  term  appears,  which  it  interpreted  as  an  additional 
elastic  base.  With  the  decrease  of  radius  R  both  fictitious  factors 
are  strengthened,  which  is  formally  expressed  in  a  decrease  (in  alge¬ 
braic  sense)  of  values  k  and  d. 

As  in  the  problem  on  plane  panel  flutter,  when  B  >  0  one  should 
distinguish  twc  characteristic  values  of  dimensionless  speed  A. 

The  first  value  A^(k)  corresponds  to  the  resonance  (to  the  coin¬ 
cidence  at  least  with  respect  to  frequency  of  two  different  natural 
motions  when  A  <  A^(k))  (6.2);  when  A  =  A^(k)  two  coiciding  eigenvalues 
X°  of  the  boundary-value  problem  (6.4)  become,  when  A  >  A^(k)  complexly 
conjugate;  corresponding  real  natu*  xl  motions  cease  to  have  the  shape 
of  standing  waves  and  take  the  shape  of  waves  traveling  on  the  shell; 
the  amplitude  of  these  waves  damps  as  long  as  the  complex  eigenvalues 
X°  =  ReX°  +  iImX°  are  on  a  complex  plane  X°  inside  a  second  degree 
parabola 

Rex._(<+±(,rnxv.^=^.  (6.5) 

The  second  value  A^  corresponds  to  the  output  of  complex  eigen¬ 
values  of  X°  on  parabola  (6.5);  the  amplitude  of  corresponding  travel¬ 
ing  waves  ceases  damping;  it  begins  to  increase  (flutter  appears), 
when  with  A  >  A^  complex  eigenvalues  of  X°  exceed  che  limits  of  the 
rabola  (6.5). 

The  determination  of  speed  A^(k)  usually  consists  of  proving 
that  with  A  <  A^(k)  all  eigenvalues  of  X°  are  real,  but  with  A  >  A,(k) 
there  exist  complex  values.  Determination  of  the  critical  flutter 
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velocity  is  appreciably  more  complicated,  since  it  is  necessary 
actually  to  find  complex  eigenvalues  of  X°  which  is  a  very  labor- 
consuming  work. 

When  B  =  0,  i.e.,  in  the  absence  of  damping,  both  branches  of 
parabola  (6.5)  merge  with  the  real  semiaxis,  and  consequently  velocities 
A^(k)  and  A^  coincide.  We  arrive  at  such  an  essentially  simpler  case 
(as  compared  to  case  B  >  0)  usually  in  connection  with  the  use  in  flut¬ 
ter  calculations  of  quasi-stationary  aerodynamic  theories,  which  do 
not  take  into  account  aerodynamic  damping  [37  >  38]  into  account. 

Subsequently  it  is  assumed  that  k^  =  k2  =  0,  i.e.,  damping  of  B 
is  entirely  aerodynamic,  and  value  d  is  completely  dependent  on  the 
curvature  of  the  cylinder. 

Obviously,  the  error  in  the  appraisal  of  the  critical  flutter 
velocity  Af^  which  appears  if  we  disregard  damping  B,  consists  of 
replacing  value  Afz  by  a  smaller  value  A^fk),  which  in  no  way  depends 
on  B.  In  the  problem  under  consideration  this  error  can  be  large 
owing  to  the  following  caus"'-  As  we  have  already  said,  with  the 
decrease  of  the  radius  of  cylinder  R  parameters  k  and  d  decrease  simul¬ 
taneously.  The  decrease  of  k  in  the  interval  between  2.5  ^  k  s  0 
(-5  s  k  ^  0  for  clamped  edges)  monotonously  lowers  velocity  A1(k)  from 
value  A1(0)  =  343  (A„  (0)  =  636  for  clamped  edges)  to  zero  [20].  On 
the  other  hand,  the  decrease  of  d  displaces  on  the  complex  plane  X° 
the  apex  of  the  parabola  (6.5)  to  the  left;  its  branch  in  the  right 
half-plane,  where  all  eigenvalues  X°  are  located,  move  away  from  the 
real  axis,  which  is  accompanied  by  an  increase  of  the  least  critical 
flutter  velocity  AfJ .  Consequently,  by  the  selection  of  radius  R  it 
is  possible  to  lower  velocity  A^(k)  to  zero,  simultaneously  increasing 
the  critical  flutter  velocity  Af l .  Under  these  conditions  replacement 
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of  by  A^(k)  is  not  permissible.  The  same  may  be  said  also  about 
velocities  and  V^,  obtained  by  the  formula 


w*  *  **  \  •  ) 


(6.6) 


by  substituting  in  the  right-hand  part  values  A  =  A^  and  A  =  A^(k) 
respectively. 

The  above  is  illustrated  by  Fig.  15,  in  which  we  give  the  graph 

f"T  the  critical  velocity  of  axisymmetric  flutter  depending  on 

the  value  |  for  an  aluminum  cylinder  clamped 
K 


-  =  2.10"5 
a 


-Fig.  15. 


on  the  edges  with  the  relative  thickness 

The  upper  curve  gives  the  criti¬ 
cal  velocity  taking  into  account  aerody¬ 
namic  damping,  caused  by  air  at  the  elevator 
of  11-12  km  above  the  sea  level.  The  lower 
subsonic  curve  indicates  the  value  of  velocity 


V^.  It  is  clear  that  disregarding  aerodynamic  damping  . (replacement 
of  by  V^)  would  lead  in  a  number  of  practically  interesting  cases 
to  erroneous  conclusions  concerning  the  possibility  of  axisymmetric 
flutter  of  the  cylindrical  shell  during  any  supersonic  velocities  (in 
region  of  applicability  of  the  law  of  plane  sections). 

In  the  plotting  of  graphs  the  results  of  numerical  resolution  of 
exact  characteristic  equations  of  the  boundary-value  problem  (6.4) 
were  used.  For  values  of  parameters  cf  the  problem,  which  is  of 
interest,  the  first  branches  X°(k,  A)  are  located  in  region  Os  Re  X° 
s  10J ,  ImX°  i  0.  In  this  region  parabola  (6.5),  cutting  off  on  an 
imaginary  axis  segment  V- dr,  is  located  above  the  straight  line 
Im  X°  =  -/-dr  =  const,  which  is  parallel  to  the  real  axis,  and  differs 


little  from  it,  if  the  distance  (-d)  of  its  summit  from  the  center  of 

z: 

the  coordinates  is  sufficiently  great  (-d  §  10°).  In  the  latter  case 
the  critical  flutter  velocity  can  be  estimated  from  the  condition 
of  intersection  of  branch  X°(k,  A)  not  with  parabola  (6.5)>  but  with 
straight  line  Im  X°  =  /-dr  which  will  lead  to  somewhat  low  results . 
Values  (-d)  and  /-dr  can  be  conveniently  calculated  by  approximate 
formulas : 


Hi-  22=*je.JL(. «.Y 


§  7.  Approximate  Method  of  Investigation  of  Flutter. 

Cylindrical  Panel. 

Let  us  examine  the  application  of  the  Bubnov-Galerkin  method  to 
the  solution  of  problem  on  the  flutter  of  a  circular  cylindrical  shell 
of  open  profile,  moving  in  a  gas  with  supersonic  velocity.  It  is 
assumed  that  the  shell  on  its  limiting  longitudinal  and  lateral  edges 
has  hinged  fastenings  in  mobile  in  the  planes  of  these  edges. 

Let  us  assume  that  the  shell  has  dimen¬ 
sions  in  the  direction  01  generatrix  l  and 
along  the  arc  of  the  transverse  circle  s 
(Pig.  16 ) .  Dimensionless  coordinates  a  and 
P  will  be  counted  off  from  the  point  of  inter¬ 
section  of  the  longitudinal  edge  of  siell  with 
the  lateral  edge.  Since  the  shell  is  supported  on  hinges  on  all  edges, 
then  function  $(a,  P,  t)  should  be  determined  so  that,  firstly,  equa¬ 
tion  be  satisfied  (1.10)  and,  secondly,  on  edges  a  =  0,  a  = 

P  =  0  and  p  =  (3^  the  following  boundary  conditions  be  fulfilled: 


1L6 


(7.1) 


M  a  —  0  et  — 

** »P  =  0.  ?«?,. 


Differential  equation  (1.10)  jointly  with  boundary  conditions 

(7.1)  constitutes  the  initial  boundary-value  problem. 

Repeating  the  reasoning  of  §  1  of  this  chapter  we  arrive  at  equa¬ 
tions  (1.15),  (1.16)  and  (1.20)  also,  which  must  be  examined  furtler. 

Let  us  apply  the  Bubnov-Galerkin  to  the  solution  of  this  boundary- 
value  problem.  Particular  integrals  of  equation  (1.15)  under  boundary 
conditions  (7.1)  can  be  determined  in  the  following  form: 


**,-<*.  sin 


(7.2) 


where  ckn  (k  =  1,  2,  ...;  n  =  1,  2,  ...)  are  the  coefficients  sought. 

Substituting  (7.2)  in  equation  (1.15)  we  will  require  that  the 
obtained  function  be  orthogonal  to  all  functions  f  (when  s  =  1, 

SIu 

2,  ...»  m  =  1,  2,  , , . ) . 

If  in  equations  (1.15)  and  (7.2)  we  change  over  to  a  new  variable 
£  by  the  formula  (5.1)  and  substitute  (7.2)  in  (1.15),  then  after 
series  of  simple  transformations  we  will  obtain: 

m 

cj  l(fl*  4  np*  -f  a4  — ).  (a*  +  n*)M  sin  totfc  - 


*  i 


—  Ak-  (a1  +  J]c*  006  ~ 


(7.3) 


*  » 


where 


R  _  ,  BVR* 

I  '  "  ?»  *  *  EM 


(7.4) 


In  Galerkin's  variational  form  equation  (7.3)  will  be  written  in 


v.  i 


the  following  form: 


5]  |l(«*  +  «p*  +  «* — i.(a*  +  /»*)*)  J  sin  ftr£sin«*£d&  - 

.  (7.5) 

—  A ft*(fl*4-  rip*J cos fts$ sin srtrf&j  «0. 

Integrals,  included  in  expression  (7.5),  have  the  following  values: 


S 


staftctsinsstdg  = 


2 

0 


I 


cosfetsin  s*ldl  = 


is 

if -*•)« 
0 


whan  s  —  k 
id»n  S  =/<  ft, 

«han  k  +  4  i»  odd 
«h«i  ft  +  *  i»  «v«n. 


For  determination  of  solutions  of  a  system  of  linear  uniform 
algebraic  equations  unequal  to  zero  (7.5)  it  is  necessary  and  suffi¬ 
cient  to  equate  to  zero  the  determinant  of  the  system: 


(7.6) 


To  every  eigenvalue  of  equation  (7.6)  corresponds  to  the  zero 
value  cks  of  system  (7.5)  and  an  approximate  solution  {1.2)  of  the 
boundary-value  problem  examined.  In  equation  (7.6)  we  introduce  the 
following  designations: 


K  =  c;  (9a* +  «>)■  + 


3<a« 

(9a*  +  «*)» 


A*  =  cJ(16a*  + nj)*  + 


4*o* 

(16a*  +  n\f  ' 


(7.7) 


During  calculations  by  the  first  approximation,  equation  (7.6) 
assumes  the  form: 

(F-l)- 0.  (7.3) 

It  rollows  from  this  that  all  eigenvalues  of  the  boundary  value  prob¬ 
lems  examined  are  positive  and  real  and,  consequently,  independent  of 
the  speed  of  flow,  the  undisturbed  motion  of  the  panel  in  class  of 
solutions  (1.14)  is  stable,  and  the  critical  flutter  velocity  of  a 
cylindrical  panel  is  equal  to  infinity. 

During  calculations  in  the  second  approximation  from  equation 
(7.6),  being  limited  by  determinant  of  the  second  order,  we  will  have, 

l*-HF  +  L)  +  FL  +  -£-A'=0.  (7.9) 

Solution  of  equation  (7.9)  will  yield  two  roots: 


F  +  L 
2 


+ 


Ft* 


(7.10) 


From  formula  (7.10)  it  follows  that  eigenvalues  in  calculations 
in  the  second  approximation  depend  essentially  on  the  speed  of  flow, 
and  with  the  following  values  of  the  speed  of  flow 


A=J»* 

EMI 


eigenvalues  become  complex,  where 


Re  +  Iml  =  «,=  (7. 11) 

Substituting  values  X^  and  X^  in  the  equation  of  the  stability 

■dvr  2 

parabola  (1.20)  and  taking  into  account  that  A  =  ,  after  a  number 

of  simple  transformations  we  will  obtain  the  formula  for  determination 


of  the  critical  velocity  in  the  second  approximation,  i.e.,  of  the 
speed  of  flow.  When  this  speed  is  exceeded,  there  appear  complex 
eigenvalues,  lying  beyond  the  boundaries  of  the  stability  parabola: 


(7.12) 


In  calculations  in  the  third  approximation  from  equation  (7.6) 


for  eigenvalues  we  will  have 


—  <•*  +  /j*1  —  /**■  +  /j  *=  0. 


(7.13) 


Here 


(7.14) 


Assuming  that  X  =  X^+  iX2  and  separating  in  equation  (7.13)  the  real 
portion  of  complex  eigenvalues  from  the  imaginary  we  will  obtain  a 


system  of  two  equations: 


1*  +  3>.,i|  +  /,  fi*  -  ip  - 1,1,  +  1,-0. 

-*!+i }+*/,).,_ ,,«o. 


(7.1‘5) 


For  further  computations  it  would  be  more  convenient  to  present 


the  equation  for  the  stability  parabola  (1.20)  in  the  form 

*•“*  (— S’)’ 


(7.16) 


Substituting  (7.16)  in  equations  (7.15),  we  will  obtain  the  following 


system: 


&?-M2/,  +  r)  +  /,=ot 
W  +  8r)  -  X,  (2/,  +  3 rlx)  +  3/,  -  0. 


(7.17) 
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F'  c  determination  of  the  common  root  of  two  polynomials  (7.17) 
it  is  necessary  to  equate  the  resultant  of  these  equations  to  zero: 


or 


3 

0 

/i  +  8r 
0 


-<2  li  +  r)  7, 

3  -(27,  +  r) 

-(2/,  +  ar/a  3/, 

/t  +  8r  -(2/.  +  3T/J 


(7.18) 


|(/,  +  80(27,  -}-  0-3(2/,  +  3r/,)H37,(27,  +  r)  - 
-7,(27,  +  3r7,)l  +  (7,(7,  +  80-97,1*  =  0. 


(7.19) 


Equation  (7.19)  enables  us  to  investigate  the  character  of  the 
change  of  complex  eigenvalues  in  the  boundary-value  problem  examined 
in  the  third  approximation  depending  on  the  speed  of  flow  and  to  trace 
their  location  with  respect  to  the  stability  parabola. 

In  calculations  in  the  fourth  approximation  eigenvalues  are 
determined  from  an  equation  of  the  fourth  degree 


Here 


x« — 7;x» + 7^*  -  7;>. + /; = o.  (7.20) 

l't=F  +  L  +  K  +  M. 
rt  -  MF  +  KT  +  FL  +  MK  +  ML  +  KL  + 

/,  «  FKM  +  MLF  +  MKL  +  KLF  +  4 M  {[ (—)*]  F  + 

+  [(-f)'+(t)»-  ■  (7.21) 

7;  -  FMKL  +  4/4*  [  -JmF  +  (-y-  JfL  +(y)*^  + 

Substituting  in  equation  (7-20)  value  X  =  +  U2  and  separating 


IGA 


the  real  portion  from  the  imaginary,  we  will  obtain: 


*i-/K--®E+aW ”  . 

-£»+/;-  o* 

41}  —  4>.|A*  —  3/;#.*  +  r,x»  -r  2/^-r,  =  0. 

p 

Replacing  in  equations  (7.22)  with  rX1  according  to  (7.16),  we  will 
obtain  a  system  of  equations: 

X*(/;  +  20r)  —  ).*  (1  lr/j  +  4r«  +  2/^  +  X1(4r/*  +  3/^-4/,  -  0. 

+ 4r) + nVr +*Q-rt-  0.  (7.2?) 

Constructing  the  resultant  of  system  (7.23)  and  expanding  it,  we  will 

obtain  an  equation,  which  will  enable  us  to  determine  the  critical 

speed  of  flow  in  the  fourth  approximation: 

(o,0  -W  +  (atk  -  cjtf  (cfi  —  kd)  +  2  (l,d — fll0)  (c,0  - 
-  W)  (0/  -  W.)  +  Vd  -  bO)  (ite,  -  (fl,o  -  /,d)  - 

-  (/d-wm  -0,/)  +  (c,0 — kd)(bk—cj)  (W,  -  a,/) =0. 

Here  we  introduce  the  following  designations: 

«i =  /;  +  20r,  6  -  4r«  +  1 1  rl\  +  2/;,  c,  =  4r/,  +  3/;. 
d-4/;,  /,  =  4.  /  =  3/j  +  4r,  *  =  r/J  -f  2/',  0*=/;. 

Formulas  (7.12),  (7.19),  (7.24)  enable  us  to  calculate  according 
to  Galerkin's  method  (in  the  second,  third  and  fourth  approximations) 
the  critical  speeds  of  flow  for  cylindrical  panels,  supported  with 
hinges  on  all  edges  and  moving  in  a  gas  with  supersonic  velocity,  if 
we  know  the  geometric  dimensions  of  the  panel  and  the  constant,  charac¬ 
terizing  the  gas  medium. 

§  8.  Sloping  Spherical  Shell 

Let  us  investigate  natural  oscillations  of  a  sloping  spherical 
shell  in  the  case  of  support  with  hinges  of  all  edges  and  in  the  case 

ICC 


(7.2*0 


(7.25) 


of  rigid  clamping  along  the  entire  outline.* 

In  the  class  of  solutions  (1.14)  the  equation  for  small  oscilla¬ 
tions  of  a  sloping  spherical  panel,  located  in  a  supersonic  flow  of 
gas,  assumes  the  following  form: 


4-  J--*  0  -f.  -*£-  —  M.  **  _1 — —  Q 

V  */?•  D  D  ftr  D 


(8.1) 


ho  2  Ml 

Introducing  designation  •jf-  to  +  -g-  o>  =  -X'  ' ,  we  will  obtain  the  equa¬ 


tion  for  the  stability  parabola: 


(8.2) 


In  a  system  of  iiew  dimensionless  coordinates  x  «  a£  and  y  =  brj  eauation 
(8.1)  can  be  written  in  the  following  form 


k*_  a*®_  ,  2  *»  a»  a*o  .  *«  a*»  .  12(1-^)**^ 

«*  «*  +  «»  ft*  d?d»*  +  ft*  K* 


BW  a» 

oD  8- 


XO  =  0. 


(8.3) 


where  the  new  -X  =  x(^h\  X^  =  ^2-  q2,  X^  =  — ^ —  q. 

Conditions  of  hinged  support  of  shell  on  the  edges  will  be  iden¬ 
tically  satisfied,  if  we  look  for  the  solution  of  equation  (8.3)  in 
the  form 


O  <=sinfo:Ssin/iirr4. 


(8.4) 


Substituting  (8.4)  in  equation  (8.3),  we  will  obtain: 


I’.^X.  +  ^^-xjdnfei+SlL^rinteS- 


-jbtcos£ft&  *=  0. 


(8.5) 


Applying  to  equation  (8.5)  the  Bubnov-Galerkin  method  for  determination 


*The  solution  of  the  problem  is  credited  to  R.  D.  Stepanov. 


i€o 


of  eigenvalues  and  nonzero  solutions  of  a  system  of  algebraic  equations, 
we  will  obtain  a  determinant 


.where 


-±A  0 

±A  -f  <*_>.)  .2. A  .. 

o  •£*  •  • 

■  .  * 

•  •  •  •  • 

F {if +  W0 


.Without  reproducing  here  the  computations,  which  are  analogous  to 
those  which  were  made  for  the  cylindrical  panel,  we  will  obtain  a 
formula  for  determination  of  critical  speeds  of  flow  in  the  second 
approximation  according  to  the  Bubnov-Pralerkin  method: 

*  -  £  i  /f  Sob,  [2  (f +  « + *>'}  (8.6) 

The  critical  speed  in  the  third  approximation  is  determined  from  equa¬ 
tion 

!/.</.  +  Sr)  -  KJP  + 1(/,  +  8r)  (2/,  +  r)  - 
-  3  (2/,  +  3f/,)|  |3/,  (il,+r)~  I,  (27,  +  3r/,)|  =  0.  (  8  ‘ 7 1 

where 

/,-K  +  F  +  L, 

1,-fK  +  KL  +  FL  +  A'U  +  If)'  1 , 

o 

and  r  is  the  parameter  of  the  stability  parabola:  rX^  =  X^. 


Let  us  note  that  from  the  solution,  obtained  for  the  spherical 
panel,  it  is  not  difficult  to  obtain  a  solution  for  plate  hinge- 
supported  on  all  edges;  for  that  purpose  it  is  sufficient  in  (8.6)  to 
make  R  -►  oo. 

Now  we  will  examine  the  case  of  natural  oscillations  of  spherical 
panels  rigidly  clamped  along  their  entire  outline. 

Here,  as  we  did  earlier,  we  applied  the  Bubnov-Galerkin  method, 
where  as  approximating  functions  we  use  fundamental  beam  functions. 

It  is  known  that  team  functions,  the  orthogonal  nature  of  which  is 
well  studied,  do  not  retain  this  property  with  respect  to  their  deriva¬ 
tives  of  the  first,  second  and  third  orders,  and  therefore  certain 
authors  introduce  the  idea  on  quasiorthogonality  of  these  functions, 
i.e.,  they  consider  integrals  from  the  product  of  second  derivatives 
of  beam  functions  multiplied  by  the  same  function  as  a  negligible 
value.*  Let  us  note  the  necessity  to  exercise  caution  in  postulating 
the  property  of  quasiorthogonality  of  fundamental  beam  functions. 

To  solve  this  problem  let  us  use  equation  (8.3)  as  the  point  of 
departure  in  which  X  =  X^  +  iX^  are  complex  eigenvalues.  Coordinates 
of  the  stability  parabola  in  this  case  will  be: 


Bjk* 

D 


1- 


For  convenience  in  recording  let  us  introduce  designation: 

12  (1  —  »*)  h%  1-v*  h*  .  BVk* 

#  *  R*  ’  *D  ' 


(8.8) 


We  will  present  the  resolving  function  $(£,  tj)  in  the  form  of 
the  product  of  beam  functions 


*A  number  of  new  quadratures  from  beam  functions,  encountered  in 
the  investigation  of  flutter  in  plates  and  shells,  was  calculated  by 
R.  D.  Stepanov  [39]. 
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♦tt.  %)  =  *.&)  Mu). 


(8.9) 


each  of  which  satisfies  both,  the  differential  equations 

ja'ro-ntx.tt).  vJ'm-jik.w. 


and  also  the  conditions  of  clamping  of  the  spherical  panel  on  the  edges 
£  =  0,  £  s  1  and  q  =  0,  q  =  1. 

Substituting  (8.9)  in  (8.3),  we  will  obtain: 


(8.10) 


If  we  multiply  all  the  terms  of  (8.10)  by  Yn  and  integrate  with 
respect  to  q  from  0  to  1,  we  will  obtain: 


£  »ix« + s? x; + £  •«:  + 


(8.11) 


where 


{I* 


(8.12) 


If  now  we  multiply  (8.11)  by  X  and  integrate  with  respect  to  £ 

s 

from  0  to  1,  then  for  determination  cf  nonzero  solutions  of  algebraic 
equations 


t  M[£'4+SlS+1^v-l]*-x-+ 

M"l 

+ v£x-x- -mx.)  -° 


(8.13) 


it  is  necessary  and  sufficient  to  equate  to  zero  the  determinant  of 
this  system  of  equations,  i.e.. 


1(6 


^V'u— —  Avu  t\  Vt» 

—  IK— >.k»i*-4-2S~ ^fn—Atffn  —  i4»*j 

-a*»  |t->j«M :  ry—y^A^ 


(8.14) 


.Here 


!?«=;>«  *L  +  ;,«*+Lz^i!l 

1  a*  *  *•  T  ct  #•  * 

*=*«*+*«*  +Lz2!*i 

«*  ‘  *  T  c*  ** ' 

+,<*+'- Z^*i; 

«*  *  **  ^  C*  if*  * 


(8.15) 


jXfXfdl,  vtl  —  j  Xi  X/dfc,  wtl  =  j XiXjd£. 


(8.16) 


.In  the  case  investigated  these  integrals  have  the  following  value: 

un  -  1.0359,  »„  =  -  3.399.  u*  «  0.9984,  »a=  -5,512, 

•h-- 12,775,  »!•— 9,9065,  un=  -45,977,  «„=  -9,9065,  ( 8  * 17 ) 

wM*=0,  wu  =  3,399,  «>*,  -  0,  vn  — 5,512. 


Every  eigenvalue  X  of  equation  (8.14)  corresponds  to  nonzero  value  Cm 
of  system  (8.13)  and  to  an  approximate  solution  of  the  boundary-value 
problem  examined. 

In  calculations  in  the  second  approximation  equation  (8.14) 
assumes  the  form: 


1^ — M  «„  +  2?  ~  *>n  —  Mi  -  Ml 


—  Aw, 


it 


l/C  -  >1««  +  ^—Vtt  —  Awn 


(8.18) 


Expanding  the  determinant,  we  will  obtain  for  the  eigenvalues  a 
quadratic  equation 


**-/,> +/.-0, 


(8.19) 


where 


u-n+n£[K^+F^]-*A£^™+’^-A[KJZ+F%]+ 

+*£**-— ^]+*£?Z-  (8.20) 

During  calculations  in  the  third  approximation  for  determination 
of  eigenvalues  we  will  obtain  a  cubic  equation 


X*— x*/*,  + x/i— /i-o. 

where 


r, 


K  +  F  +  t  +  SJ-^-fil- 

tnF  L  “u 


*«j  L  "u 


£  =  FL  4  KL  +  F/C  4  2?  f  (#C  +  L)  -**-  +  (F  +  L)  -5l  4 
4  <F +  K)  ]  -  A  [  (iC  +  I)  *1-  +  (F  +  L)  + 

+  (F  4-  K)  —1 4  4?—  f  4-  -$*?»  +  _  £»*“**.  1  _ 

•  «»  J  «***  L“ll«»  “**“»  «II«M  «««»» J 

_ **  r  Pu^n  ^  »iiPm  _|_  ifpPw  ifa^M  , 

°***  L  *««»  unun  «u*»  *a*a  <Wa 

i  ^  r  >ii^«  |  »»«*  |  v»  g»t«»  »«»*»  I . 

L  «u«t>  *ii«m  «**«»  «u«tt  ««««  J  ’ 

/;  -  FKL  -  A  f  KL  Si-  4  FL  Sl  x  /CF  -5s.  1  + 

L  «I1  «n  «u  J 

_|_  y|*  £_  4  ft  W»P«»  ^  f  vtiP*i ^  _ p  «>t&n  1  ^ 

L  «iiun  ui\u»  «n“»  "u“n  «n“u  J 

-  4-2p-^[FL^4/CF-^  +  /a-^l  + 

«***  L  «tt  «»  Mu  J 

4  4^1  **  T  £  p»»p«  4  ^  PnPa»  _j_  y?  <wa _ _ 

«***  l  «U«*»  ««“»  «*!«»  H„U„  J 

_ 4^*yj  **  r  a,n°w>,»  _j_  PuPn^n  _j_  »»PnPw  _  gnfti^  ~1 

•46*  l  M uUttUfj  MiiUstUj)  MuuuMu  J 


+?m’4. 


I 


o'*’  «U«W«M 


l»iiVtttoll®,i«'»4  «'nVn+ 


—  —  WmU^hJ  4 

4  8?*  ■j-  lOuPttPn  —  — — 

-  A® - - - l®n»  »w«  ~  -  wuw^vn  1  — 

UuUnUm 

.2M  —  r^-2^  4  £.31^  4F  "S2»  4F^H-4 

fl*6‘  L  |*itun  Mu«m  •%“»  “**“«» 

4  K  — -  4  IC-2s®il . 

Mu«n  «U“M  4 


(8.21) 


(8.22) 
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The  solution  of  equation  (8.19)  yields  two  roots 


*14 


(8.23) 


From  (8.23)  one  can  determine  at  what  speed  value  do  the  the  eigen¬ 
values  of  the  boundary-value  problem  investigated  become  complex  and 
the  motion  of  the  shell  in  a  flow  of  gas  becomes  unstable: 


fcnX «■  X, *  £/, — 


Substituting  X^  and  X^  in  the  equation  of  the  stability  parabola 

and  replacing  A  by  its  value 


BVk* 
•D  * 


after  a  number  of  simple  transformations  we  will  obtain  a  formula  for 
determination  of  the  critical  speed  of  flow  in  the  second  approxima¬ 
tion. 

The  critical  speed  of  flow  in  the  second  approximation  can  be 
obtained  by  another  method  also. 

Substituting  in  equation  (8.19)  X  =  X^  +  iX^  and  separating  the 
real  portion  of  the  equation  from  the  imaginary,  we  will  obtain: 


l*i — ** — A*i  +  /*  "  0, 
**»*•-/»*•“  0* 


(8.24) 


Equation  of  the  stability  parabola  is  more  conveniently  presented  in 
the  form 


*i=*i 

where 


1(9 


r 


fB 


(8.25) 


Substituting  (8.25)  in  (8.24),  we  will  obtain  the  following  system  of 
two  equations: 


M  r*i — 44 + /*  =  o, 
*!-/,  =  <>. 


(8.26) 


For  determination  of  a  common  root  of  two  polynomials  it  is  neces¬ 
sary  to  construct  and  to  equate  to  zero  the  result  of  these  equations: 


1  -(T  +  /,)  /,  0 

0  -1  — (r  +  /|)  /, 

0  2  -/,  0 

0  0  2  — /, 


1  -(r  +  f.)  /, 

2  -/»  0 

0  2  -/» 


After  a  number  of  simple  transformations  we  will  obtain  an  equa¬ 
tion,  from  which  we  can  determine  A: 


4/,-2/1r-/?-0. 


(8.27) 


Speed  V  now  can  be  easily  determined  by  the  formula 

v (8-28) 

By  similar  means  we  can  obtain  a  formula  for  determination  of 
the  critical  speed  of  flow  in  the  third  approximation  also; 


Here 


(an—edf  +  (ak—ce)l(cn—kd)  +  2(ed--an)(cn--kd) 

+  {fd  —  bn)  (Ma — cl)  {an  —  ed)  —  {fd  —  bn)9  {be — of)  + 
+  («*  —M)  \bk  — cf )  (pe—af)  =  0. 


«-/;  +  20r. 

&-4r*  +  Hr/, +  2/i, 
c  «•  4/7j  -j-  3/j, 
d  =  4 1\, 


«-4, 

/  =  3i'I  -f  4r , 

4  =  r/,  2/j, 

n  =  ll 


(8.29) 


i;o 


(8.50) 


Formulas  (8.27)  and  (8.29)  permit  us  to  calculate  the  critical 
speed  of  flew  for  spherical  panels  clamped  on  all  their  edges,  in  the 
second  and  third  approximations,  if  we  consider  as  known  the  geometric 
dimensions  of  the  panels  and  the  constants  which  characterize  the  gas¬ 
eous  medium.  Let  us  note  that  if  fundamental  beam  functions  possess 
the  property  of  quasiorthogonality  then  in  all  computations  it  is  suf¬ 
ficient  to  make  integrals  of  v.  .  equal  to  zero. 

§  9.  Nonlinear  Setting-Up  and  Solution  of  a  Problem 

on  £late  Flutter 

It  is  of  interest  and  at  the  same  time  extremely  difficult  to 
investigate  flutter  of  shells  in  a  nonlinear  setting.  So  far  we  know 
of  solutions  of  problems  of  this  kind  for  shells.  We  know  of  the  works 
by  R.  D.  Stepanov  [31]  and  B.  P.  Makarov  [40]  on  the  study  in  approxi¬ 
mate  setting  of  natural  oscillations  of  a  plate  taking  into  account 
factors,  characterizing  geometric  and  aerodynamic  nonlinearity.  By 
analogy  with  determination  of  the  critical  speed  of  flow  for  problems 
in  linear  setting  (see  §  2  of  this  chapter)  here  we  conventially  con¬ 
sider  the  critical  speed  of  flow  to  be  such  a  speed,  at  which  the 
envelope  of  perturbed  solutions  of  a  system  of  nonlinear  differential 
equations  of  flutter  in  the  interval  of  time  examined  constitutes  a 
curve,  which  is  continuously  increasing  in  time. 

For  considerations  of  a  methodical  character,  wishing  to  pay 
attention  to  the  possible  settings  of  this  type  of  problems  and  methods 
of  solving  them,  we  adduce  here  a  problem  on  the  flutter  of  plates  in 
a  nonlinear  setting  [31]. 

Let  us  assume  that  elastic  rectangular  plate  with  sides  a,  b  and 
thickness  h  is  hinge-supported  over  its  entire  outline  in  such  a  way 
that  the  possibility  of  convergence  or  displacement  of  its  edges  is 


excluded,  and  that  a  supersonic  flow  of  gas  passes  about  it  from  one 
side. 


For  the  case  of  final  sags  of  the  plate,  commensurable  with  its 


thickness  h,  deformations  of  the  plate  are  described  by  the  known 


Karman  equations: 


vV*  =  e[( 


17  V- 

9a 

9w  1 

LI  fefe  / 

"  At* 

fe*  J 

vV»=  — f— — +  — —  —  2— — +-S-1 
YV  BIV  w  w  V  dxdydxdy^  ft  J’ 


(9.1) 


where  w  is  the  sag,  4>  is  the  stress  function,  D  is  the  cylindrical 
rigidity,  and  E  is  the  elastic  modulus. 

For  an  oscillating  plate,  taking  into  account  the  forces  of  excess 
pressure,  determined  according  to  A.  A.  Ilyushin’s  theory  [17],  the 
normal  component  of  the  load  may  be  written  in  the  form 


-*  =  *»-£  +  «£-fl»'£-2Blv-££  + 


(9.2) 


Here 


*(*  +  Up. 
< 


p0  is  the  density  of  material;  p^,  are  pressure  and  velocity  of 
sound  for  the  undisturbed  gas;  V  is  the  speed  of  flow  on  the  surface 
of  the  plate;  n  is  the  index  of  the  polytrope. 

Equations  (9.1)  together  with  boundary  conditions: 


w  — 

w  = 


9a 

At* 

9a 

dy* 


+  ' 


9a 

fe* 

9w 

At* 


=  u  -  v  =  0, 
-  u  =  v  =  0, 


nhw  x  —  0  h  x  —  a; 


wh«n  y  =  0  h  y  ~b 


(9.5) 


constitute  the  initial  boundary-value  problem. 

Let  us  examine  here  an  approximation  method  for  the  solution  of 


thi s  problem,  which  will  enable  us  to  obtain  the  solution  of  the  sys¬ 
tem  in  the  closed  form. 


Upon  bending,  the  following  forces  appear  in  the  middle  surface: 


i  (fll  4"  *)•  T'm 


(9.4) 


p  «  — ±s  t 

n  2(1  .M** 


v/here  e  ,  e  ,  e  are  components  of  the  ultimate  deformation,  deter- 
yy  xy 

mined  by  formulas: 


*-**MZl 


(9.5) 


*  du  .  do  .  dm  dm 


If  we  substitute  (9.4),  taking  into  account  (9.5),  in  equations 


of  motion  of  a  two-dimensional  problem 


(9.6) 


and  to  study  the  form  of  the  bend  of  a  plate  during  oscillations  in 
the  form 


*(*.»)• 


(9.7) 


then  we  can  write  out  equation  of  the  bend  of  a  plate  for  the  case  of 
ultimate  sags  (9.1)  in  the  form  of  a  system  of  equations,  connecting 
u,  v  and  w. 

,  2£i  ,  d*w  ju  ^  W  I*  a*tt>  d>w  _ 2  ^  ,  q 

d£»  ***  d?dr,%  +  dr«  =  D  [  Ji,'  ^  +  *,«  *  d;*,  +  *‘A  J  ’ 


d»«  ,  A«(l-v)  a»a  ,  »(l  -f  n)  a«p,(l-v«)  d»u  ,P_n 

d?  +  2  dr*  +  2  as*)  E  dfi  +  4  ’ 

M  a*p  ,  (i—n)  a*t>  .  * (i v)  *u  —  »*)  a»p  .  f  _0 

#ii*  +  t  as*  T  2  as*,  £  dc  T  1 


(9.8) 


The  equations  are  written  in  variables  £  and  q,  which  are  connected 
with  the  old  variables  x  and  y  by  relationships, 

»-f*  ’-f-  *-t 

In  system  (9.8)  we  introduce  designations 


1  «  l*\  &  +  2  *,*J+  2  J* 


(9.9) 


where  ^(£,  q)  is  a  function,  selected  in  such  a  manner  that  we  would 
know  that  boundary  conditions  (9.3)  are  satisfied,  and  f(t)  is  an 
unknown  time  function. 

If  in  system  (9.8)  we  drop  the  terms  which  take  into  account  the 
longitudinal  forces  of  inertia,  and  represent  function  w  in  the  form 
of  a  series 

•ft.  Ti)  -  sin  sin  n-zy, 

m  • 

then  the  solution  of  the  two  last  equations  of  system  (9.8)  will  have 
the  form: 

“(5. Ti.O  =* sin  2ms£  [cos  2n*q—  1  +  -^^-1  + 

I6b  l  m«  J  "  (9.10) 

*>(£.  \  t)  =-~^sin  2nier,  [cos  2m*5  —  1  +  J  -f  v„ 


where  uQ,  and  vQ  are  the  solution  of  a  uniform  system.  For  axial 
forces  in  accordance  with  (9.4)  and  (9.5),  with  (9.10)  we  will  obtain 


Tn  -  7 35-^ft.  ['  +  %  +  T>„. 


(9.H) 


T  = 


Eh 

dut 

2(1 +  >) 

.  **> 

Here 


T* 

w 


7 
a 


i 


a*! 

Mr,J 

*L  **i  •*  J 


f**-+v 

*w 


^  2^  n 2, 

Taking  into  account  Airy's  relationship  T  =  h  — ■*■,  T  =  h  v 

xx  dt)  yy 

^2. 

T  =  -h  -  and  expression  (9.2)  for  a  normal  component  of  load,  we 

y 


H' 


will  represent  the  first  equation  of  equilibrium  of  the  Karman  system 
of  (9.1)  in  the  form 


+  -^-  +  (^-l)c°s2,OT,]^  +  52*<n-/>-l[l  +  ^  + 

m  * 


BIV  dm 

dm 

dm 

B,P* 

fjm 

D  * 

+  D 

dt 

as 

D 

vas , 

(9.12) 


Equation  (9.12)  is  correct  for  plate  which  is  hinge-supported  all 
over  its  outline  on  immovable  supports,  within  the  limits  of  the  approx 
imate  solution  proposed.  The  degree  of  approximation  of  the  solution 
obtained  consists  of  the  fact  that,  everywhere  the  solution  of  the 
uniform  system  uQ  and  vQ  is  assumed  to  be  equal  to  zero  while  the 
boundary  conditions  of  the  two-dimensional  problem  are  satisfied  not 
continuously,  but  at  separate  points  of  the  outline  of  the  plate. 
Actually,  from  expressions  (9.10)  with  the  above  assumption  it  follows 
that  if  on  edges  q  =  0  and  rj  =  1  (£  =  0  and  £  -  1)  v(u)  is  identically 
equal  to  zero,  then  component  of  displacement  u(v)  turns  into  zero 
only  in  separate  points  of  the  outline  of  the  plate,  although  the  total 
displacement  u(v)  on  the  corresponding  edge  is  equal  to  zero. 

For  the  case  of  a  two-term  approximation  of  function  w  with 
respect  to  variable  £  and  its  monomial  approximation  with  respect  to  rj. 


_.e.,  for  the  case  of  a  cylindrical  bend  of  plate  with  respect  to 
variable  tj,  applying  to  the  equation  (9.12)  the  Bvbnov-Galerkin  method 
we  will  obtain  the  following  system  of  nonlinear  second-order  differen¬ 
tial  equations,  describing  the  phenomenon  of  plate  flutter 

t. + — J-  M  £  * +1 a  0  + VY  * — M  £  + 

+  -f  -M,  £•**+  -f  Qfe,  +  =  0. 

— -j- +<)(,)%  + -J- Q**  te  -  ,,  =  0. 


Equations  (’1.15)  are  written  in  dimensionless  variables  £,  q,  t 
fl  f2 

<p^  =  <p2  =  Here  we  introduce  designations: 


( 9 . 14  ) 


/  dcpt 

Further  the  system  (9.15)  by  replacement  of  variables  -^r-  = 

=  (i  =  1,  2)  is  reduced  to  a  system  of  four  nonlinear  first-order 

differential  equations,  the  integration  of  which  can  be  carried  out  on 

a  computer  with  specific  initial  conditions,  which  was  done  with  the 

precision  of  10  at  the  interval  of  dimensionless  time  0  ^  t  ^  40. 

For  the  above  accuracy  the  magnitude  of  the  step  of  integration 

did  not  exceed  0.2.  Automatic  selection  of  step  in  the  Runge-Kutta 


method  was  produced  in  the  following  manner.  In  the  initial  step  h 
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was  calculated  by  solution  of  system  9^  at  point  +  h,  then  the  step 

was  divided  in  half  and  qK  was  calculated  at  point  By  value 

<jk  and  step  ^  we  found  a  new  solution  9^  at  point  4  h  once  again. 

The  accuracy  of  the  solution  was  checked  by  two  values  qm  and  9.,  cal¬ 
culated  at  one  point  £q  4  h.  If  difference  of  solutions  does  ncx  exceed 
the  prescribed  accuracy,  then  a  recalculation  of  the  solution  is  per¬ 
formed  with  a  half  step,  if  however  the  required  accuracy  is  attained, 
then  we  check  whether  it  is  possible  to  perform  the  further  computa¬ 
tion  with  a  doubled  step  of  whether  the  step  should  remain  the  same. 
Solution  of  the  system  of  differential  equations  by  this  method  was 
conducted  for  a  plate,  having  the  following  relative  dimensions: 


with  constants  of  problem: 

*  *  1,4;  £  =  210*-^;  *  «  7.8- 10'*  ^ ; 

CM*  CM * 

p.  =  1,014  JJ;  V,  =  y.  =  3,4  10*  £ 

and  with  initial  conditions: 

1.  f«<P)  =  f,(0)  =  0: 

mx  I  f»(0)-0,l  gv  |  <Pi(0)  =  0,1  b)(9i(0)-l 

1  \  9,(0)  =  0.  1 9,(0)  =  0,1,  1 9,(0)  -  —  I;  (9.1) 

2-  9i  (0)  =  9  JO)  =  9,(0)  =  0: 

•)  9,(0)  =  0,04.  <y  9JO)  =  0.4.  (9.1-6  ) 

The  problem  consisted  of  the  fact  that,  with  specific  initial 
conditions  of  the  boundary-value  problem  examined,  we  were  to  find  the 
perturbed  solution  of  system  (9.13)  for  various  values  of  speeds  of 
flow  and  to  establish  the  speed,  at  which  solutions  continuously 
increasing  in  time  first  appear  in  the  time  interval  under  considera¬ 
tion. 
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Results  of  calculations  show  that  other  conditions  being  equal, 
the  value  of  the  critical  speed  for  a  plate  in  nonlinear  setting  is 
essentially  dependent  on  initial  conditions. 


Fig.  17. 

In  Figs.  17  ana  18  we  adduce  graphs  of  perturbed  solutions  of  the 
initial  system  of  differential  equations  (9.13)  for  speeds  of  flow  of 
800,  1000,  1200,  1400  and  1600  m/sec  and  under  initial  conditions,  pre¬ 
scribed  in  the  form  of  the  initial  sag  (9.15),  changing  with  respect 


178 


Fig.  18. 


to  variable  £  according  to  the  law: 

w  =  <pj  (0)  sin  +  <pt  (0)  sin  2 

An  analysis  of  the  calculations  shows  that  with  a  change  in  the 
character  of  amplitudes  of  the  initial  deflection  of  the  plate  and 
their  increase  (9.1c5a),  (9.15b),  (9.15c)  the  frequency  of  oscillations 
and  the  value  of  the  critical  speed  of  the  plate  increase  noticeably. 
Calculation  of  nonlinear  factors  in  problems  of  aerostability  of  plate 
for  the  above -indicated  boundary  -conditions  shows  that  even  in  the 
supercritical  region  no  rigid  excitation  of  oscillations  is  observed; 
oscillation  amplitudes  are  increasing  slowly. 
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During  sufficiently  small  initial  perturbations  plate  flutter  in 

a  nonlinear  setting  appears  at  flow  rates  which  differ  little  from 
the  critical  flow  rate  for  the  same  plate  in  linear  setting.  However, 
with  an  increase  in  value  and  a  change  in  the  character  of  initial 
deflection  of  the  plate  surface,  prescribed  in  the  form  of  the  initial 
sag  (9.15)*  the  possibility  is  revealed  of  the  existence  of  established 
motions  in  flow  rates,  somewhat  exceeding  the  critical  flow  rate  for 
a  plate  in  linear  setting. 

Thus,  if  the  critical  flow  rate  of  the  plate  in  linear  setting, 
found  by  the  Bubnov-Galerkin  method  with  a  two-term  approximation  of 
function  of  sag  with  respect  to  variable  £,  constitutes  952  m/sec,  then 
for  the  same  plate  in  a  nonlinear  formulation  of  the  problem  of  aero- 
elasticity  under  initial  conditions,  established  by  formulas  (9.15a), 
(9.15b),  (9.15c),  the  critical  flow  rates  are  equal  to  1000,  1050, 

1600  m/sec  respectively. 

The  envelope  of  perturbed  solutions  of  system  (9.15)  in  flow  rates, 
significantly  smaller  than  the  critical  rate,  for  all  cases  of  initial 
conditions  (9.15)  has  the  character  of  a  curve,  enveloping  oscillations 
rapidly  damping  in  time.  With  an  increase  in  the  flow  rate  of  the 
envelope,  of  the  curve  which  outlines  the  periodic  oscillations  with 
a  certain  increase  of  oscillation  amplitudes  at  intervals  of  the  first 
period  and  only  with  definite  values  of  flow  rates,  corresponding  in 
given  determination  to  the  critical  rates,  is  the  envelope  of  perturbed 
solutions  cp^(t)  and  cp2('r)  in  the  interval  of  time  under  consideration 
and  assumes  the  form  of  continuously  increasing  curve  for  all  t  >  0. 

The  investigation  of  solutions  of  a  system  of  differential  equa¬ 
tions  of  natural  oscillation  of  plates  in  nonlinear  setting  for  the 
class  of  initial  conditions  (9.15)  and  under  boundary  conditions,  which 


Fig.  19. 

present  a  definite  practical  interest,  show  that  the  sensitivity  of 
a  plate  to  excitation  of  its  flutter  sharply  decreases  with  the  increase 
of  the  initial  perturbation,  prescribed  in  the  form  of  the  initial 

sag  (9.15). 

Of  the  greatest  interest  are  the  results  of  investigation  of 
perturbed  solutions  of  a  system  of  nonlinear  differential  equations 
(9.13)>  which  were  conducted  for  a  plate  of  the  same  dimensions  and 
with  boundary  conditions  examined  earlier,  but  under  initial  condi¬ 
tions  (9.16).  Physically  these  initial  conditions  ir.ean  that  in  the 
moment  of  time  r  =  0  the  surface  of  the  plate  develops  a  sag,  the  rate 
of  variation  of  which  with  respect  to  variable  i  is  written  in  the  form 

W  —  ljjSin  It£. 
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Calculations  were  performed  for  values  of  the  maximum  initial 
speed  in  the  center  of  plate  q>^(0),  equal  to  0.04;  0.4;  0.6 . 

Results  of  calculations  (Fig.  19)  show  that  a  change  of  maximum 
ir.i+ial  speed  in  the  center  of  the  plate  by  one  and  a  half  order  does 
not  lead  to  any  noticeable  change  of  the  value  of  the  critical  speed. 
From  the  graphs  (Fig.  19)  it  is  clear  that  a  change  of  value  of  initial 
perturbation,  prescribed  in  the  form  of  initial  speed  (9.l6a,b),  leads 
only  to  a  change  of  plate  oscillation  amplitudes,  while  the  frequency 
of  oscillation  of  the  plate  at  the  initial  moment  of  time  remains 
constant . 
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CHAPTER  IV 


CERTAIN  OTHER  DYNAMIC  PROBLEMS  OF  SHELLS 
§  1.  Radial  Elastic  Deformation 

If  a  cylinder  of  average  thickness  is  under  the  action  of  internal 
pressure  p(t),  which  is  uniform  along  its  length,  which  changes  accord¬ 
ing  to  the  given  law,  and  the  pressure  front  moves  along  x-axis  with 
a  given  speed,  the  problem  of  exact  calculation  even  of  elastic- 
stresses  and  deformations  becomes  very  complicated  with  respect  to 
calculations  and  we  cannot  find  simple  formulas,  from  which  we  could 
obtain  a  clear  idea  of  dynamic  effects  [41].  In  the  simplest  case  of 
a  plane  problem  the  radial  and  tangential  stresses  are  expressed 

through  er  =  — ,  Eg  =  y  with  the  formulas : 
dr 


I  y 

where  K  is  the  modulus  of  volume  deformation;  v  -  - — ,  where  v  is 

Poisson's  ratio.  The  dynamic  equation  for  radial  motion 


ft,  .  «r— > 

ft  +  r 


P 


9w 

ft* 


on  the  basis  of  (1.1)  is  reduced  to  the  form 


<* 


dw 

ft 


(1.2) 


Here  p  is  the  density  of  the  material,  and  c  is  rate  of  propagation  of 
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volume  waves 


General  solution  of  problem  with  the  initial  condition 


|.0:  •  -».('). 

and  boundary  conditions 


r-a,  —  p(fy, 
r  ■»  or .  0 


(1.511) 


is  obtained  by  the  known  method  by  means  of  substitution 

Now  equation  (1.2)  assumes  the  form 

r+-i-r+(*-i),=o, 

which  is  satisfied  by  function 

m  »  lil/,  («r)  +  BJV,  («r))  (1.4) 


where  I^(nr)  and  N^xr)  are  Bessel  and  Neumann's  functions. 

Eigenvalues  of  parameter  xn  (frequencies  of  free  radial  oscil¬ 
lations  of  cylinder  cxn)  are  found,  according  to  (1.4)  and  (1.1), 
from  conditions  (1.3^,^)>  in  which  it  is  assumed  that  p  =  0;  the 
uniform  system  with  respect  to  A  and  B  results  in  the  frequency  equa¬ 
tion  which  has  the  form  [42] 


D(m)  *=  D{tb), 

where  it  is  designated  (when  v  =  0.25) 

3xo/|  (*a)  —  Vi  (*4) 


(1.5) 


(i.o) 


*From  now  on  the  point  above  the- letter  designates  differentiation 
with  respect  to  time. 
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Here  IQ,  1^  are  Bessel  functions,  and  Nn,  N^  are  Neumann’s  functions. 
The  first  five  roots  of  equation  (1.5)  of  values  of  magnitude  (^b)n  = 

for  the  relation  a  =  ^  =  0.75  ^  ~  0.3^  are  adduced  in  Table  2. 
There  are  also  tables  for  higher  numbers  of  natural  frequencies 

(xb)n.  Frequency  n  is  equal  c^  =  (nb)n 


For  every  root  n  of  the  equation  (1.5)  the  relationship  of 
constants  A  and  B  becomes  fully  definite,  and  formula  (1.4)  gives  an 

expression  for  the  n-th  eigenfunction 


Table  2.  Roots  of 
Equation  (1.5)  for 
the  Ratio  a  =  a/b  = 
=  0.75 


/«  “  —  Dmll  ( V)  +  Nl  («•  ')• 


(1.4-) 


Nnsber  of 
frequency 

1 

1,0065 

2 

12,6243 

3 

25,1615 

4 

37,7103 

5 

50,2799 

Now,  substituting  w„(r),  wn(r)  in  the 

series/  0 

form  of  eigenfunction/ from  initial  conditions 
(1.31)  we  find  values  A^,  A^,  i.e.,  v;e  obtain 
the  solution  for  the  problem  on  free  oscil¬ 
lations  for  given  initial  conditions. 

For  the  solution  of  problem  on  forces, 
oscillations  of  a  cylinder  under  the  action  of  pressure  p(t)  we  replace 
p(t)  with  the  volume  radial  force  q,  applied  in  thin  ring  a  <  4  <  r  + 

-i  5,  so  that  boundary  conditions  become  uniform  (i.e.,  ar  =  0  when 
r  =  a  and  r  =  b),  and  equation  (1.2)  becomes  nonhomogenous . 

l 


.  f  9m  .  1  dm 


")+7 


9m 

9* 


(1- 


(  i 


Let  us  select  q(r,  t)  in  such  a  way  that  when  5  -*■ 

m 

«•! 

Decomposing  q  in  an  eigenfunction  series  f"n(^nr): 

«+• 

jqdr  =  p(t). 


0 


l  *  QN 

l  -  • 


(1-S1) 
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the  solution  of  equation  (1.7)  we  present  in  the  form 


m 

•-Jf.W/.M.  (1.9) 

(•I 

where  for  functions  <Pn(t)  we  obtain  from  (1.7)  the  system  of  differen¬ 
tial  equations: 

each  of  which  has  a  particular  solution 

(1.10) 

Inasmuch  as  with  t  =  0  the  expression  (1.10)  gives  cpn  =  0  and  cpn  =  0, 
the  (1.9)  with  values  <pn  (1.10)  formally  presents  the  solution  of 
problem  on  the  action  of  pressure  p(t)  on  the  initially  undeformed 
cylinder. 

The  series,  included  in  expression  (1.8*), constitutes  an  expansion 
of  the  discontinuous  function  A(r): 


£«./.  =  AM, 


which  may  be  written  in  the  form 


A(r)- 


»  ’ 


fl<r<o  +  a 


0,  a-H<f. 

Here  /^Function  q  (1.8X)  will  satisfy  condition  (1.8),  if  the  final 
result  will  have  meaning  when  5  -*•  0. 


(1.12) 


Considering  the  orthogonality  of  functions  fn. 


yfJ.+-  D  m*n' 

j  c*,  m*=n. 


(1.13) 


multiplying  by  rfmdr  both  parts  of  (1.11)  and  integrating  from  a  to  b. 


we  will  obtain: 


* 

■•“-^/•(V*).  cj  =  j*  /J  rdr. 


(1.14) 
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This  means,  that  the  general  solution  is  fully  determined  by 


formula  (1.9),  which  will  be  written  in  the  form 


•  i 

*-l  "  • 


(1.15) 


This  expression  is  too  complicated  for  analysis  and  requires 
bulky  numerical  calculations.  In  the  simplest  case,  when  in  the  moment 
t  =  0  constant  pressure  p  =  const  is  applied,  formula  (1.15)  assumes 

p 

this  form  (taking  into  consideration  that  pc  =  3k) 

»=  irS  7?  f.Mf.MU  -ras(««0|.  (1.16) 

a- 1  "  * 


The  coefficient  of  dynamics  factor,  showing  the  ratio  of  dis¬ 
placements  (and  stresses)  in  dynamic  calculation  of  cylinder  (taking 
into  account  forces  of  inertia  of  substance)  to  their  values  in  static 
calculation,  depends  strongly  on  the  law  of  application  of  pressure 
p(t)  and  can  not  only  fell  to  take  value  2,  but  also  to  be  essentially 
less  than  unity  in  the  case  of  brief  actions.  Cylinders  can  sustain, 
while  remaining  elastic,  pressures  exceeding  many  times  the  maximum 

permissible  static  pressures,  if  the  time  of  action  of  the  pressure 

X)  -  & 

is  less  than  the  time  of  double  passage  of  sonic  wave  2  — - —  through 
the  wall  thickness,  which  fact  is  essential  and  should  be  taken  into 
consideration  for  very  thick-walled  cylinders.  This  effect,  conse¬ 
quently,  first  of  all,  pertains  to  large  elastic  masses  with  cylindrical 
cavities  [-41]  and  therefore  is  not  examined  here. 


§  2.  Plane  Elastoplastic  Deformation 
The  dynamic  problem  for  the  cylinder  in  the  case  of  plane  elasto¬ 
plastic  deformation  is  somewhat  simplified,  inasmuch  as  the  cylinder 
may  be  considered  to  be  a  mechanical  system  with  one  degree  of  free¬ 
dom  [41]. 

Let  us  assume  that  when  t  =  0  the  cylinder  with  radii  a,  b  is  at 
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rest,  but  when  t  >  0  the  internal  pressure  Pa(t)  and  external  p^(t) 

pressure,  act  so  that  the  initial  coordinate  of  any  particle  r( 

changes  to  value  r(rQ,  t),  and  the  internal  radius  a  becomes  equal  to 

dR 

R(t).  Let  us  assume  that  v  =  is  the  rate  of  expansion  of  the  cavity. 
The  condition  of  incompressibility  of  material: 


#•  —  =  -a*  (2.1) 

enables  us  for  small  and  ultimate  deformations  to  write  expressions 

dr  dvr 

of  shear  7,  rate  vr  =  ^r,  and  acceleration  — 


rYt*~R*  +  +  ’ 


t  it 


(2.2) 


The  dynamic  equation  in  the  case  of  ultimate  strains  is  written  in  the 
form 


where  t  =  F(7)  is  the  material  strengthening  function,  which  on  the 
basis  of  (2.2)  is  expressed  through  R  and  r. 

Integrating  this  equation  with  respect  to  r  from  the  internal 
surface  (r  =  R)  to  external  R-D  =  r  surface  ar.d  taking  into  considera¬ 
tion  boundary  conditions,  we  obtain: 

VRtai  +  T(,n^  +  f-')  +  7jT‘'r=f>  (2-J) 

where  p  =  p  _  p  is  the  difference  of  pressures,  which  determines 

cl  D 

the  motion. 

In  the  beginning  let  us  examine  small  elastic  deformations. 

In  this  case,  designating  w(t)  =  R(t)  a  and  discard  in  (2.2)  small 
values  of  the  order  of  —  with  respect  to  1,  we  obtain  (R,  =  b,  R  =  a): 

a  U  cl 


V- 


*  —  Gy. 
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In  equation  (2.3)  in  addition  to  this  simplification  it  is  also 

2 

necessary  to  discard  small  values  of  the  order  of  v  with  respect  to 

—  and  — ,  after  which,  designating  the  wave  velocity  of  the  shear  c. 
f  f  1 

and  parameter  y  according  to  formulas: 


1  fW-*) 

*  *'  >y  .„±- 


(20) 


we  obtain  the  equation  in  the  form 


-£+*'„  = -t«L. 


(2-5) 


Min  — 

« 

the  solution  of  which,  analogously  to  (1.10),  will  be 

i 


w  „ - L__  P  p(7)  dn  fot  (t  —  Z)\dx. 

etxfa  to— j 


(2.6) 


The  dynamics  factor  kQ  can  be  determir  *  with  the  definite  degree 
of  authenticity  on  the  basis  of  the  solution  (2.6). 

Let  us  assume  that  p(t)  has  with  a  certain  t  =  t  a  maximum  p  ; 
the  static  estimate  for  the  action  of  pressure  pm  yeilds  the  value  of 


maximum  tangetial  stress 


1  —  «* 


Pm- 


The  dynamic  estimate  gives  for  r  =  a 

*-2G— , 

m 

while  v/  is  determined  according  to  (2.6).  This  means,  that  the 

dynamics  factor  k^  is  determined  as  the  value  biggest  in  time  with 

respect  to  the  modulus  of  ratio  — ,  i.e., 

Tm 


[ d  =  d  =  dynamic ] 

For  the  constant  pressure  appearing  instantly 


(2.7) 


P(i) 


0,  t<  0 
p  ~  const,  />  0 
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from  (2.7)  we  obtain: 


kt  «■  mw 


Iii  the  case  of  constant  pressure  effective  in  a  definite  interval. 


of  time  t^: 


ptflm,  I®*  *<0,  r'Xi 

U 

the  dynamics  factor  will  be  equal  to  the  biggest  of  the  expressions: 


Aj«-max|  — tyift  |«uiax(l—  cos/).  <<<j. 

max|  Jdntf— t}dx  |**max|coc(f  —  /j)  — cos/|,  />/„ 


max 


where  t.  =  c^x. 

Now  we  will  consider  elastoplastic  small  deformations.  In  one¬ 
sided  iynamic  process  (expansion  or  compression)  the  dependency  x  =  F(7) 
allows  us  to  express  the  Integral  included  in  (2.5),  through  w.  Pre¬ 
senting  F(y)  in  the  form  x  =  G7[l  -  to(7)],  we  obtain: 


2j*~-  “  J~^Y=20(1  — a*) -20  J*>(y)dy. 


Designating, 


Y.“  —  .  Y» 


JtZLgfl  ^ 

*  ,  <  ' 

fain— 


(2.8) 


we  convert  the  dynamic  equation  (2.5)  to  form 


(yMy 


(2.9) 


'“■T 


This  quasi-linear  differential  equation  has  a  small  parameter, 
inasmuch  as  function  to  <  1.  Therefore,  the  solution  can  be  found  by 
the  method  of  small  parameter,  for  which  it  is  possible  to  take  s 
Here  we  examine  the  monotonous  solution  w,  either  increasing  or 
diminishing  in  time.  Therefore,  following  the  method  of  elastic 
solutions,  for  the  first  approximation  we  must  take  the  solution  of 
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elastic  problem  (2.6).  The  second  approximation  is  also  obtained  by 
the  formula  (2.6),  if  in  it  p(t)  is  replaced  by 


where 


and 


P(0  +  2c?  J  «(Y)<fY. 


Y*.  ~  Y-.«* 


- - — —  f  P(*j»n  l fa*#  —  x)]dx. 

Ctxf+la—  J 


(2.10) 


Thus,  in  the  second  approximation  we  obtain: 

•“ - — r~  f  f  PW+2t»  \  •»  (Y)  1  S«V  (/  -  *)1  dZ 

whT  i  1  J  J 


(2.11) 


TWt» 


Let  us  examine  large  plastic  deformation .  If  f^essure  p(t )  - 
=  Pa  -  depends  only  on  the  volume  of  the  cylinder's  cavity,  i.e., 
p  =  p(R),  then  equation  (2.3)  has  the  energy  integral,  and  is  linear 


with  respect  to  •£— : 


'  'J  '  ■ 


2 


(2.12) 


Disregarding  elastic  deformations  and  material  strengthening,  i.e., 

a 

assume  that  t  =  -  =  t  ,  we  write  the  integral  of  equation  (2.12) 

/J  s 

from  the  condition  of  energy  conservation.  The  internal  pressure  p_, 

b 

necessary  for  surmounting  plastic  resistance  of  material,  in  this  case 
is  equal  to 


'‘=7f*4 


(2.13) 


Thus,  part  of  the  effective  pressure  p(R),  which  will  increase  the 
kinetic  energy  of  the  cylinder,  will  be  equal  to  p(R)  -  p  (R).  The 

S 
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corresponding  work  will  be 


7f 1,1  *!■]***•  (2.i4) 

The  kinetic  energy  of  a  cylinder  on  the  basis  of  (2.2)  will  be  written 
thus: 

T *=  *pjl if/dr  in .  (2.15) 

From  the  law  of  conservation  of  energy  we  have: 

T-T9  +  A.  (2*16) 

where  TQ  is  the  initial  kinetic  eneiyv  of  the  cylinder 

ln-t.  (2.17) 

The  rate  of  expansion  of  the  cylinders  internal  surface  from  (2.16) 
is  found  in  the  form  of  function  of  radius  R: 


(2.18) 


If  TQ  =  0(vq  5=5  °)and  pressure  p  decreases  with  the  expansion  of 
the  cavity,  so  that  beginning  with  certain  R  the  expression  in  brackets 
under  integral  (2.14)  becomes  negative,  the  rate  v  will  have  the  maxi¬ 
mum  vm«  Designating  with  R^R^)  the  radius,  with  which  the  maximum 
rate  is  attained,  we  obtain  the  relationship  between  vm  and  Rm  from 
equation  (2.12),  in  which  we  must  assume  that 


*(*)■ 

Radius  Rm  is  found  from  equation 


(2.1°) 


4 

[  1 

4R 

k 

(R  "  RJ- 


(2.20) 


Let  us  consider  the  particular  case  of  compression  of  the  cylinder 
cavity  at  the  expense  of  initial  kinetic  energy  Tq.  Assuming  that 
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in  (2.14)  p  =  0,  we  find: 


Vf  [* 1x1  *ln  £+(**-«* 


^  2 . 21 ) 


The  movement  according  to  (2.16)  will  cease  with  the  R,  determined 

from  condition  +  A  =  0.  We  find  the  least  kinetic  energy  T  ,  when 

o  cr 

the  cavity  will  be  closed.  Passing  to  limit  R  -*■  0,  we  obtain: 

[kp  =  cr  =  critical]  ln£  +  (6*-fl*)ln-£] . 

and  the  corresponding  initial  sate  will  be  found  from  equation 

*4*  _  T„ 

*  1^' 


(2.22) 


(2.23) 


When  TQ  >  Tcr  the  cavity  will  be  slammed  closed  with  the  speed,  which 
with  R  0  tends  toward  infinity: 


T,-T, 


*p 


*P  In 


(t) 


(2.24) 


§  3.  Action  of  a  Moving  Load  on  a  Cylinder 
It  is  possible  to  give  an  estimate  of  the  dynamics  factor  with 
a  mobile  load,  on  the  basis  of  the  theory  of  oscillations  of  a  cylin¬ 
drical  shell  [41], 

We  give  the  equation  of  radial  oscillations  of  the  cylindrical 
shell: 


dP  At*  T\ 


HD 


P  \  Pm 


* 


2xR  )  dx* 
yp 


HP 


(3.1) 


Here:  h  is  thickness  of  wall,  R  is  radius,  D  ~ 


Eh' 


-g-  is  cylindri- 


12(1  -  v  ) 

cal  rigidity,  P  is  constant  axial  stretching  force,  p  is  internal 
pressure . 
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Let  us  examine  forced  oscillations  of  the  cylinder  under  the 
action  of  constant  pressure  p  and  annular  pressure  Q  =  qc,  moving  with 


Pig.  20. 


constant  speed  v  along  the  cylinder  to 
the  right;  where  we  shall  assume  thvt 
pressure  on  the  right  of  Q  is  equal  to 
zero  (Fig.  20). 

The  stationary  solution,  constant  in 
axes,  moving  together  with  the  load  is  of 


interest.  Let  us  assume  that  the  origin  cf  coordinates  is  at  the 
point  of  application  of  annular  pressure  Q.  We  examine,  consequently, 
the  solution  of  equation  (3.1),  depending  on  the  difference 


l-JT -Vt, 


(3.2) 


then 


jL-  i. 

€  *  dr 


and  therefore,  (3.1)  assumes  the  form 

£»v  +  (*,+J£--£_y  + 


11(1  -*)D  „ 

—  w  **  p —  —  —  ■  . 

*»**  H  2%R»  ’ 


(3.3) 


where  a  stroke  signifies  the  derivative  with  respect  to  £.  From  the 
comparison  of  the  first  and  last  component  of  the  right  side  (3.3) 
it  is  clear  that  the  characteristic  size  of  the  region  of  variation 
of  deformations  will  be  of  the  order  of 


{'T(i— '  (3.^) 

and  therefore,  in  the  order  of  values,  the  equation  (3.3)  has  the  form 

The  ratio  of  the  second  component  to  the  first  and  third  is  determined 


by  values 


^TT 


M>  9 

*•  p 


P  9 

a  *r  p 
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With  very  large  rates  v  the  first  ratio  may  be  large,  and  therefore, 
it  cannot  be  disregarded.  The  second  ratio  equals 


t  fr  * 

*  “  R  * 


i.e.,  the  corresponding  term  in  (3.3)  can  be  disregarded  with  an  error 


not  exceeding  ^  as  compared  with  unity.  The  third  ratio  is  equal  to 
[cp  =  av  =  average]  **!>  “  j5£’‘T*r*1  —  **>  * 

p 

where  (°^)av  =  is  the  average  stretching  stress  from  axial  force 

P;  the  ratio  shown  is  a  minute  value,  and  the  corresponding  component 
in  parentheses  (3.3)  can  be  disregarded. 

Thus,  the  dynamic  equation  (3.3)  has  the  following  approximate 


form: 


*  P  f. 


(3.5) 


We  introduce  new  designations,  simplifying  the  formulation  of  the 
problem,  namely,  the  dimensionless  coordinate: 

4  _ 

i  vm  ' 

the  static  sag  of  shell  according  to  the  zero-moment  theory 


(5.6) 


and  dynamics  parameter: 


[ct  =  st  =  static]  b,<t==*4 (5-7) 

and  dynamics  parameter: 

»  =  =V3(1-.')  -j- (7-)*.  (3.8) 

Yt- 

where  c  is  the  transonic  speed  in  material.  Prom  (3.5)  we  obtain: 

-jjSr  +  h  +  4®  *=  4®eT-  (5.9) 

Since  w  t  is  a  function,  which  has  a  break  in  one  point  x  =  0,  then, 
dividing  the  region  into  intervals  x  <  0  and  x  >  0,  we  will  obtain  for 


x  <  0  w  s  wgt.  The  general  solution  in  the  form  e ^  leads  to  the 
characteristic  equation 


having  roots: 


Am-— *t±k 
h-VT= i.  i-^TTi. 


(3.10) 


The  sag  w  for  the  left-hand  part  of  cylinder  x  <  0  has  the  form 
[Ji  =  1  =  left]  +  +  (3.11) 


and  for  the  right-hand  part  (x  >  0) 

[n  =  r  =  right]  »-«fe  +  «-*(4ica*:  +  B,slnsr.).  (3.12) 


where  A,  B  are  arbitrary  constants  and 


(3.13) 


Conditions  of  conjugation  of  solutions  in  cross-section  x  =  0 
require  a  continuity  of  sag,  and  angle  of  inclination  of  generator,  a 

j  w 

bending  moment  and  intersecting  force  N  =  -jp  which  in  cross  section 
x  =  0  should  have  a  break  by  a  value  Q,.  Designating 

;-*—*V*ir=x*S-YZ  ^ 

and  satisfying  conditions  of  conjugation,  we  find  constants  in  (3.11) 
and  (3.12): 


*— T'  +  i* 


1  ~ 


I  ~ 

x*  fc  * 


(3.15) 

From  (3.11),  (3.12)  and  (3.13)  it  is  clear  that  X  =  1  determines  the 
critical  speed  of  motion  of  the  load,  with  which  a  strong  influence  of 
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the  dynamic  load  is  possible.  Wnen  x=  1  we  obtain  from  (3.8): 


]/T=4..0*J. 


/x 

R 


seo 


(3.16) 


fr  p  a 

(the  number  is  given  for  E  =  2.1*10  kg/cm  ,  v  =  j,  pg  =  7.8). 

When  v  <  1  the  sag  at  the  expense  of  the  load  dynamics  will  be 
larger  than  with  its  static  application  (x  =  0),  and  therefore,  we 
can  determine  the  dynamics  factor  as  the  ratio  of  maximum  sag  w max 
when  x  >  0  to  the  maximum  sag  when  X  =  0: 


h 


(3-17) 


where  w  is  determined  for  the  left-hand  part  of  the  cylinder,  i.e., 
max 

by  the  formula  (3.11).  Point  £  <  0,  in  which  sag  is  the  biggest, 

max 


dw 

is  determined  from  the  condition  —  =0  which  gives 


/L±i 


VT=x- 


f 

ip 


(3.18) 


Let  us  examine  the  first  example,  when  annular  pressure  Q  spreads 
at  the  rate  v,  so  that  p  =  0,  q  /  0.  The  maximum  dynamic  sag  will  be 


At 


»VT=T  ’ 


and  therefore,  the  dynamics  factor  is  equal  to  kd  = 


We  consider  the  second  example,  when  the  axial  force  and  annular 

load  are  absent  (P  =  Q,  =  0,  q  =  0)  and  only  the  internal  pressure  is 

active.  The  biggest  sag  is  obtained  in  point  £  <  0,  for  which 

max 


so  that,  if  we  designate 

4-<A-.rctg 
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then  for  the  maximum  sag  we  obtain  the  expression 


and  therefore,  the  dynamics  factor 


(5-19) 


„  (j.2o) 

The  dynamics  factor  of  the  annular  pressure  turns  out  to  be  signi¬ 
ficantly  larger  than  the  dynamics  factor  of  internal  pressure.  For 
instance,  when  x  =  0.45  we  have  Kd~  =  1.35,  Kd~  =  1.035;  for  shells 
with  the  relationship  0.2  this  corresponds  to  the  load  speed 
v  ~  1200  m/sec. 


§  4.  On  the  Propagation  of  Elastic  Waves  in  a  Shell 

Of  interest  is  the  research  on  propagation  of  perturbations  in 
thin-walled  structures  in  connection  with  the  problem  of  their  dura¬ 
bility  and  rigidity.  Let  us  consider  propagation  of  elastic  waves  in 
shells . 

In  the  beginning  let  us  write  the  system  of  differential  equations 
[43]  for  symmetric  oscillations  of  the  circular  cylindrical  shell  with 
the  thickness  of  2h  and  radius  of  the  middle  surface  rQ,  which  will 
then  be  used  in  the  study  of  propagation  of  elastic  waves  in  a  shell. 

Proceeding  from  general  equations  of  the  theory  of  elasticity 
without  any  hypotheses  about  the  character  of  deformation,  on  the  basis 
of  N.  A.Kil 'chevskiy >s  [44]  algorithm,  by  excluding  from  matrix 
operators  all  displacement  functions,  with  the  exception  of  one  or 
several,  I.  T.  Selezov  constructed  generalized  differential  oscillation 


equations*  [45]: 


{«*+{*,!-{•«. -£  +b+p«,i-£-  +{■*>.—-- 

-  V*  ^ +  V*  •£■} "* +{1E“’ +1 ™  -h  + 

+ **■£; + **.  *£?}  “•={!*+ tsi  -  VK£  + 
+ «*  £} -r4  +  { « + «*•>  5?  +  «*  £  + 

+Wlt_^}^±i; 

{l-%+P«£+B+P«-£ +?**-£- 

+{|-P.-Pm£ 

-  {U + V/,1 -t*/.  ^- + 1*/.-^}^- + 

+ {IP. + P«£  -  P/.  £  +  W,  -j^r)  -^1+ 
+ {B  +  P/.I  -  P/.  -£ + p/»  -£-}  -iii. 


('4.1) 


(*.2) 


where  x  is  the  variable,  counted  off  along  the  shell  axis  wQ  and  uQ 
are  the  radial  and  axial  displacement,  q*<2  lg  the  radlal  load  on 

■X- 

internal  and  external  surfaces  of  the  shell,  ^  * s  the  axial  load  on 

the  same  surfaces,  and  a.  and  b.  are  constants,  depending  on  Poisson's 

J  J 

\ 

number  — .  Here  the  following  dimensionless  parameters  are  taken: 

u* = — .  **=a 

r*  r,  r,  f, 

,  eJ-JL. 

K*  K*  r»  f 


*With  the  accuracy  up  to  terms  of  the  order  of  . 
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Here,  as  the  author  [45]  thinks,  the  developed  method  leads  to  preser¬ 
vation  in  differential  equations  of  all  terms  up  to  a  definite  order 
of  smallness  and  presence  of  all  possible  partial  derivatives,  and 
therefore,  he  is  of  the  opinion  that  the  limits  of  applicability  of 
equations  are  determined  by  the  order  of  remaining  terms.* 

We  investigate  the  infinite  cylindrical  shell,  to  which  at  a 

*  * 
distance  x  =  0  a  concentrated  axisymmetric  momentum  Qa(t  )  is  applied, 

where  cr(t  )  is  Keaviside*s  function.  We  will  solve  the  problem,  ex¬ 
cluding  points  of  application  of  concentrated  momentum.  Then  we  arrive 
at  differential  equations  of  the  form: 


|l( — + 

+ K +  V  to + * A)  I £ + V  \aj>, + to, + oA + £  + 

+ 1  -  4i + ^  (— V*»  -  *  a + + «»A)I  + 

+ U  +m+M.+ Ul-sr- tv.  + 


+ IMV*. + «4 +M  - *M*a +  a. + M  + 


+  !*!*•  +  “*0  =  0; 


(*.3) 


-ss  +i,+W-5r  +  **£- 


(4.4) 


These  equations  are  obtained  from  (4.1)  and  (4.2),  and  terms  of  the 

■3 

order  higher  than  are  rejected. 

We  assume  in  points  of  application  of  concentrated  momentum  con¬ 
dition  of  conjugation  are  fulfilled,  which  ensue  from  general  conditions 


*The  method  needs  a  strict  mathematical  foundation. 


2G<* 


4 


of  continuity  of  displacements  and  deformations: 


(^•5) 


Three  conditions  are  satisfied  at  infinity.  Here  X  =  — 

* 

where  X  and  q  are  Lame  constants.  In  moment  t  =  0,  if  we  accept 
the  zero  initial  conditions,  such  initial  conditions  are  fulfilled, 
which  also  ensue  from  the  exact  formulation  of  the  problem: 


* 


ar* 


df» 


(4.6) 


The  solution  of  equations  (4.3)  and  (4.4)  i*1  the  Laplace  image 
space,  satisfying  conjugation  conditions  (4.5)*  conditions  at  infinity 
and  initial  conditions  (4.6),  has  the  form: 

2?  y  (X*,P)  =  y  ^*exp(— (x*  I)  _ 

_ Mi  -4-  j<,)cxp(—  n,  t  x*  I)  (4.7) 

pn,  I{bJ  -  b§)  At  +  (n|  -  n%)  A,] 

2?  m  *  ___  yi  _ . 

Pth  l(«?  -  «|)^1  +  <«*  —  «|> 

,  hMi  +  <*«)«P(-"»l**C 

«•!(*!— «>Mi  +  <«!- «|)^1  ’  (  •  ) 

where  nk(k  =1,  2,  3)  are  roots  of  characteristic  equation  Re  nk  >  0, 

m 

Ki**'P)  e-"'uh(x*,t*.)dt\ 

U$(x\p)  -  f 
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of  Laplace  transformation. 


A^  =  “  l^gg)*  ^2  is  otta:i-neci  frora  by  cyclic  permutation  of 

indices: 

-  PM? + If*. + P*,)  +  PM1! 
ft-  PMi-lft-PM+PM’lrf+IO  +  P*JA*  +  PM>,|. 


According  to  the  conversion  theorem  [46 ]  we  obtain  solution  of  the 
problem  in  the  form  of  contour  integrals: 


JP 

Iff 


y  1  r  A»eip(pt*  — . 


1  f  (4,  +  >M«p(pr-«1u«i)  ^ 


(^•9) 


2/ 


dp  + 
Ad 


I  i  r  i,(4t+^eq»<pr-<.,ix»i)  dp 


(4.10) 


§  5.  On  the  Propagation  of  the  Elastoplastic  Loading  Wave 

in  the  Shell 

Recently  we  heard  of  attempts  to  develop  the  dynamic  theory  of 
shells  for  elastoplastic  deformations,  which  considers  the  possibility 
of  large  sags  which  fact  is  important  for  the  calculation  of  structures 
and  buildings  [5]. 

Let  us  examine  the  action  of  moving  axisymmetric  load  on  free 
cylindrical  and  conical  shells. * 

Let  us  assume  that  on  the  cylindrical  free  (loose)  shell  with  a 
length  L  at  the  moment  t  =  0  an  external  pressure  begins  to  act,  which 
is  symmetric  with  respect  to  the  axis  of  rotation  and  spreading  on 
the  shell  surface  at  a  certain  rate  v,  which  may  be  either  less  or 


*The  solution  was  obtained  by  M.  P.  Galin  by  the  method  of 
characteristics . 
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larger  than  the  propagation  velocity  of  extension  and  bend  elastic 


waves  in  shell  k„c  =  |/  Let  us  also  assume  that  the  width 

f  p(l  -  v 

of  load  l  s  d>,  i.e.,  the  load,  either  is  removed  at  a  moment  t,  =  — 

L  V 

from  the  shell,  or  remains  on  it. 

When  v  <  k10  deformations  in  the  shell  will  spread  at  a  rate  k^, 
and  when  v  >  k^  the  entire  shell  behind  the  front  of  load  will  be 
deformed,  i.e.,  deformations  will  spread  at  a  rate  v.  Consequently, 
when  v  <  k^Q  it  is  necessary  to  solve  the  second  mixed  problem,  and 
when  v  >  k^  —  the  third  mixed  problem. 

Let  us  note  that  real  shells  are  usually  reinforced  on  ends  with 
sufficiently  powerful  ribs,  preventing  the  end  sections  of  the  shell 
from  turning  and  shifting  in  radial  direction,  i.e.. 


f  «*  0,  when  x  ■»  0,  Jt*=£, 

*■0,  when  x  ~  0,  jr«sl, 


(5.1) 

(5.2) 


In  the  axial  direction  shell  ends  can  have  either  a  rigid  (immobile) 
sealing 

«  =  0  (5.5) 

or  a  sliding  (mobile)  sealing 

r„-o.  (5.4) 

We  will  reproduce  briefly  the  course  of  solution  of  the  problem 
for  different  load  speeds.  In  the  case  of  subsonic  speed  oi  load 
v  \  k^Q  (Fig.  21).  On  line  x  =  k^Qt  we  have  zero  conditions:  q>  =  w  = 

=  u  =  0,  cp  =  cp,  =  w  =  w,  =  u  =  u,  =  0.  Reaching  the  opposite  edge 
of  shell  x  =  L,  the  elastic  wave  x  =  k^t  will  be  reflected  from  the 
edge.  The  reflected  wave  will  travel  in  the  opposite  direction  accord¬ 
ing  to  characteristic  dx  =  -k^dt,  separating  the  traveling  wave  region 
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(1)  from  the  reflected  wave  region  (Fig.  21);  the  initial  velocity 
reflected  wave  will  be  equal,  of  course,  to  k1Q. 


Fig.  21. 


r 


Solving  the  second  mixed  problem,  we  shall  first  determine  the 

solution  in  region  (1),  limited  by  straight  lines  x  =  k1()t,  x  =  0  and 

by  characteristic  dx  =  k^^dt,  including  boundaries  of  this  region: 

in  a  similar  manner  we  will  determine  the  region  (2),  limited  by 

straight  line  x  =  L,  characteristic  dx  =  -k^dt,  on  which  functions 

u,  w,  cp  and  their  first  derivatives  will  be  continuous,  and  by  charac- 

(3 ) 

teristic  dx  =  k'^'dt,  emanating  from  the  point  of  encounter  of  charac¬ 
teristic  dx  =  -k^dt  with  straight  line  x  =  0. 

In  the  case  of  supersonic  speed  of  load  v  >  k1Q  (Fig.  22).  Here 
the  solution  in  the  region,  limited  by  characteristics  of  the  first 
family  dx  =  ik^dt,  emanating  from  point  0  (0,  0)  (line  0M)  and  point 
L(L,  (line  LM),  will  not  depend  on  boundary  conditions  at  the  shell's 
ends,  and  in  order  to  find  it,  we  must  solve  the  Cauchy  problem  accord¬ 
ing  to  the  data  on  the  sector  of  straight  line  x  =  vt(0  g  x  §  L, 

0  5  t  5  in  the  triangle,  limited  by  this  straight  line  and 
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characteristics  OM  and  LM  (see  Fig.  22). 

From  the  analysis  of  motion  equations  of  the  cylindrical  shell 
we  see  that  with  a  load  of  constant  intensity  the  solution  of  the  Cauchy 
problem  along  straight  lines,  parallel  to  the  front  of  motion  of  load 
x  =  vt,  will  not  change.  This  circumstance  significantly  decreases  the 
laboriousness  of  calculations  in  the  solution  of  the  Cauchy  problem, 
since  it  will  be  required  to  determine  only  those  points  which  lie 
directly  on  characteristic  OM. 

For  the  beginning  of  integration  we  will  take  on  straight  line 
x  =  vt  a  point  0^,  sufficiently  close  to  point  0.  Now,  solving  the 
Cauchy  problem  according  to  data  on  the  segment  00^,  we  will  define 
point  on  characteristic  OM^  of  the  positive  direction,  of  the  first 

family.  In  point  N^  lying  on  the  intersection  of  characteristic  of 
the  first  family  of  positive  direction  emanating  from  point  0^,  with 
segment  M^N^  of  the  straight  line,  parallel  to  line  x  =  vt,  the  solu¬ 
tion  will  be  the  same,  as  for  point  M1.  Therefore,  the  next  point  Mg 
on  characteristic  OM,  as  well  as  all  the  remaining  points  on  this 
characteristic  can  be  determined  either  by  a  general  method,  solving 
the  problem  of  Gurs  according  to  data  on  characteristics  and  O^N^, 

or,  using  the  constancy  of  solution  along  segment  M^N^,  to  solve  Cauchy's 
problem  according  to  data  on  segment  M^N^.  In  both  cases  basic  initial 
points  i  and  j  will  be  identical;  however,  auxiliary  points,  lying  on 
characteristics  of  the  second  and  third  family,  will  be  different. 

The  preceding  point  (m)  sought  will  serve  as  point  i.  In  the  solution 
of  the  Gurs  problem  the  old  point  j  will  serve  as  point  l .  New  point 
j  will  be  determined  from  equations: 

Xj  —  Xt  —  *i/|  (t/  —tit, 

(/,  —  /,) 
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by  formulas: 


'/ 


X/-JTI+P  (/,  —  /,). 


(5.5) 


The  remaining  values,  characterizing  the  state  of  the  shell,  such 
as  the  displacements,  deformations  and  speeds  in  point  j  —  will  be 
the  very  same,  as  in  point  i. 

In  the  determination  of  point  m  from  the  solution  of  Cauchy's 
problem,  coordinates  of  point  j  with  the  given  interval  Ax  =  Xj  -  x^ 
are  determined  by  the  formulas: 


— JTf + A*. 


(5.6) 


Along  characteristic  LM  the  solution  is  determined  in  the  same 
manner,  as  on  characteristic  OM,  and  here  the  solution  on  characteristic 
LM  will  be  equal  to  solution  on  characteristic  OM,  but  with  the  time 
shift  by  tT  =  i.e.,  for  any  function  f  we  will  have: 

li  V 

In  the  particular  case  of  instantaneous  application  of  uniform  pres¬ 
sure  along  the  entire  length  of  the  shell  the  solution  in  the  corner 

between  characteristics  OM  and  LM  and  axis  x  in  every  given  moment  of 
* 

time  t  =  t  will  be  equal  in  all  points  of  the  segment  of  straight 
line  t  =  t  ,  enclosed  between  characteristics  OM  and  LM. 

Let  us  examine  the  problem  of  the  same  type  for  the  conical  shell. 

If  an  external  load  acts  on  the  free  conical  shell  then  the  component 
of  the  resultant  of  external  forces  appears,  directed  along  the  axis 
of  symmetry  of  the  ccne  which  will  produce  a  motion  of  the  center  of 
the  cone's  mass.  However,  until  the  entire  shell  is  deformed,  i.e., 
until  perturbations  reach  the  end  x  =  L,  it  will  not  start  to  move  as 
a  rigid  body,  and  the  center  of  mass  will  be  motionless. 
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After  the  perturbations  reach  the  edge  of  shell  x  =  L,  the  latter 
will  begin  to  shift  in  the  direction  of  the  shell’s  axis  as  a  rigid 
body,  simultaneously  having,  of  course,  the  displacement  due  to  defor¬ 
mation.  Consequently,  in  order  to  have  the  possibility  to  apply  the 
equation  to  the  shell  in  its  motion  with  respect  to  the  center  of  mass, 
it  is  necessary  to  stop  the  center  of  the  shell's  mass,  and  for  this 
purpose  we  must  apply  to  the  center  of  mass  d’Alembert's  inertia, 
equal  to  the  axial  (in  the  considered  case  —  horizontal)  component  of 
the  external  load  resultant.  d'Alembert's  force  will  act  on  every 
element  of  the  shell's  mass.  Therefore,  acceleration  of  the  center  of 
mass  (overload)  will  be  equal  to 


where  P  is  the  horizontal  component  of  the  external  load  resultant : 

A 

M  is  the  mass,  for  instance,  of  the  entire  structure.  A  portion  of 
d'Alembert's  inertia  will  act  on  the  shell  (separately),  equal  to 

(5.8) 

* 

Here  M  is  the  mass  of  the  shell.  If  no  concentrated  masses,  located 
inside  the  shell  are  connected  with  the  shell,  then  the  intensity  of 
this  load  can  be  written  in  the  form 

(5.9) 

where  S  is  the  surface  of  the  shell's  area.  Let  us  note  that  if  a 
tangent  load  will  act  on  the  cylindrical  shell  in  addition  to  the 
external  pressure,  then  the  character  of  the  shell's  motion  will  be 
similar  to  the  motion  of  the  conical  shell  just  described.  Let  us 
introduce  instead  of  s  the  variable  x  =  s  -  sQ  (sQ  is  the  distance  on 
the  generator  from  the  summit  to  intersection  with  radius  rQ),  then  for 
the  new  variable  the  boundary  conditions  with  x  =  0  and  x  =  L  for  the 


conical  shell  will  have  the  same  form  as  for  the  cylindrical  shell. 

In  solving  Cauchy’s  problem  for  determination  of  solution  on  the 
OM  characteristic  (Fig.  22)  we  no  longer  will  be  able,  in  the  case  of 
a  constant  load,  to  determine  all  values  on  this  characteristic,  not 
knowing  their  values  in  the  entire  triangle  OML,  because  the  solution 
along  straight  lines  parallel  to  line  x  =  vt,  will  no  longer  be  constant, 
since  coefficients  in  motion  equations  will  now  depend  on  s(rQ  =  s 
sin  3), 

However,  for  the  conical  shell  of  small  conicity  the  radius  of 
cross  section  rQ  will  change  little,  but  in  length,  and  therefore, 
without  any  large  error,  for  simplicity  of  calculation,  when  the  length 
of  the  shell  is  nou  very  great,  this  change  can  be  disregarded. 

i 

We  may  assume  that  in  narrow  bands  Ax  wide  which  are  adjacent  to 
characteristics  OM  and  LM,  the  solution  along  segments,  parallel  to 
line  x  =  s  -  sQ  =  vt,  will  not  change  even  with  great  conicity. 

Thus,  In  the  case  of  the  conical  shell,  on  which  a  uniform  load 
travels  with  the  speed  v  >  k^Q,  the  solution  on  characteristics  OM 
and  LM  can  be  found  with  a  great  degree  of  accuracy,  without  determing 
it  in  the  entire  triangle  OML;  where,  in  contrast  to  the  cylindrical 
shell,  in  the  actual  triangle  OML  the  solution  along  straight  lines, 
parallel  to  OL,  will  change  the  more  the  larger  the  angle  of  conicity 
of  shell  and  the  longer  the  actual  shell.  We  also  note  that  with  the 
small  conicity  of  the  shell,  when  only  external  pressure  acts  on  it, 
it  can  be  replaced  without  any  great  error  (which  essentially  simpli¬ 
fies  calculation),  by  a  load,  directed  perpendicularly  to  the  axis  of 
the  cone  (without  introducing  d'Alembert's  inertia). 

Let  us  show  an  example  of  numerical  calculation  of  a  truncated 

r0 

conical  steel  (steel  3)  shell  with  half-angle  fj  =  11°,  for  — ^  r-  136. 

p 

The  calculation  is  performed  for  external  pressure  pn  =  112  kg/cm  and 
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o 

tangential  load  p  =  22  kg/cm  ,  spreading  along  the  shell  with  the 
speed  of  10  kg/sec  in  the  direction  of  growth  of  rQ  in  a  band,  with 
the  width  l  =  200h,  where  the  tangential  load  is  directed  also  in  the 
direction  of  growth  rQ.  In  the  calculation  it  was  assumed  that  the 
material  of  the  shell  is  not  compressible. 

The  solution  was  found  on  characteristic  OM.  We  assumed  that  at 
the  distance  Ax  =  0.85h  in  the  direction  of  the  straight  line  x  =  vt 
the  state  of  the  shell  does  not  change.  Results  of  the  calculation  are 
shown  in  Fig.  23  and  Table  3. 


Fig.  23 


It  transpired  that  when  t  =  t  =  11.1 


/ 


In  section 


t r 


P(i  -  /) 


x  =  x  =  ll.lh  plastic  deformations  appear  for  the  first  time  in  the 

shell  opening.  It  was  assumed  that  sliding  stopping  is  used  on  the 

end  x  =  0.  Results  of  the  calculation  are  given  in  the  same  Fig.  23 

h 

and  Table  4,  as  referred  to  above  when  tQ  =  0.568 


1 


p(l  -  V  ) 
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deformations  in  the  stopping  were  still  elastic. 


§ 


f 


Table  3.  Change  of  Values  Along  the  Charac¬ 
teristic  of  the  First  Family  dx  =  k^di. 

Originating  from  Point  (0,  0)  and  Line 


x  -  x  =  v(t  -  t) 


Point 

rnabora 

Jt 

*  . 

• 

*as 

• 

I0«  iff 
«» 

•n 

1 

f 

a 

4 

a 

• 

7 

• 

0.0 

0 

0 

0  . 

0 

0 

0 

0 

l.l 

[Tj 

0,85 

-0,113 

[ 

0.621 

0,312 

0,457 

2.2 

l&rl 

j 

-0,231 

0,267 

1,90 

1.19 

1.17 

s.s 

2  55 

2.56 

-0,357 

-  1,05 

2.47 

1.74 

1.44 

4.4 

on 

3.40 

-0.491 

-  3.05 

3.23 

2,94 

2.25 

s.s 

4.25 

4.25 

—0,629 

-  5.92 

4,28 

4,73 

.  3,74 

6.6 

5.10 

5.10 

-0,785 

-  0.98 

5.74 

7.30 

7.7 

5.06 

5.96 

—0,926 

-  15,7 

7.79 

10,9 

9,43 

8.8 

6.80 

6.80 

-1.06 

-  23,9 

10.7 

16.0 

14.3 

o.o 

7,tt 

7.65 

-1.10 

-  35,4 

14.8 

23.1 

21,3 

0.10 

8.50 

8.50 

-1.30 

-61,7 

20.6 

33,2 

31.2 

1.11 

0.85 

0.35 

-1,37 

-  74.7 

28,8 

47,4 

45.2 

2.12 

1  Jj 

10.20 

-1,40 

-107,0 

40.4 

67,6 

65,1 

S.I2 

1  yf 

11.14 

-1.35 

-159,0 

62.1 

100,0 

97,2 

4.14 

i  j  j 

11.58 

-1.71 

-200,0 

109 

134,0 

130,0 

5.15 

12,07 

-6.72 

-287,0 

130.0 

174,0 

167,0 

6.16 

iji 

13.13 

-12.1 

-441,0 

33,3 

270,0 

241,0 

Table  4.  (Continuation  of  Table  3) 
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• 

0.1 

D 

na 

—C, 0000382 

-0,663 

Bfl 

m 

s 

0.2 

0 

0.565 

-0.000139 

-1,08 

-1,77 

1,20 

1.20 

Calculations  performed  show  that  the  deformation  of  transverse 
shift  in  its  value  is  approximately  equal  to  the  flexural  strain 
(elongation-compression  in  external  layers);  now,  the  elongation- 
compression  deformation  of  the  middle  surface  is  by  a  whole  order 
smaller  than  flexural  and  shear  deformation.  The  velocity  of  the 
elastopiastic  wave  of  the  load,  appearing  at  point  (x  ,  t  )  of  the  OM 
characteristic  at  moment  t  =  t_  will  be  approximately  equal  to  the 

S 

velocity  of  load  v.  Along  the  LM  characteristic  the  solution  is  found 

in  a  manner  analogous  to  finding  it  on  OM. 
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CHAPTER  V 


STABILITY  OF  SHELLS  WITHIN  LIMITS  OF  ELASTICITY 
§  1.  Formulation  of  Problem 

Let  us  assume  that  a  shell  is  acted  upon  by  a  load,  which  is 
increasing  in  proportion  to  certain  parameter  X;  conditions  of  fasten¬ 
ing  of  che  shell  are  such  thac  with  a  certain  X,  for  instance  X  =  1, 
a  zero  moment  state  of  strain  exists. 

In  process  of  loading  changes  in  the  forms  of  equilibrium  ol 
shell  are  possible.  For  values  of  X,  smaller  than  a  certain  XQ,  tnere 
exists  only  a  zero  moment  form  of  equilibrium  of  the  shell,  which 
corresponds  to  a  minimum  of  energy  of  the  "shell-external  forces"  sys¬ 
tem.  Further,  there  exists  a  load  to  which  corresponds  number  X^  § 

^  Xq  which  is  such  that  when  XQ  ^  X  i  X^  along  with  the  zero-moment 
form  of  equilibrium  of  the  shell  has  a  moment  forms  also,  but  che 
zero-moment  form  will  have  a  lower  energy  level  than  any  moment  form. 

Further,  we  can  mention  number  X^  z-  X^,  which  is  such  that  although 
the  zero-moment  form  of  equilibrium  of  the  shell  has  a  relative  minimum 
of  energy  when  X^  <  X  <  X^,  there  is  at  least  one  moment  form  of  equi¬ 
librium,  to  which  corresponds  a  lower  energy  level.  Finally,  when 
X  >  X2  the  zero-moment  form  of  equilibrium  of  the  shell,  in  general. 
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ceases  to  be  a  minimum  of  energy  point.* 

Such  a  change  of  the  forms  of  equilibrium  is  established  in  a 
number  of  investigations  of  the  shell  behavior  by  solving  equations 
of  nonlinear  theory  of  shells  by  approximation. 

In  deriving  [55]  of  such  equations  of  the  nonlinear  theory  of 
shell  stability  we  assume  that  curvatures  along  ox  and  oy  axes  certain 
constant  values,  which  phenomenon  exists  near  second-order  surfaces 

-i-au*  +  +  +  ey  +  J  —  0. 

Consequently,  the  nonlinear  theory  under  consideration  is  applica¬ 
ble  to  shells,  the  middle  surface  of  which  may  be  expressed  by  a 
second-order  equation. 

Let  us  direct  oz  axis  to  the  normal  to  the  middle  surface  in  the 
direction  of  the  center  of  curvature;  we  will  select  the  origin  of 
the  coordinates  in  a  point  of  the  middle  surface  of  one  of  the  angles 
of  the  rectangular  contour  of  the  panel  of  the  shell.  Let  ox  and  oy 
axes  coincide  with  directions  of  the  lines  of  the  main  curvatures  of 
the  shell.  Let  us  designate  the  thickness  of  the  shell  with  h,  its 
dimensions  along  ox  and  oy  axes  with  a  and'b  (Fig.  24). 

Let  us  assume  that  k^  =  const  is  the  curvature  of  the  shell,  which 
retains  the  constant  value  along  the  ox  axis;  k2  =  const  is  the  curva¬ 
ture,  remaining  constant  along  the  oy  axis.  We  will  designate  with 
u,  v,  w  the  displacement  of  points  of  the  middle  surface  along  ox,  oy, 
oz  axes  respectively.  Displacements  w  will  characterize  sags  of  the 


♦Expounded  here  is  a  wide-spread  point  of  view  on  the  stability  of 
shells:  in  the  author's  opinion  there  can  be  other  points  of  view.  The 
reader  will  find  a  survey  of  the  contemporary  state  of  problem  on  the 
shel1  stability  in  the  article  by  Feng  Yuan  Chien  and  Ye.  Ye.  Sekler 
"instability  of  thin  elastic  shells."  Elastic  Shells,  Foreign  Litera¬ 
ture,  1962.  Interesting  results  in  the  USSR  belong  to  the  Kazan' 
school.  See  "Nonlinear  theory  of  plates  and  shells."  Publishing 
House  of  Kazan'  University,  1962. 
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shell,  the  positive  values  of  which  currespond 
to  their  direction  toward  the  center  of  the 


curvature.  Sags  w  are  not  small  in  compari¬ 
son  with  thickness  h. 

Fig.  24.  Let  us  assume  that  further  e^  and  e^. 

are  linear  relative  deformations  in  the 
0 

middle  surface  along  ox  and  oy  axes,  eV,  is  a  relative  deformation  of 

xy 

shift,  =  hx,  =  Hy  are  the  change  of  curvature  of  a  deformed 

shell  along  ox  and  oy  axes;  x  is  the  torsion  of  the  middle  surface. 

xy 

For  components  of  deformation  of  the  middle  surface,  changes  of 
curvatures  of  a  shell  and  displacements  of  its  middle  layer  we  obtain 
the  following  approximate  relationships; 


(1.2) 


Let  us  find  deformations  e  ,  e  ,  e  for  the  layer,  located  at 

xx  yy  xy 

a  distance  z  from  the  middle  layer. 

According  to  the  hypothesis  of  straight  normals  we  can  assume 
that  for  TWnts  of  this  la>er  (Fig.  25) 


p 


(1.5) 


Since  the  thickness  of  the  shell  h  is  small  as  compared  to  the  radius 
of  the  curvature,  we  can  consider  here  and  subsequently  that  the  sag 
of  the  middle  layer  wQ  is  equal  to  the  sag  of  any  other  layer  of  the 
shell. 
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In  view  of  that  fact  that  sags  w  are  con¬ 
sidered  so  significant  that  ( and 
values  of  the  same  order  of  smallness  as 


dv0 


duo 

dx 


and  - — ,  then  (13)  can  be  rewritten  in  the  form 
oy 


and  by  analogy: 


(i.*0 


where  values  e?  .  e®,  and  e^.  are  determined  by  formulas  (1.1).  More- 
xx'  yy  xy  v  ' 

over  on  the  strength  of  the  hypothesis  of  straight  normals  e  =  e  = 

yz  zx 

=  0.  According  to  Hooke  law,  component  of  deformations  and  stresses 
are  connected  with  one  another  by  relationship: 


**.-y  I*. ‘-^"l 


(1.5) 


where  o  .  a  .  a  ,  t  .  and  r  „  are  components  of  stresses.  From 

x'  y  z'  xy'  yz  zx  c 

these  equalities  it  follows  that: 


2d 


(1.6) 


Here  v  is  Poisson’s  ratio,  E  is  the  elastic  modulus.  Introducing  here 
value  e  ,  ...  from  (1.4),  we  have: 

XX 
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*-rbK--S+-(4— £)]• 


or 


•,*=0, 


,5~rU(' 


*«• 


+ *• 


■> 


•  Ex  ..  *  1% 


(1.7) 


.where  it  is  designated  that: 


®i  *  | _ ^  (4>  t  ^*)> 

.  „  C  l-»  • 

*»  !-»•  2  ** 


(1.8) 


are  components  of  stresses  in  the  middle  layer. 

Let  us  separate  the  element  of  the  shell  by  planes,  parallel  to 
the  coordinate.  Forces,  acting  on  one  unit  of  the  width  of  the  sec¬ 
tion  of  the  element,  will  be  (Fig.  26) 


jk_ 

s 


T\  ■  J  Oj,dz,  r,«  j  9ydz,  Si  ■=  I 


k_ 

I 


A^i  *=  J  Xxgdz,  ^i“  J  M%  —  j 


'Ml 


dz.  S|-  J 


m 

sjtdz,  M%*=  J 


3/dz, 


(1.9) 


k_ 

* 


k 


A/.-  J  W/lz,  //»-  J  V*- 

"  T  » 

These  forces  are  considered  positive,  if  their  directions  coin¬ 
cide  with  the  positive  directions  of  external  normals  towards  +ox 
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■Fig.  26. 


and  +oy.  By  virtue  of  relationship 

T  —  T 

xy  “  yx* 

known  from  theory  of  elasticity,  one 
may  assume  that 


(1.10) 


Let  us  introduce  in  (19)  value  a  ,  a  .  t  from  (1.7).  We  will  obtain 

x  y  xy 

for  M^: 

ft  » 

“T  ~T 


where  D  =  ■  - ■■  . . *  is  cylindrical  rigidity.  Analogously  we  will 

12(1  -  vd) 

find  Mg  and  N.  Consequently: 


(1.11) 


H  =  —  D  (!  —  »)- 


Substituting  now  in  expressions  (1.9)  for  T^,  ...,  N^,  Ng  values 
a  ,  a  ,  ...,  t  from  (1.7),  taking  into  account  (1.8)  and  (1.1),  we 

A  O'  Whv 

have : 

*  •  * 

r‘"  +  ’’$)]*■  .f 

“735«.  +  0- 
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Introducing  here  values  e^x  and  e ^  from  (1.1),  we  will  obtain: 

T‘  - Th-V- + O' -  T^JT  [  ■ £  +  i  (x )’  --  *•- + 

Analogously  we  will  find  T2  and  S  =  =  S2» 

Thus  we  obtain  important  formulas: 

— M-WM*]. 

S«=— “  (*• +**  +  *L*L\ 

+  <»  *r  dy  )’ 


(1.12) 


which  produce  a  relationship  between  tangential  forces,  effective  in 
the  middle  layer,  and  its  displacements.  Shearing  forces  will  be 
determined  below. 

Excluding  unknown  displacements  of  the  middle  layer  uQ  and  v0 
from  equalities  (1.12),  we  can  express  forces  T^,  T2,  S  through  sags 
w. 

First  let  us  note  that  from  (1.12)  we  can  obtain  the  following 
relationships: 

r, -,r._  EH  [±+i(±J -*4 
W,-£»[A.+  ±(*.)*-M].  (1.13) 

S  ™  ^  4  i  jfrj,  jjg  \ 

t(l  +  *)  \  dy  dx  dx  dy  )  ' 


Using  these  equalities,  let  us  set  up  equation 


.But,  according  to  rules  of  differentiation 


»fi/a»yiara»o»g-i/atey  e*  *• 
j*L*\a*/J*l*  dr%  J  V**/  +  d*  dxd+' 

S[+(«rK[*£H3tf*$ra- 

V  Ac  dg  J  Ac  V  drdf  dg  dx  d+ ) 


*% 


7- 


-V 


as«4r  dy  \dxdg  )  dr«  d*  dr  dray* 


Introducing  this  into  the  preceding  equation,  we  will  obtain: 


^  (T,  -  »rj + tr,  -  »rj  -  2  o+ .)  . 


(1.14) 


.Equation  (1.14)  gives  us  the  sought  relationship  between  forces, 
effective  in  the  middle  plane  of  the  shell  and  its  sag  w. 

Introducing  the  stress  function  cp  by  formulas: 

s— C1-15* 

equation  (1.14),  after  substitution  of  values  (1.15),  will  assume  the 
form: 


where 


-VV»+*.  —  +  Y-0.  (1.16) 


vV*  =  +2-^2-+ *i, 

v  v  Y  dr4  '  dx»dy»T  a/ 


(1.17) 
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2  2 

7  V  (  )  is  a  biharmonic  Laplacian  operator. 

Now  let  us  turn  to  the  construction  of  the  equation  of  equilibrium. 

Let  us  assume  that  on  the  shell  act  the  following  load:  trans¬ 
verse  q  =  q(x,  y),  effective  normally  to  middle  surface;  compressing 
or  stretching  forces  hp(x)  and  hr(y),  applied  normally  to  the  edges 
of  the  shell;  and  shear  forces  hr,  acting  along  the  edges. 

Let  us  separate  element  hdxdy  from  the  shell  by  two  pairs  of 

mutually  perpendicular  planes,  parallel 
prior  to  the  deformation  of  the  shell, 
to  planes  xoz  and  yoz. 

Forces,  acting  on  the  edges  of  this 
element,  are  shown  in  Fig.  27. 

When  the  middle  layer  is  bent  these 
forces  turn  in  space.  Projecting  them  on  mobile  coordinate  axes  and 
rejecting  small  values  of  the  higher  order,  we  will  obtain: 

(rl+^*t)j,_r1rf»+(s,+  ^■d)sjdx-s,dx- 

-T,dx  +  fT,  +  &  dx  +  (S,  +  Q-dx'jdy-S.dn- 

-  (*+ 

(r. + 

+(r,+a#  +  r.)*(A.  +  J.**)  + 

+  (si-yfdx,St)dy±^-  + 

+  ( v +  5  d»  +'  s’)‘,*T-£tldy+(N'  +  -tdx-N')‘"l  + 

+  +  r iy  -  AT.)  dx  +  q  (x,  y)dxdy  =  0. 

Performing  reductions  in  the  first  two  equations  and  rejecting 
terms  of  the  third  order  of  smallness,  we  have: 


M tic*}**  dx)dV 

Fig.  27. 
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(1.18) 


fa  * 

*Tt  ,  *Si 

fa  * 


The  third  equation  after  opening  of  brackets  will  be 


*r-^+sr'r!^+^»t  + 

+^*t^+2S-"'t^+ 

+  £*r<*v:£b‘1*+4i!t‘tt,'»£  +  2S.it 

fa  t  fafa  fa  Sfti  J  fafa 

+  +  dydx~~  dy  +  dx  dy  + 

fa  Mt  fa  2  fafa  fa 


f  dgdx  -f  qdxdy  =  0. 


(1.19) 


Taking  into  consideration  relationship  (1.10)  and  rejecting 
values  of  this  third  order  of  smallness,  after  reductions  we  will 
obtain: 


T,i+r'^+T'i;+t’-w+s'-£l;+s'-£k+ 


+ 


*i.  + -**+,, 

fafa* 


o. 


I  iNt  ___  _  _  __  7*|  _  7*t  _  <p  &w _ ji  fa  _ 

*t  a*  -  R,  K,  ‘a«»  *aF”  (1.20) 

-2S-£=-. 

fafa 


Comparing  equation  of  moments  of  these  forces  with  respect  to 
the  ox  axis  (Fig.  28),  we  have: 


{M,  +  ^-dx)dn-Mldy  —  H,dx  +  (H,+-&i!i',jdx- 

~(N,  +  ?g<U+N,yil±.d*~0,  (1.21) 
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which,  after  simplification  and  calculation  (1.11) 


yields 

/£!&*• 

Fig.  28. 


(1.22) 


Analogously  we  will  obtain: 

=-Div». 

Relationships  (1.22)  express  equality  to  zero  of  the  main  moment  of 
all  forces,  acting  on  the  shell  element  examined.  With  the  help  of 
equalities  (1.22)  we  can  exclude  from  (1.21)  the  severing  forces 
and  N2.  For  this  we  will  introduce  and  from  (1.21)  into  (1.22). 


We  have: 


(1-23) 


Equations  (1.18)  and  (1.23)  give  us  the  sought  totality  of  funda¬ 
mental  equations  of  equilibrium.  The  right  sides  of  equations  (1.18) 

d2w  d2w 

can  be  assumed  to  be  equal  to  zero,  since  values  — *•,  — have  the 

dx  dy 

order  of  and  N.  ~  N.-,  ~  ^-*r,  then  the  right  sides  of  equations 

bd  1  V  d  a^ 


(1.18)  have  the  order  of 


h\2  h\2 


c:  oi, 

— ,  whereas  :r — ,  «r—  and  others  will 

5  dx  oy 


have  the  order 


2  2 

hw  hw 

— T>  — T* 

b  ^  a^ 


Introducing  according  to  formulas  (1.15)  the  function  of  stresses, 
we  can  easily  see  that  equations  (1.18)  will  be  identically  satisfied. 
Taking  into  consideration  expression  (1.11)  for  moments,  after  intro¬ 
duction  of  function  of  stresses,  equation  (1.23)  will  be  rewritten 
thus : 
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.cr 


-«(£+a 

+*/**!+ *ii*+**L 

T  \  ¥  At*  ^  ^  A*  '  Ac*  Ay* 


**Y 


<(•¥ 

gf  .  »f  *»  2-^-  — 


)+»-°- 


(1.24) 


At*  ¥  Ac  Ay  Ac  Ay/ 

.will  be  written  in  an  abbreviated  form  thus: 

-  A  (*l  *•  +  *2.  *•  _  g ifL.  -i*A _*  -  0 

l¥WT**¥  did,  tod,)  9  u* 

.where  V2V2(  )  is  a  biharmonic  Laplacian  operator. 

The  equation  of  equilibrium  (1.24)  is  the  second  fundamental 
equation  of  the  theory  of  flexible  sloping  shells. 

We  must  note  that  in  setting  up  fundamental  equations  (1.16)  and 
(1.24)  ox  and  oy  coordinate  axes  were  assumed  to  coincide  with  the 
main  curvatures.  In  the  more  general  case,  when  there  is  no  such 
coincidence,  equations  (1.16)  and  (1.24)  will  contain  component 


*« 


A*f 

tod, 


where  F  =  F(x,  y)  is  the  equation  of  the  middle  surface  of  the  shell. 
This  term  takes  into  account  the  influence  of  the  curvature  of  tor¬ 
sion  on  deformation  and  stressed  state  of  the  shell.  Assuming  that  in 
(1.16)  and  (1.24)  the  initial  curvatures  are  k^  =  0  and  k^  =  0,  we 
will  obtain  equations  for  plates  with  a  large  sag: 


\(  V- 

d*w 

d*t»  1 

l  \tody) 

Ajt* 

y*y*<p  mm  E 


Do*V%  -  q  -  h  f  i*  +  it  *»  _  2  *2— *L-  1  . 

'  '  v  j_  dy*  dx*  Ax*  dp  dxdy  dxdy  J 


The  problem  cn  the  bend  and  stability  of  plates  and  shells,  as 
we  can  see  from  the  preceding  facts,  is  reduced  to  integration  of  the 
system  of  consistent  nonlinear  partial  differential  equations  of  the 
fourth  order: 


(1.16) 

1W--*(**0  +  *'0)- 

k(*  ?==0. 

V  dtf  dx?  dx*  dtf  dxdy  dxdy  ) 

(1.25) 

The  relationship  between  forces,  acting  in  the  middle  layer, 
and  the  displacements  is  determined  by  formulas  (i.12): 


Eh 
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[is. 
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*9 

*0  +  *)V 

dp 

>  +  dx 

dx  dy) 

of  the  spherical 

shell 

(k±  =  K 

(1.26) 


and  (1.25)  will  assume  the  form: 

7  vVt  +  V® + ~  -  (~y  -  0 

<Ew  ,  d,a  n  d*f  d*m 


For  the  cylindrical  shell  (for  instance,  k^  =  0,  k2  /  0)  the 
equations  will  be  as  follows: 

XvV,+*t£  +  £0  _(_££)•  „0. 

If  signs  of  curvatures  k^  and  k2  are  different,  for  instance 
k^  >  0,  k2  <  0,  then  these  equations  can  be  used  as  fundamental 
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equations  of  the  theory  of  flexible  shells  of  negative  Gaussian  curva¬ 
ture. 

Dropping  the  nonlinear  terms  in  equations  (1.16)  and  (1.25)  we 
will  obtain  fundamental  equations  of  shells  with  small  sag: 

•j- vV»  +  ^  ^ 

-*(*.£  +*.0)-«=o, 

to  which  the  linear  technical  theory  of  shells  is  reduced. 

If  in  the  classical  theory  bends  of  plates  are  usually  prescribed 
by  two  boundary  conditions  with  respect  to  w  on  edges,  then  in  the 
nonlinear  theory  these  conditions  are  already  insufficient.  In  addi¬ 
tion  to  two  conditions  about  sags  here  we  must  prescribe  two  more  con¬ 
ditions  on  every  edge  with  respect  to  the  function  <p. 

Instead  of  boundary  conditions  relative  to  <p  we  can  prescribe 
displacements  u  and  v,  which  are  connected  with  w  and  9  by  conditions 

(1.26).  In  the  nonlinear  theory  of  bending 
of  plates  concepts  of  hinged  support,  rigid 
clamping,  and  others  require  a  somewhat  more 
precise  definition.  For  instance,  diagrams 
of  fastening  of  edges  (Fig.  29)  in  the  linear 
theory  correspond  to  the  idea  of  hinged  fastening  of  edges.  However, 
working  conditions  of  these  plates  with  large  sags  will  be  different. 
Boundary  conditions  of  diagram  (a)  can  be  recorded  thus.  Sag  w  and 
moment  on  edges  x  =  const  turn  Into  zero: 

.-0.  *.— *>(£+.£)- 0. 

where,  by  virtue  of  the  first  of  these  boundary  conditions,  the  second 
one  will  turn  into  a  simpler 


a) 


Jr 


c) 


Fig.  29. 
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Furthermore,  since  no  external  forces  are  applied  on  the  contour 


then  normal  and  tangent  forces  on  the  edges  are  equal  to  zero: 

•.--£=0,  ,  =  -£-=0. 

•r  dxdf 

In  diagram  (b)  nothing  can  be  said  beforehand  about  forces  on 

edges,  but  about  displacements  one  may 
assume  that  they  turn  into  zero  on  the 
edges . 


-V& 


Fig.  30. 


Consequently,  boundary  conditions  for  fastening  of  edges  according 
to  diagram  (b)  will  be  written  thus: 


0,  u  «=  v  =  0. 


These  conditions  indicate  the  fact  that  the  geometry  of  the  shell' 
edges  when  it  is  bent  remains  the  same  and  they  are  not  displaced. 

In  the  third  case  (c)  of  fastening  of  edges  the  boundary  condi¬ 
tions  will  be: 

const,  0  =  const. 


which  expresses  the  fact  of  displacement  of  the  panel's  edges  during 
deformation  of  the  shell  parallel  to  themselves. 

Combinations  of  these  methods  of  hinged  fastening  are  also  pos¬ 
sible  . 

We  can  reason  analogously  also  in  the  case  of  clamped  edges  (Fig. 

30). 

Boundary  conditions,  corresponding  to  the  diagram  (c),  can  be 
written  thus: 


w  — -  *=  0, 

dx 

0  -  =  0,  t  — -?L_ 

d/  dx  dy 


0, 
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and  boundary  conditions  of  diagram  (d)  will  be 

At 

In  the  first  case  (c)  upon  deformation  of  plates  the  edges  are 
warped.  In  the  second  (d)  the  edges  remain  rectilinear  and  are  not 
displaced. 

In  the  linear  theory  there  is  no  necessity  for  such  distinction 
and  diagrams  (c)  and  (d)  can  be  considered  equivalent. 

In  the  case,  when  on  plate  edges  displacements  u  and  v  are  pre¬ 
scribed  after  integration  of  fundamental  equations  (1.16)  and  (1.25) 
according  to  the  function  found  <p  and  w  we  should  set  up  general 
expressions  of  displacements  u  and  v,  which  we  should  then  subordinate 
to  the  prescribed  boundary  conditions  on  the  edges.  Other  conditions 
are  not  considered  here. 
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§  2.  Panel  of  a  Flexible  Sloping  Shell 
Let  us  examine  problems  on  the  bend  and  stability  of  panels  of 
flexible  sloping  shells  (geometric  nonlinearity). 

The  term  flexible  is  applied  to  such  shells,  for  which  sag  is 
comparable  with  their  thickness.  For  that  we  take  into  consideration 
geometric  nonlinearity,  expressing  the  deformation  through  displace¬ 
ments  in  the  middle  surface  by  relationships  (1.1)  of  this  chapter, 
i.e.,  in  the  series  for  components  of  deformation  we  retain  terms  of 
the  second  order  of  smallness  with  respect  to  sags  w(x,  y).  The 
problem  may  be  reduced  to  integration  of  a  system  of  two  nonlinear 
equations  (1.16)  and  (1.25): 


df  \  dxdy  ) 


r  siw»- *  (*,£+*,£)- 


■*($£  + 


«  *t  Q 

W  dtf  dxdy  dxdy  ) 


(2.1) 


(2.2) 


.under  corresponding  boundary  conditions. 

The  majority  of  problems  of  the  nonlinear  theory  of  elastic  shells 
is  solved  by  approximation  methods,  while,  in  view  of  their  complexity, 
we  usually  limit  ourselves  to  a  solution  in  series  in  the  first  approx- 
mation.  We  can  acquaint  ourselves  with  many  solutions  in  books  by 
A.  S.  Vol'mir[4]  and  Kh.  M.  Mushtari  and  K.  Z.  Galimov  [47].  Usually 
we  apply  Ritz  and  Bubnov-Galerkin  methods. 

Let  us  give  here  the  solution  of  problems  on  the  bend  and  stabil¬ 
ity  of  a  flexible  sloping  shell,  constructed  by  M.  A.  Koltunov  in  the 
first  [48]  and  higher  approximations  [49]  by  the  Bubnov-Galerkin 
method. 

Solutions  of  such  problems  present  an  interest  from  the  point  of 
view  of  possibility  of  establishment  of  a  region  of  instability  of 
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shells.  The  linear  theory  of  shells  enables  us  . -  establish  only  the 
upper  boundary  of  this  region.  Experiments  show  that  values  of  cal¬ 
culated  critical  stresses  do  not  coincide  with  experimental  values  and 
exceed  them  significantly. 

Examination  of  the  problem  on  the  bend  and  stability  of  shells 
in  the  light  of  the  nonlinear  theory  enables  us  to  foresee  the  behavior 
of  the  shell  after  loss  of  stability  and  to  establish  not  only  the 
upper  boundary  of  the  region  of  instability,  corresponding  to  critical 
stresses,  obtained  by  the  linear  theory,  but  its  lower  bound  also. 

Let  us  present  certain  considerations  of  s.  general  character 
about  the  solution  of  problems  of  this  type.  Let  us  assume  that  to 
the  shell,  which  is  somehow  secured  on  hard  piecewise  smooth  frame,  we 
apply  an  arbitrary  transverse  load  q(x,  y)  and  compressing  or  stretch¬ 
ing  stresses  normal  to  edges,  the  components  of  which  along  oy  and  ox 
axes  will  be  p(x)  and  r(y).  It  is  required  to  determine  the  relation¬ 
ship  between  external  forces  acting  on  the  shell  and  its  sags,  not 
considering  the  latter  to  be  small.  For  the  solution  of  this  problem 
it  is  necessary  to  integrate  equations  (2.1)  and  (2.2).  In  view  of 
the  fact  that  methods  of  exact  integration  of  these  equations  so  far 
have  not  been  found,  we  will  look  for  their  approximate  solutions  in 
the  form  of  series: 

f  -  Yy,*..  P.  W  v.  (If)  -  •  M  - 1  Gr)|, 

« 

.  m  * 

— yy.i~x.MM 

m  m 

where  A _  and  f _  are  unknown  constants,  but  functions  Ufx),  V  (y), 

Xm(x),  Y  (y)  are  selected  beforehand  in  such  a  way,  as  to  satisfy  all 
static  and  geometric  contour  conditions. 
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Applying  the  Bubnov-Galerkin  method,  we  will  enter  these  expres¬ 
sions  for  <p  and  w  in  equations  (2.1)  and  (2.2),  then,  multiplying  in 
accordance  with  their  physical  sense  the  first  one  by  the  variation 
of  function  of  <p,  and  the  second  one  by  the  variation  of  function  of 
w  and  taking  into  consideration  the  independence  of  variations  of 
parameters  SA^  among  themselves  and  variations  of  parameters  6f 
among  themselves,  we  will  integrate  the  expressions  obtained  with 
respect  to  region,  limited  by  the  contour  cf  the  shell.  From  the 
system  of  nonlinear  algebraic  equations  obtained  we  will  find  unknown 
parameters  Amv,  and  f _ . 

The  feasibility  of  application  of  the  Bubnov-Galerkin  method  to 
operators  $  and  W  was  studied  in  the  works  of  I.  I.  Vorovich  [50]  and 
other  authors.  The  same  subject  is  related  in  [51 3*  where  the  proof, 
proposed  by  A.  R.  Rzhanitskiy  is  adduced. 

According  to  the  physical  sense,  continuity  equations  of  deforma¬ 
tions  (2.1)  and  equilibrium  (2.2)  must  tolerate  one  solution  each  and 
be  the  conditions  of  extremum  of  a  certain  function  Q(w,  cp).  Let  us 
assume  that  such  a  functional  exists.  Necessary  conditions  of  extremum 
of  functional  Q(w,  <p)  with  respect  to  w  and  <p: 

*»<?  {w,  f )  —  0,  ifQ  (w,  <p)  =  0, 

must  coincide  with  equations  (2.2)  and  (2.1)  i.e., 

V?  (W,  ? )  “  o  (w,  f ),  3.Q  (®.  <p)  =  r  (w,  <p). 

Modifying  these  equalities,  we  will  obtain: 

>•  IV?  (».  ?)i  -  iw’  ?)•  K  l3*Q  (».  qp)l  -  (».  f  )• 

Subtracting  one  equality  from  the  other,  we  will  obtain  the  necessary 
condition  with  which  equations  $  =  0  and  W  =  0  are  conditions  of 
extremum  of  functional  Q. 
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W®.  ?)-*»*  (*.?). 

It  Is  not  difficult  to  verify  that  for  equations  (2.1)  and  (2.2)  this 
equality  is  fulfilled. 

Indeed,  Euler's  equation  gives  for  the  first  one  of  them: 


:  dt  — 

d  f  dtp 

\  *  , 

1  J. 

9 

dm 

dx  {dm. 

)  *  ( 

1  T 

dx* 

\**x*/  + 

,  * 
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T  * 

d*df  \ 

k  ) 

dad  4 

dx *df  ' 

.Analogously  we  will  obtain: 


I  *  (  _  Q  *  d*m 

d+  \  **  /  J  D  dsCdf 


Consequently,  this  equality  is  fulfilled  with  an  accuracy  up  to  a 

r. 

constant  factor.  Multiplying  (2.1)  by  we  will  obtain  the  exact 
fulfillment  of  the  condition  of  applicability  of  the  Bubnov-Galerkin 
method  to  the  solution  of  nonlinear  problems  of  elastic  shells. 

Let  us  examine  the  solution  of  the  problem  in  the  first  approxi¬ 
mation.  We  will  assume  that  functions  U(x),  ...,  Y(y)  are  selected 
so  that  all  boundary  conditions  are  satisfied.  We  will  write  the 
solution  in  the  following  form: 

f  =  /l[t/(x)V(y)-0(x)-).(y)|,  (2.3) 

(2.4) 


.where  functions  9(x)  and  X(y)  are  selected  so  that 

Setting  up  the  Bubnob-Galerkin  equation: 


it*"-  V,  X.  V.  A,  /.  p,  r)UVdxdy  =  0, 
SWK  V,  X,  Y,  A.  /,  P.  r,  q)XY  dxdy  =  0, 


(2.5) 
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where  (G)  is  the  region,  limited  by  the  contour  of  the  shell,  and 
integrating,  we  will  obtain: 


-  AM,  +  AM.+  D/l,  -  A(U,  +  Afhl,  - 1„  -  0. 


(2.6) 

(2.7) 


Here  1^  are  constants,  depending  on  the  dimensions  of  the  shell, 
its  curvature,  external  forces,  and  boundary  conditions,  and  are 
determined  by  the  following  formulas: 


/,  -  jj  (U“V  +  2t/T"  +  UV™)UVdxdy, 


'S 


|0iv  +  itv)UVdxdy, 


/,  =  jj  (ktX'Y  +  tiXY")  UV  dx  dy. 

/4  =  Jj  (X*YXY*  -  XflY'*)UV  dxdy. 

/,  -=  +  kJJV)XY  dxdy, 

/,  _  +  kl\*)XYdxdy. 

/,  -  jlj  (X"Y  +  2X"Y"  +  XY™)XYdxdy. 

/,  --  ((/V'XT  +  WVXY”  -  2 WV'X'Y')  XY  dx  dy, 

/,  =  (X'X'T  +  rXK")  XYdxdy, 
hi  -  y)*7  dxdy. 


(2.8) 


Calculating  these  integrals  for  either  form  of  fastening  of 
edges  and  prescribed  loads  and  then  introducing  them  in  equations 
(2.6)  and  (2.7),  we  will  obtain  a  solution  of  the  problem  posed. 
Determining  from  (2.6)  the  value 

A=-£n*±m±  (2.9) 

and  introducing  it  in  equation  (2.7),  we  will  obtain: 


Sol 


1  »  :  -V* 


a— 


/*.  -  m-  iu-h-tu + //.).  (2.10) 

Equality  (2.10)  yields  the  sought  relationship  between  the  load 
and  the  sag  in  the  center  of  the  shell.  Subsequently  we  will  term 
equality  (2.10)  the  general  solution  in  the  first  approximation  of 
nonlinear  problem  of  bend  of  sloping  shells  under  any  conditions  of 
fastening  of  their  edges  on  piecewise-smooth  contour  and  under  any 
loads,  prescribed  on  its  edges  and  acting  in  the  normal  sense  toward 
its  middle  surface. 

For  the  case  of  a  plane  plate  the  equation  (2.10)  will  assume 
the  form 


which  gives  us  the  solution  for  compressed-bent  plates  of  finite 
rigidity. 

Let  us  adduce  the  solution  of  the  problem  in  the  case  of  hinged 


*  «* 


Fig.  31. 


fastening  of  edges  of  the  shelx  panel, 
having  in  its  plan  the  shape  of  a  quadrangle. 

Let  us  assume  that  the  shell  is  sub¬ 
jected  to  the  action  of  an  arbitrary  lat¬ 
eral  load  q(x,  y)  and  stresses  applied  to 
the  edges  of  stresses,  distributed  along 
the  edges  according  to  the  linear  law 
(Fig.  31).  The  solution  should  satisfy 
the  following  boundary  conditions: 


W  "*  ”dr*  “  wh*n  *  *B  0,  x  «  a; 

u,=si£r“0-  v-0'  y^b’ 


(2.12) 
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(2.12  continued) 


.where 


wh»  X  —  0,  X  —  a. 


f) 


flxdy 


=  0,  w»xn  ff  =  0,  y'  =  b. 


Here  we  examine  a  shell  with  Gaussian  curvature  r  =  k^k^,  which 
is  positive,  negative,  or  equal  to  zero. 

As  approximating  factors  we  will  select  fundamental  beam  functions: 


U (x)  *=  sin ,  K(y)  =  sin-9L. 
X{x)  =  sin  ,  K (jf)  =  sin  ~~  , 


(2.13) 


corresponding  to  the  fundamental  tone  of  oscillations  of  a  beam  hinge- 
secured  on  its  ends. 

Thus,  solutions  (2.3)  and  (2.4)  will  be  written  in  this  manner: 

f  ^[sin-y-sin-^ — 6(x)  —  X(y)J,  (2.14) 

w  =  /sin-y-sin-3L.  (2.15) 

.Here 


(2.16) 


Calculations,  performed  by  S.  P.  Timoshenko  [52],  showed  that 
in  plate  the  stresses  from  compression  predominate  over  stresses  from 
bending,  i.e.,  if  coefficients  £  and  q  do  not  exceed  the  value  of  2/3, 
then  the  expression  (2.15)  reflects  with  sufficient  accuracy  the  bent 
surface  of  the  plate.  Therefore,  let  us  construct  our  solution 
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«; .. 


2  2 

applicably  to  values  £  £  q  $  For  £  and  tj,  exceeding  these  values, 

we  must  use  a  large  number  of  terms  of  the  approximating  series. 

It  is  not  difficult  to  be  reassured  by  direct  verification  that 
in  the  selection  of  functions  cp  and  w  in  formula  (2.14)  and  (2.15) 
all  boundary  conditions  (2.12)  are  fulfilled  exactly,  except  for  the 
value  of  tangent  forces,  acting  on  the  edges,  which  turns  into  zero 
on  the  “average,"  i.e., 

(2.i7) 

[cp  =  av  =  average] 


on  edges  y  =  0,  y  =  b.  We  will  have  the  same  on  edges  x  =  0  and  x  =  a. 
Consequently,  in  the  problem  we  assumed  the  presence  of  tangent  forces 
on  the  edges  of  the  shell,  which  fact  has  practical  significance. 

The  diagram  of  loading  of  edges  by  forces  t,  p(x)  r(y),  and 
q(x,  y)  is  presented  in  Fig.  31. 

Determining  derivatives  (2.13)  and  introducing  them  in  integrands 
(2.8),  after  integration  and  calculations  we  will  obtain  the  following 
values  of  integrals  1^: 


/,  -  0, 

'• - t(*'T  +  *'t)' 

'-*-5- 


iab 


/  (  *  ,  «  \«  I 


I  _  8  r» 

*  ~ Tib  ’ 


(2.18) 
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*•  f  ft 


-o&t  +  1  -0.5)*]  , 


»  m 

/|#=  ^sin-y-si 


-^an^-dxdv. 

•  ft 


(2.18  continued) 


.Introducing  the  obtained  values  of  1^  in  (2.9),  we  will  obtain: 

A  =  3EHk,+  +  ft»ft*)-l6£/»  (  2  19  ) 

'  -(f+fy  ' 


The  general  solution  (2.10)  after  substitution  there  of  values 
from  (2.18)  and  performance  of  calculations  will  assume  the  following 


form 


«; — £-iv>;o  -  o.5i) + v;<i  -owi + 

+ K(i  -o*j +p;a  -o58j:  =  |-2(l3^  (y + 7)^ + 

1  (*t  j  *i)*  r _  I6(»i  +  *i)  r|  1 _ 512  ri 

-«)■'  -(-t)' 


(2.20) 


[JI  ■=  a  =  any] 

*  4ab 

Here  we  introduce  dimensionless  parameters:  q„  =  —75 — r  Iin  is 

a  tt  E  h1  1U 

the  parameter  of  any  transverse  load. 

In  the  particular  case  of  an  evenly-distributed  load: 

5-yV.  ***•  *—£■ 


ro  " 


-?5-  are  parameters  of  compressing  forces,  x^  = 


f  b 

are  parameters  of  curvature;  £  =  ^  is  the  relative  sag;  7  =  —  is  the 
relation  of  sides  of  the  contour,  close  to  a  unity. 

In  th^se  designations  expression  (2.19)  will  be  written  thus: 


A*  3E(»,  +  t,K-16EC« 

'  -0+ty  ' 


(2.21) 


where 


Formula  (2.20)  yields  the  sought  relationship  between  the  trans¬ 
verse  load  q(x,  y),  compressing  stresses,  and  the  sag  in  the  center 
of  the  shell,  secured  on  a  rectangular  contour. 

In  the  case  of  a  rectangular  plane  plate  the  general  solution 
(2.11)  after  introduction  of  values  1^  from  (2.18)  into  it  will  assume 
the  following  form: 


«; + K(  i  -  o  + p;<i  -  o.5*m  - 


U(l 


c*. 


(2.22) 


The  value  of  parameter  A*  for  the  plate  will  be 


16 £? 


Now  let  us  investigate  the  stability  of  a  panel  of  a  cylindrical 
shell. 

Let  us  assume  that  on  the  edge  of  the  shell,  which  has  the  shape 
of  a  cylindrical  panel,  act  only  compressing  stresses  r(y)  =  r0(l  - 
-  tj  ^),  directed  along  the  generator  (Fig.  32).  In  this  case 

o. 


Formulas  (2.21)  and  (2.20)  will  turn  into  the  following: 

A*  =  3^~  l6^-1 


+ f )'c + ^71).  • 


(2.24) 


16%, 


■P  + 


512 


(-t)‘ 


236 


Assuming  that  £  /  0,  i.e.,  examining  the  panel  after  the  loss  of 


stability,  we  will  obtain: 


f#“  12(1  —  I  — 0,5f,  + 


*1 


SI2 


I 


-O+t) 

Ifa 


I  V  1  —  0.5^ 


c*  + 


(2.25) 


l 


-(-t)*  K-f) 


I  \t  I—  0.51* 


In  the  case  of  a  square  panel  (7  =  1),  compressed  by  an  evenly- 
distributed  load  (q  =  0),  we  will  obtain  from  formula  (2.25): 


r\~ 


-  +J2.c.+_i_jh.c. 


3(1  -*•)  9s*  '  4s* 

This  formula  of  M.  A.  Koltunov  differs  little  from  the  result 
obtained  by  A.  S.Vol'mir  [4]: 

I  Ox, 


(2.26) 


*  +-?(•  +  < 


•  3(1  —  ^  » 


4s*  3s* 


(2.26») 


which  is  obtained  on  the  assumption  of  the  free  slipping  of  contour 
points  of  the  shell  along  the  contour. 

In  the  interval  of  sags  0  £  £  £  4  formula 
(2,26)  gives  a  somewhat  smaller  load  for  the 
achievement  of  the  same  sag,  than  formula 
(2.26'). 

Graphs  of  curves  (2.26)  and  (2.26')  are 
drawn  in  Fig.  J>J>.  Assuming  that  in  (2.25)  C  = 
we  will  obtain  the  value  of  the  critical  stress: 


12(1 


A 


I 


[B  =  u  =  upper] 


(2.27) 
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Fig.  32. 


-Fig.  33. 


which,  when  q  =  0,  coincides  accurately  with 

the  known  S.  P.  Timoshenko’s  formula. 

* 

Value  ru  is  termed  the  upper  critical 
stress.  For  the  determination  of  the  lower 
critical  stress  from  equation 


we  find  the  parameter  of  the  relative  sag 


(2.28) 


which  corresponds  to  the  minimum  value  of  the  compressing  load.  Intro¬ 
ducing  (2.28)  into  (2.25),  we  will  obtain  the  parameter  of  the  lower 
critical  stress: 


(2.29) 


(2.30) 


which  is  somewhat  less  than  A.  S.  Vol’mir’s  result: 


«»  /  200 

3(1 -v*)  ^  9r« 


Permissible  loads  must  be  selected  in  such  a  manner  that  the 
safety  factor  would  be  assured  with  respect  to  the  lower  critical 
stress.  With  such  a  selection  of  critical  stresses  we  remove  the 


possibility  of  appearance  of  flapping  of  the  panel  in  the  process  of 
operation  of  the  thin-walled  structure. 

In  formula  (2.25)  the  plus  sign  of  the  parameter  of  sag  corre¬ 
sponds  to  the  sag  in  the  direction  of  the  center  of  curvature,  the 
minus  sign  —  to  the  sag  directed  from  the  center  of  curvature.  From 
equation  (2.26)  it  is  clear  that  upon  the  loss  of  stability  the  sag  of 
the  shell  should  be  directed  toward  the  center  of  the  curvature,  since 
the  increase  of  the  dip  of  the  sag  in  the  opposite  direction  is  con¬ 
nected  with  a  rapid  increase  of  the  compressing  load.  In  Fig.  53  are 
the  graphs  of  r*(£).  Formulas  (2.26)  for  7  =  0.4;  1.0  and  1.5  as 
applied  to  cylindrical  panels  with  the  parameter  of  curvature  =  12 
and  for  plane  plates  with  that  ratio  of  sides,  with  q  =  2/3. 

Upon  examination  of  these  graphs  we  can  see  that  in  plates,  after 
the  loss  of  stability,  the  growth  of  the  sag  is  connected  with  the 
increase  of  the  load. 

For  shells  we  have  a  somewhat  more  complicated  picture.  The 

least  increase  of  the  upper  critical  stress  (when  £  =  0)  is  connected 

with  a  very  rapid  increase  of  the  sag,  which  is  accompanied,  after 

the  loss  of  stability,  by  a  decrease  of  applied  external  load.  An 

abrupt  sag  obtains  the  value  ^  /  0,  to  which  corresponds  a  load, 

* 

equal  in  size  to  value  r  .  The  curvature  of  the  shell  meanwhile  will 

u 

change  its  sign.  Thus,  we  have  here  the  phenomenon  of  flapping.  Thus, 

for  instance,  a  shell  with  parameters  of  curvature  x2  =  12;  7  =  3/2 

* 

and  q  =  2/3  after  achieving  the  upper  critical  stress  ru  =  6.364  + 

-f  4.662  =  11. 03  loses  stability,  and  the  sag  abruptly  attains  the 
value  =  3.68,  corresponding  to  point  C  of  the  curve.  Further 
growth  of  sag  is  connected  with  an  increase  of  the  load.  In  the 
interval  0  §  £  §  3.68  there  exists  a  point  £q  =  9/64,  x2  =  1.692,  to 


which  corresponds  the  minimum  "load"  r^  =  4.91  (point  F  of  the  curve). 
Deflection  of  sag  in  any  direction  from  value  is  connected  with  an 
increase  of  the  compressing  load.  The  region,  limited  by  horizontals 
3C  and  GF,  is  termed  the  region  of  instability  of  the  shell.  Its 
upper  and  lower  boundaries  correspond  to  the  upper  and  lower  critical 
stresses . 

Let  us  note  that  in  the  case  of  the  plate  (wg  =  0)  the  critical 
stress,  obtained  from  (2.25)  and  (when  £  =  0): 

~  m(i-a(T  +  t)  i-o.5n  ’ 

[ni  =  pi  =  plate;  Kp  =  cr  =  critical] 


coincides  exactly  with  the  known  formula  of  S.  P.  Timoshenko. 

Let  us  consider  a  shell  of  any  Gaussian  curvature  under  the  action 
of  an  arbitrary  transverse  load. 

Let  us  assume  that  no  external  forces  are  applied  to  the  edges 

-K-  -K- 

of  the  shell.  Then,  assuming  that  pQ  =  rQ  =  0,  from  formula  (2.20) 
we  will  obtain: 


,.rKri+_* 

A  « A  /  l  .  Ik  *  * 


+  **)* 


12(1  ->*) 


(-t)’  . 


c- 


(2.31) 
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16(»,  +  *i)  c.  . 


c». 


This  relationship  yields  the  relationship  between  any  transverse 

load  q(x,  y)  and  sag  f  =  £h  in  the  center  of 
shell,  supported  by  a  rigid  contour  with 
a  rectangular  plan  (Fig.  34). 

In  the  particular  case  of  an  evenly- 
distributed  load  q  =  const 


(*•52) 


1  f  »*<n  -S-  sin  ■^-didy  - 

•  • 


4 

"TT 

and  formula  (2.31)  upon  multiplication  of  both  parts  by  - *•,  will 

I07 

assume  the  form 


<'*±J 

192(1  — v*) 


C-f 


**  K  •+ 
i6(i  + in* 


gl(x,  +  rj  32s»  ,, 

(I  + 1*)*  9(1+  l*)1  V‘ 


(2.33) 


For  linear  load  q(x. 


q0> 


and  solution  (2.30 


in  this  case  will  be 


*(i+JLY 

\  1»7  r  I 

96(1-^)  T>  6(1+ tV 

>«M«i  +  *«)  ..  64k»  „ 

d  +  lV  9(1 +tV  \* 


(2.3*0 


Formulas  (2.31),  (2.33),  (2.3*0  are  true  for  shells  of  any 
Gaussian  curvature  r  =  k^k^. 

The  shells  of  zero  Gaussian  curvature  (cylindrical  panel).  Let 
us  assume  that  on  such  a  shell  acts  a  transverse  load  q  evenly  distri¬ 
buted  on  its  convex  surface.  Assuming  in  formula  (2.33)  that  x^  =  0, 
we  will  obtain  the  solution  for  this  case: 


192(1  —  >*) 


c  + 


ch| 

16(1+  TV  C 


«»*«  r*  +  '32cl _ r* 

(l+TV  T  9(l+tV 


(2.35) 


For  a  square  panel  (7=1)  this  formula  will  assume  the  form 


— c  +  -£ii~ 2!l  <■+-*?-!» 

48  (1  —  >*)  64  4  9 


(2.36) 


Let  us  find  the  boundaries  of  the  region  of  stability  in  this 
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case.  From  equation 


„  **(l+  t)  .  .  . 

«  1*2(1-*)  T  16(1+1*  (1  +  1* 


+ 


t«=0. 


3(1+1* 

obtained  by  differentiation  of  (2.35),  we  will  establish  the  value  of 

relative  sags  £q  and  i^,  corresponding  to  the  extremum  of  the  load 
* 

parameter  q  .  Solving  the  equation,  we  will  obtain: 


32  ^  32  f  ^  2(1-*) 


(2.37) 


If  the  subradical  expression  in  (2.37)  turns  into  zero,  then 
values  and  coincide.  Consequently,  shells  with  parameters  of 
curvature 

«■(,  +  -?-)•  (2.56) 

H  KS(i-*> 

have  only  one  parameter  of  sag 

C'  =  -g-«*  (2.39) 

which  corresponds  to  the  extremum  of  the  load.  It  is  not  difficult 

to  see  that  at  point  curve  q*(C)  has  a  point  of  inflection. 

Introducing  by  turns  values  Cq  and  from  (2.37)  in  (2.35),  we 

*£  * 

will  obtain  values  of  extreme  parameters  of  load  qQ  and  q^,  which 
coincide  when  C*  =  yg  h2. 

Fig.  35  shows  graphs  of  dependencies  q(c)  in  the  case  of  the 
square  panel  (formula  2.36)  for  certain  values  of  parameters  of 

curvature  («,=0;6;  =  4r*  =-;  12\  In  Table  5  we  adduce  values  of 

V  /60=*)  J 
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Fig.  35. 


parameters  of  load  q*  for  values  of  relative 
sags  0  ^  ^  4 . 

The  shell  of  positive  Gaussian  curva¬ 
ture  .  Let  us  examine  the  behavior  of  a 
spherical  shell  (k^  =  k2),  which  is  under 
the  effect  of  an  evenly  distributed  load  q 
and  is  supported  by  a  contour  rectangular  in 
the  plan.  For  the  spherical  shell  (k^  =  k2  = 

p 

=  k)  we  have  h2  =  7  which  ensues  from  the 


ka2 

“FT5 


fact  Ka  =  — T— K0  = 


Introducing  this 


in  (2.33),  we  will  obtain  solution: 


,  **(,+  T>)  r  ,  ****  r  ***•  r. 

i - — — - —  <.  i — — —  (.  —  ,  — . 


(2.40 


192(1 ->*) 


1  +  1*  9(1+t*/» 


Values  of  parameters  ts  which  correspond  to  extreme  values  of  the 
load  parameter  q*,  will  be  determined  from  equation  =  o.  ¥e 

S 

obtain: 


Co;  l  = 


,  i  /  4+t)‘ 


(2.41) 


v/here  for  shells  with  parameter  of  curvature 


(2.42) 


point  C0  and  coincide.  Such  shells  have  only  one  extreme  value 
for  the  load  parameter  q*,  corresponding  to  the  sag  parameter: 


r>  _  0  4  l*) 

32 


In  the  case  of  a  square  panel  of  a  spherical  shell  (y  =  1) 
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formulas  (2.40)-(2.4l )  will  be  transformed  into  the  following: 


(2.45) 

<•  «*■ 

(2.44) 

(2.45) 

Introducing  values  £  from  (2.44)  and  (2.45)  in  (2.45),  we  will 
obtain  extreme  load  parameters: 


#*  *= 

**»i 

—  +  — 

’i _ 

i_l 

1/3**  ***  - 

% 

256(1  — 

v*)  256 

2  3(1 

-'■)  J 

K  •  §-* 

*  l/  f3*? 
1606  r  v  1 

2s4 

l-> 

*•  — 

*S 

± _ 

«*  1 

1  /  o,*  ^ 

"1 

256(1  — 

V*)  256 

2  3(1 

-*>  J 

r  1  1-* 

t* 

_  1  / 

2c4 

v 

1606  v  r* 

1  — ** 

(2.46) 


(2.47) 


For  the  shell  with  curvature  parameter: 


(2.48) 


which  corresponds  to  the  radius  of  curvature 


2k*  ft  A 


(2.49) 


sag  parameters  and  coincide 


1 .584.  (2.50) 

and  corresponding  extreme  value  of  the  load  parameter  will  be 

“  tfu  ~  9*  *=  238(1  —  >*)  “  341876  (  for  v  =  °*3)>  (  2 . 5  i  ) 
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or,  since  q*  =  then  q  ,  =  34.9  -ip. 

Eh  a 

Shells  of  such  type  are  threshold  cases  between  shells  and  plates. 
Their  behavior  under  load,  as  it  can  be  seen  from  Fig.  35,  is  somewhat 
different  from  the  behavior  of  plates  and  cannot  be  characterized  as 
behavior  of  a  shell,  which  has  a  curvature  parameter  larger  than  that 
given  by  formula  (2.48).  Dependency  q*(C)  for  such  shells  will  have 
the  following  form 


<‘“5S=3il-«,W!,  +  T 


•• 

«  • 


(2.52) 


In  Fig.  35  graphs  are  plotted  for  dependencies  q*(C)  for  values 
of  parameters  of  curvature  yi^  =  0;  6;  8.45,  i2  (when  v  =  0.3). 

From  the  examination  of  these  graphs  we  conclude  that: 

a)  Sags  of  plate  (h±  =  °)  increase  with  the  growth  of  the  load 
according  to  the  nonlinear  law,  which  is  expressed  by  relationship 


**  (l  1  1  V:  I  -  **  r. 

192(1-*A,+  T/  +  9(1  ftV  ” 


(2.53) 


where  in  the  case  of  a  square  panel  one  should  consider  7=1. 

b)  Sags  of  shells  with  extremely  small  curvature  (h^  <  8.45)  also 
increase  with  the  growth  of  the  load.  However  curve  q*(£)  has  a  point 
of  inflection,  which  corresponds  to  the  change  in  the  process  of  defor¬ 
mation  of  the  sign  of  the  shell’s  curvature.  This  change  proceeds 
smoothly,  without  sharp  increases  of  sags,  when  the  load  is  increased 
slowly.  In  this  case  parameters  and  q*,  corresponding  to  the  point 
of  inflection,  will  be 


C'  =  1,125;  ?*  =  24,76. 


c)  Sags  of  shell  with  a  curvature  parameter  (2.48)  increase 
slowly  with  the  increase  of  load  to  a  certain  limit  (2.51).  Upon 


245 


***** 


attaining  value  £ 1  =  1.584,  the  sags  begin  to  increase  smoothly  but 
rapidly  in  a  certain  interval  even  with  an  insignificant  increase  of 
the  load.  In  point  =  1.584  there  exists  a  state  of  neutral  equili¬ 
brium.  Further  growth  of  sags  of  sucn  a  shell,  which  has  already 
changed  the  sign  of  the  curvature,  is  related  to  a  rapid  increase  of 
the  load. 

d)  Sags  of  a  shell  with  curvature  parameter  n ^  >  8.45  (here  on 

the  curve  of  Fig.  55  =  12)  increase  slowly  with  the  increase  of 

the  load  to  a  value  =  1.35*  which  corresponds  to  the  upper  critical 
* 

stress  qb  =  63.3  (  see  formula  (2.46)).  After  attaining  value  the 
growth  of  the  sag  can  continue  even  with  a  decrease  of  load  parameter 
q*.  This  indicates  the  fact  that  in  point  B  of  curve  q*(£),  i.e., 
when  £q  =  1.53*  the  form  of  equilibrium  of  the  shell  becomes  unstable, 
and  the  shell  bulges. 

Upon  the  least  increase  of  load  q^  =  65.3  sag  C  jumps  from  value 
Cq  to  value  On  the  graph  this  new  form  of  equilibrium  is  marked 

by  point  C.  This  form  is  stable,  and  a  further  increase  of  load  is 
accompanied  by  a  gradual  increase  of  sag  of  the  shell,  the  sign  of 
curvature  of  which  has  already  changed.  This  is  the  phenomenon  of 
snapping  of  the  shell.  If  beginning  with  point  C  we  will  decrease 
the  load,  then  the  sag  of  the  shell  will  gradually  decrease  to  a  value 
of  £  =  3.17  (q*  =  35.75).  In  this  case  "load"  q*  =  35.75  will  no 
longer  be  sufficient  to  preserve  the  center  of  the  downward  curvature 
and  the  shelj.  snaps  upwards  to  the  position,  marked  on  the  graph  by 
point  N.  Thus,  for  spherical  shells  with  curvature  parameter  > 

>  8.45,  supported  on  a  contour  which  is  square  in  the  plan,  there 
exists  a  region,  limited  in  Fig.  35  (for  =  12)  by  dotted  lines 
BC  and  MN,  inside  which  the  shell  has  two  forms  of  equilibrium.  This 


region  gradually  narrows  with  the  decrease  of  curvature  parameter  x^. 

-If- 

When  x^  =  8.45  line  BC  and  MN  merge,  and  when  q  =34.9  we  have  a 
neutral  equilibrium.  When  x^  <  8.45  only  one  form  of  equilibrium  will 
be  possible.  In  Table  5  we  adduce  values  of  parameters  of  load  q*  for 
0  £  £  £  4  in  the  case  of  loading  of  a  square  panel  of  a  spherical 
shell  by  an  evenly  distributed  load.  It  is  easy  to  note  that  these 
graphs  for  the  spherical  panel  coincide  with  graphs  for  the  cylindrical 
panel,  the  curvature  parameter  of  which  is  twice  as  large  as  curvature 
parameters  of  the  spherical  square  panel. 

Let  us  investigate  compressed  bent  sloping  shells  of  negative 
Gaussian  curvature. 

Let  us  examine  a  shell  with  Gaussian  curvature  F  =  k^k^  <  0,  to 

the  edges  of  which  compressing  stresses  p(x)  =  r, 
are  applied,  and  an  evenly  distributed  load 
q(x,  y)  =  q  acts  normally  to  the  middle  surface. 
.Fig.  36.  To  be  specific  we  will  assume  k^  >  0,  k_2  <  0 

(Fig.  36)  while  we  assume  that  |  k^  |  £  |k2j  which 

in  dimensionless  parameter  can  be  written  thus:  7  |x,J  5  | xi ^ !  . 

Let  us  assume  that 

=  *T*X1»  "here  6  =  <0.  (2.54) 

*1 


We  will  introduce  (2.54)  into  (2.20).  Taking  into  consideration  that 

■tf- 

rQ  =  f;  =  -r]  =  0  we  will  obtain: 


W  + 


g*  _ 
I67»  Po  ~ 


««*»(!  +&7»)»  _  K»x,(l  32nt 

16(1  +  T*JF  (1+flP  '  +  9(1+T*>» 


(2.95) 


If  the  transverse  load  is  absent  (q*  =  0),  then  we  will  have  a  case 

* 

of  compression  of  shell  "by  stress"  pQ,  the  dependence  of  which  on 
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Table  5.  Values  of  Load  q,  Parameters. 


0 

0 

302,00 

357,90 

419,65 

453, 18 

488,55 

565,03 

649,51 

12 

6 

103,04 

125,77 

152,87 

168,19 

184,76 

221.86 

254.60 

4r* 

VI 

2r.« 

V  6  (1  —  >*) 

59,730 

71,650 

87,364 

96.528 

106,70 

130,28 

158,53 

24 

12 

36,421 

35,76! 

37,101 

38,643 

40,862 

47,466 

57.334 

sags  £  will  have  the  form  (we  assume  that  f  f  0) 


-  •  »<»-*•  -G+tT 


(2.56) 


c*  + 
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0+t)‘  -(-f)’ 
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In  the  case  square  panel  of  a  pseudosphere,  for  which  one  should 
assume  that  7=1;  6  =  -1,  formula  (2.5 6)  will  be  converted  into  the 
following: 


+  C+-^C» 

P*  ^  ««  3(1  -*•)  ^  9c* 


or 


rt-Jlvr— 

'V-  *«V*  3(1-**) 


9** 


(2.57) 


If  compressing  stresses  are  absent  (pQ  =  0),  then  from  (2.55)  we 
will  obtain: 


.  K'  +  t)  ,  .  -Mff  +  W 

9  192(1-**)  +  16 (I  -f-  1*JF 

_  «H,(I  +t7*).,  32c*  c, 

(l+Y*/*  »(I  +TV 


(2.58) 


For  the  square  panel  of  the  pseudosphere  (7=1,  5  =  -1)  from  (2.58) 
we  have: 


48(1-**)  9 


(2.59) 


Formula  (2.59)  represents  a  dependency  between  load  and  sag  in 
the  center  of  a  square  plate  (see  2.55).  Consequently,  the  square 
panel  of  the  pseudosphere  loaded  only  with  a  transverse  load,  behaves 
as  a  square  plate,  independently  of  values  of  the  shell  curvatures. 

Getting  up  derivative  of  function  (2.58)  and  equating  it  to  zero, 

we  will  obtain  the  equation,  from  which  we  will  find  the  following 
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values  of  relative  sags,  corresponding  to  the  extreme  parameters  of 
the  load: 


(2.60) 


These  points  coincide  for  shells  with  parameters  of  curvature: 


*.(1+»T*)  = 


(~f) 


(2.61) 


From  examination  of  formulas  (2.55),  (2.56)  and  (2.57)  it  follows 
that  shells  of  negative  Gaussian  curvature,  as  well  as  shells  of 

K 

positive  Gaussian  curvatures,  subjected  to  compression  by  forces 
applied  to  their  edges,  do  not  have  a  region  of  stable  equilibrium. 

This  is  explained  by  the  presence  of  a  curvature  of  the  shell  in 
the  direction  of  the  action  of  external  forces.  In  the  presence  of 
compressing  forces  a  stable  initial  state  of  a  shell  can  be  assured 
by  application  of  an  appreciable  transverse  load.  Some  information 
on  the  shell  of  negative  Gaussian  curvature  can  be  obtained  in  the 
book  by  V.  Flyugge  [55]. 

Let  us  make  certain  comments  on  classification  of  shells.  Such 
terms  encountered  in  literature  as:  sloping  shell  and  weakly  distorted 
plate  are  sometimes  treated  as  having  the  same  meaning.  The  above 
examined  behavior  of  shells,  subjected  to  the  action  of  a  transverse 
load,  enables  us  to  establish  the  difference  between  concepts  of 
weakly  distorted  plates  and  sloping  shells.  Let  us  find  points  Cq 
and  corresponding  to  extreme  values  of  an  arbitrary  transverse 
load  q*  Proceeding  from  formula  (2.51),  let  us  construct  equation 

Cl 


* 

ciq 

d^ 


=  0,  and  then  find  the  roots  of  the  quadratic  equation  obtained. 


We  have 


Cm  =  ~(*i  +  **)  ± 


32  r  '  1  ^  2(1-^ 


(2.62) 


Equating  the  subradical  expression  to  zero,  we  will  obtain  the 
sum  of  parameters  of  curvatures 


*t  +  *t  = 


±j1 

K6(I  —  >*) 


(2.63) 


for  those  shells,  point  and  for  which  coincide.  It  is  easy  to 
see  that  formulas  (2.38),  (2.42),  (2.48)  and  (2.6l)  are  particular 
cases  of  formula  (2.63).  We  saw  that  for  shells  with  parameters  of 
curvature,  given  by  these  formulas,  only  one  form  of  equilibrium  is 
possible,  and  dependency  q *(£)  is  a  monotonously  increasing  function 
without  decrease  intervals.  If,  however,  the  sum  of  parameters  of  curva¬ 
tures  +  n,-,  is  larger  than  the  right  side  of  (2.63),  then  function 
q*(C)  has  the  decrease  interval  of  "load”  q*  in  a  certain  interval  of 
change  £  and  such  shells  pop.  In  connection  with  this  it  is  possible 
to  classify  shells  according  to  their  work  under  load. 

1.  Shells,  in  which  every  curvature  is  equal  to  zero,  are  clas¬ 
sified  as  plates.  Their  behavior  under  load  is  characterized  by  a 
monotonously  increasing  curve. 

2.  Shells,  in  which  the  sum  of  parameters  of  main  curvatures 


.  +.  <  "K)* 

*i  +  *i  V  — r====±=r—  . 


should  be  related  to  the  class  of  weakly  distorted  plates.  Their 
behavior  under  load  is  characterized  by  a  monotonously  increasing 
curve,  with  a  point  of  inflection,  where  curve  q*(f3)  changes  the  sign 
of  its  curvature.  The  sign  of  equality  pertains  to  shells  which  are 
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on  the  borderline  between  weakly  curved  plates  and  sloping  shells. 
3.  Shells,  in  which  the  sum  of  parameters  of  main  curvatures 


*»  +  *•> 


should  be  called  sloping  shells,  if  at  the  moment  of  loss  of  stability 
on  the  boundaries  of  the  region  of  instability  no  plastic  deformation 
will  appear. 

And  finally,  a  few  general  considerations  concerning  the  problem 
of  the  accuracy  of  approximate  solutions.  The  answer  to  the  question, 
how  close  to  the  truth  are  approximate  solutions,  can  be  obtained 
either  by  means  of  comparison  with  data  from  experiment,  if  they  are 
set  up  with  a  sufficient  precision,  or  by  means  of  comparison  with 
exact  solutions,  or,  finally,  by  means  of  theoretical  research  of  con¬ 
vergence,  where  we  must  also  show  the  practical  convergence  of  the 
solution  if  it  is  constructed  by  methods  of  approximation  in  series. 

Exact  solutions  of  similar  problems,  in  view  of  their  complexity, 
are  unknown.  An  exact  solution  in  series  for  flexible  round  plates 
was  obtained  by  Way  [54],  and  also  by  M.  S.  Komishin  and  Kh.  M. 
Mushtari  [47]  for  the  circular  cylindrical  panel  under  the  action  of 
external  normal  pressure. 

Let  us  analyze  the  solution  of  M.  A.  Koltunov  [49]  for  the  problem 
about  the  bend  and  stability  of  rectangular  panels  or  sloping  flexible 
shells  (Fig.  37)  by  the  Bubnov-Galerkin  method  in  high  approximations. 
The  problem  of  convergence  of  the  method  for  such  problems  was  studied 
by  Kh.  M.  Mushtari  [47]  and  I.  I.  Vorovich  [50],  from  whose  works  it 
follows  that  solution  of  the  problem  in  series  by  this  method  should 
be  convergent.  Let  us  construct  a  solution  of  the  problem  about  the 
bend  of  a  sloping  shell,  taking  one,  two,  three  and  four  terms  of 
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Fig.  37. 


series  which  are  approximating  the  functions 
of  the  sag  and  stresses. 

Let  us  assume  that  boundary  conditions 
of  hinged  fastening  of  edges  are  the  following: 


w  =  — ==  0 

a* 


(x  =  0,  x  =  a). 


w^~-=0  (y  =  0,  y  =  b). 

sfc-°  (x=°'x=fl)- 

".-S--0-  '—£k-0 

-As  approximating  functions  let  us  select  the  following: 


w  —  ftsin  —  sin  , 

f  —  iljSin  —sin  . 

41  • 


in  solving  the  problem  in  the  "first"  approximation; 


(2.64) 


w  =  /,sin~- sin  -y*  +  /jsin^rin-^-, 
f  =  A,  sin  Jin  -3L  +  A,  *5£  sin 

.for  the  "second"  approximation; 

.  .  u  .  |  .  .  3kx  .  3xy  .  .  .  8«  .  foy 

w  =  /.  sin  —  sin  -r-  +  ft an - 510  — r2-  +  /*an - *n  ~T"  • 

«  I  a  I  m  o 

f  =  ^sin  — sin-— -  +  /5*sin  -^-sin-^-+i4tsin-^  sin 

a  b  a  o  at 

.in  solving  the  problem  in  the  "third"  approximation; 

.  =  /,  sin  SL  in  -*  +  /.sin  -SJ-  sin  +  I,  sin  !2  sin  ^  + 

0  I  a  i  i  v 


*» 


+  /fsin-^-sin-^- 


<p  =  sin  —  sin  —  +  A ,  sin  sin  ——  +  >4»sin  sin  + 

’  1  «  J  a  »  #  » 

-f  At  sin  sin 

41  f 
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for  solving  the  problem  in  the  "fourth"  approximation. 

Such  set  of  functions  is  selected  for  the  purpose  of  more  fully 
satisfying  the  operating  conditions  of  a  shell  hinge-secured  on  all 
the  edges  under  the  action  of  a  load  evenly  distributed  on  its  convex 
surface.  (Here  a  symmetric  snapping  is  assumed.)  Approaching  the 
solution  of  the  problem  on  a  more  strict  basis,  in  [55]  equations  are 
built  for  the  full  system  of  approximating  functions.  However,  in  the 
case  of  symmetric  snapping  of  a  sloping  shell  examined,  the  terms  of 
the  series  of  the  type: 

rin  (m^n) 

m  fr 


do  not  have  an  appreciable  influence  on  the  solution,  which  is  confirmed 
by  subsequent  research  by  M.  A.  Koltunov. 

It  is  not  difficult  to  see  that  these  functions  satisfy  all 
boundary  conditions,  where  the  last  one  is  executed  on  the  "average" 


dx  =0. 


Setting  up  the  Bubnov-Galerkin  operation: 


Wlwdvi  — 


0. 


we  will  obtain  a  system  of  algebraic  nonlinear  equations. 

Let  us  give  here  only  the  last  system,  when  the  problem  was  solved 
in  the  "fourth"  approximation: 


45 


*lx1 


±rx  4- j  200  *  • 

21  +  35  3  21  V,_i65  a  ,+ 


*00  ,  MO?  - 


0. 


2500  , 

- xl  — 

99  6 


(2.65) 
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M8  2S00, 
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Let  us  note  that  coefficients  with  squares  of  unknowns  can  be 
obtained  from  the  general  expression 
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?  ? 

where  i  is  index  p(pu).  n  is  index  with  x  (x^),  but  with  products 
xnxm  they  do  not  depend  on  the  order  of  indices.  Here  v/e  introduce 

■^li  b 

dimensionless  parameters:  (3.  =  is  the  stress  parameter  7  =  —  is 


the  relationship  of  sides  x^  =  -pp-  is  the  sag  parameter,  a ^  =  -—p- — 

kpb2  aa2b2 

a2  =  — Fi —  are  Parameters  of  niain  curvatures;  and  ^ —  is  the 

parameter  of  the  evenly  distributed  load. 

Resolutions  of  systems  of  equations  of  type  (2.64)  for  all  four 
approximations  in  the  form  of  graphs  of  load-sag  relationship  are 
shown  in  Figs.  38,  39  j  and  4o.  Solutions  are  obtained  on  the  "Stre 
electronic  computer. 

On  all  graphs  the  load-sag  curves  are  built  for  the  first  (q,,  ), 
second  (q2),  third  (q^)  and  fourth  (q^ )  approximations .  In  Table  6 
we  give  the  values  of  loads  q  for  sags  x^  and  difference  between 
values  of  parameters  of  loads  in  i  and  j  approximations. 


X3X5X7  for  a  shall  with  ftj  ♦  Oj  ■ 


5 


Values  X3X5X7  for  shell  with  *4*2  * 

Fig.  39. 


Value s  XjX^X-j  far  shell  with  ■  36 

Fig.  40. 


while,  as  it  is  easy  to  see  from 


/ 

If  the  difference  between  the 
first  and  second  approximations 
may  be  significant,  especially  in 
regions  of  adjoining  the  values  of 
"upper"  (qu)  and  "lower"  (q^)  criti¬ 
cal  loads,  then  the  difference 
between  the  second  and  third,  third 
and  fourth,  second  and  fourth 
approximations  is  insignificant, 
the  adduced  tables,  it  decreases  with 


the  increase  of  indices  i  and  j.  Distinctions  of  solutions  A--,,  A,,., 

dj 

A^  and  A^  are  so  small  that  almost  in  all  graphs  plotted  for  ratios 
of  sides  of  panels  1,  /?,  and  2  with  the  sum  of  parameters  of  main 
curvatures  from  0  to  60,  curves  q^,  q^,  on  significant  sections  of 
change  of  sag  merge  into  one. 


Table  6.  Comparison  of  "Load"  q^.  Obtained  in  lst-4th  Approxima 


tions  with  Difference  Apj  Between  Them  for  +a 


2 


=  36. 
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Hence  we  may  conclude,  that  the  Bubnov-Galerkin  method  for  the 
given  problem  yields  a  convergent  solution,  while  for  practical  cal¬ 
culations  it  is  quite  sufficient  to  be  limited  by  solution  in  the 
second  approximation.  In  this  case  it  is  possible  not  to  resort  to 
the  help  of  electronic  computers.  It  is  sufficient,  after  transforma¬ 
tions,  to  use  existing  tables  of  solutions  of  cubic  ec nations. 

Taking  into  consideration  the  existing  proof  of  convergence  of 
the  Bubnov-Galerkin  procedure  for  these  problems,  and  also  extremely 
small  values  (i  >  1,  j  >  1),  obtained  by  M.  A.  Koltunov,  we  can 
consider  the  solutions  practically  exact.  Let  us  note  that  M.  A. 
Koltunov  obtained  solutions  of  the  problem  on  bending  of  a  round  pincned 
plate  in  the  second  approximation  by  the  Bubnov-Galerkin  method,  which 
coincide  with  Way's  exact  solution  [54], 

In  Fig.  41  we  give  the  graph  of  dependence  of  parameters  of 
"upper"  and  "lower"  critical  loads  on  the  sum  of  parameters  of  main 
curvatures  of  shells  with  the  ratio  of  sides  y  =  /2.  We  also  give  the 
corresponding  values  of  parameters  of  the  depth  of. the  sag  of  all 
harmonics,  included  in  the  fourth  approximation,  which  makes  these 
graphs  convenient  for  calculations  of  the  stressed  state  of  shells  in 
their  critical  state.  For  calculation  of  shells  in  other  states  one 
should  use  separate  graphs  of  the  type  (38-40)  or  special  tables. 

From  type  41  graphs  it  follows  that  shells  will  pop,  if  parameters  of 
their  curvatures  will  be  larger  than  a  certain  value.  In  Fig.  4 la  it 
is  clear  that  panels  of  shells  with  the  ratio  of  sides  y  =  1  will  pop, 
if  the  sum  of  parameters  of  main  curvatures 


*i  +  = 


Aid* 


+ 


h 


>  18. 


Let  us  note  that  in  solving  problems  in  the  first  approximation  we 
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Fig.  41.  Fig.  41a. 


obtained  formula  (2.63) 

4+1)' 

which  for  7=1  yields  value  +  Kg  =  17.  Panels  of  shells  with 
7  =  ^2,  will  pop,  if  +  Kg  ^  20.4,  and  when  7=2,  x^  +  k  >  30. 

The  formula  for  the  first  approximation  gives  for  these  ratios 
of  sides  the  values,  which  differ  little  from  those  adduced  above. 

Panels  with  parameters  of  main  curvatures,  which  are  smaller 
than  those  shown,  can  be  expediently  termed  weakly-curved  plates,  but 
with  large  values,  they  should  be  termed  shells,  moreover,  if  in  the 
process  of  loss  of  stability  on  the  boundary  of  the  region  of  insta¬ 
bility  plastic  deformation  does  not  appear,  the  shell  must  e  called 
a  sloping  shell. 
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The  adduced  solution  is  true  for  shells  with  constant  Gaussian 
curvature  (cylindrical,  spherical  and  others). 

Fran  the  solution  it  is  clear  that  the  first  approximation  gives 
an  exaggerated  value  of  "upper"  and  decreased  value  of  "lower"  criti¬ 
cal  loads.  One  may  also  see  that  with  the  increase  of  the  ratio  of 
sides  of  panel  the  rigidity  of  the  shell  decreases. 

Thus,  the  first  two  approximations  gi re  a  practically  accurate 
solution.  The  analysis  of  calculations  showed  that  the  subsequent 
third  and  fourth  approximations  do  not  ir-roduce  essential  corrections 
either  in  the  magnitude  of  sags  or  in  the  magnitude  of  critical  loads. 

Let  us  examine  now  the  results  of  M.  A.  Koltunov»s  solution  on 
the  stability  of  the  panel  of  a  cylindrical  rigid  sloping  shell,  sub¬ 
jected  to  compression  along  [56].  Approximating  functions  were  selected 
3\l  the  form  of  the  sum  of  two,  three  and  four  terms  of  the  double 
trigonometric  series,  satisfying  conditions  of  hinged  fastening  of 
edges,  Bubnov-Galerkin's  procedure  was  applied  and  the  systems  of  non¬ 
linear  algebraic  equations  obtained  were  computed  by  the  method  of 
iterations  on  a  "Strela"  electronic  computer  in  the  Calculation  Center 
of  Moscow  State  University. 

Results  of  calculations  are  obtained  in  the  form  of  tables,  which 
are  transfered  to  graphs  (load-sag),  a  portion  of  which  is  adduced 
here. 

Let  us  examine,  for  instance,  the  graph  in  Fig.  42,  plotted  for 
cylindrical  panels  with  the  ratio  of  sides  7=1  and  the  sum  of  main 

k  a2  .  kpb2 

curvatures  +  h2  =  ^ ^ —  equal  to  0,  6,  12,  18,  24,  52.  Thin 

lines  are  used  for  plotting  graphs  of  the  ratio  of  parameter  of  sag 

x,.  =  r  (f  is  the  depth  of  sag)  to  the  load  parameter  r*  =  fn  the 

n  Ehd 
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Fig.  42. 


solution  of  the  problem  in  the  first  approximation,  when  as  approximat¬ 
ing  for  sag  w  and  function  of  stresses  cp  we  selected  one  term  of  the 
double  trigonometric  series.  The  load-sag  relationship  in  this  case 
has  the  form 
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k2b2 

Here  h2  =  — ^ —  —  the  parameter  of  the  curvature. 

The  results  of  the  solution  of  the  problem  in  higher  app  foxima- 
tions  (two,  three  and  four  terms  of  the  serie  )  in  view  of  their  small 
distinction  from  each  other  are  plotted  in  a  single  (thick)  line, 
which  prior  to  values  of  the  lower  r^  of  the  critical  f cress  lies 
below  the  curve  of  the  first  approximation,  and  in  the  stage  following 
buckling  lies  above  the  curve. 

It  is  clear  that  solution  of  the  problem  in  higher  approximations 
increases  the  value  of  the  lower  critical  load;  here  the  distinction 
between  solutions  in  the  fourth  approximation  and  those  in  the  third, 
and  of  those  of  the  third  from  those  of  the  second  is  insignif lean : 
as  one  may  see  also  from  Table  7  given  here,  where  for  certain  sags 
(x^  =  0.2,  1.0,  2.0)  we  '  Lve  values  of  parameters  of  load  r^  (i  =  1, 

2,  3,  4),  obtained  in  various  approximations,  and  the  difference  between 
r.  -  r. 

them  Ajy  =  -  100$.  It  is  clear  that  if  A^  sometimes  attains 

significant  values  of  the  order  of  50$,  then  A^,  A^  and  A^  will 
not  exceed  0.5$  anywhere.  This  indicates  the  convergence  of  the 
Bubnov-Galerkin  process  for  similar  nonlinear  problems. 

Analytical  load-sags  dependencies  for  solutions  of  problems  in 
higher  approximations  are  not  given  here  in  view  of  their  cumbersome¬ 
ness  . 

It  is  easier  to  use  graphs  and  tables.  In  Pig.  42a  and  Table  8 
we  give  solutions  for  cylindrical  panels  with  the  side  ratio  7=2. 

We  will  now  examine  the  results  of  solution  by  M.  A.  Koltunov  of 
the  problem,  on  determination  of  normals,  tangents,  and  Intensify  of 
stresses  in  the  middle  surface  of  a  flexible  sloping  shell,  using  the 
same  selection  of  approximating  functions  [57].  Normal  and  tangential 
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Fig.  42a. 


stresses  in  the  middle  surface  of  a  flexible  sloping  shell  are  calcu 
lated  by  the  formulas  (1.15)  and  have  the  following  form: 

_ ^ j 


-m—  —  /  *  ' 

*  dp  Li  Li  b*  mm  a  * 

m  n 


mnf 


(m  ~  1,  3,  5,  7;  i»-l,  3,  5.  7). 

.The  intensity  of  stresses  is  determined  by  formula 


.Using  the  former  designations,  we  have: 

Au  =  QiEh*, 
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Table  7.  Values  of  Load  and  Error  Parameters  with  Various  Approxi 
mations  to  the  Solution  for  7  =  1. 
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3.012 

3,012 

B'H'. 'XV 

0.00% 

0.00% 

0,00% 

0.1. 

Hll 

2,642 

2,642 

2.16% 

0.00% 

0.00% 

0.00% 

0.2 

27,01 

26.98 

26,97 

26,97 

O.IlM 

0.037m 

0.00m 

0.037% 

32 

1.0 

18,01 

17,61 

17,6! 

17,61 

2.22m 

0.00% 

0.00% 

0.00% 

2.0 

9,349 

8,835 

8,836 

8,836 

5.50% 

0.01  M 

0,00% 

0.01% 

o.l. 

0,3183 

0.7160 

0.7125 

0,7125 

0.96m 

0.56M 

0.00M 

0,56m 

t 


Table  8.  Values  of  Load  and  Error  Parameters  with  Various  Appioxi- 
mations  to  the  Solution  for  y  -  2. 


•.  +«1 

*1 

r. 

ft 

ft 

A„ 

Am 

Aft! 

Am 

0,2 

5,643 

■fSI: 

■ISff 

5,643 

fry* 

mm 

0,00% 

wm 

■v 

1.0 

6.571 

6,672 

0,015% 

0.00% 

0,00m 

0.00% 

2.0 

9,348 

Wmm 

Mem 

9,312 

0,00m 

0.2 

5,958 

5,958 

5,958 

5,958 

IMH 

wm 

0,00m 

mm 

n 

1.0 

3,598 

5,602 

BHmxtB 

0,00% 

0.00% 

0 

2,0 

6,808 

6,813 

6,813 

6,813 

■  XVirB 

I'nVfiB 

0.00M 

0,00m 

0.1. 

5,578 

5,580 

5,580 

5.580 

HU 

wm 

0,00m 

mm 

• 

0.2 

7,397 

7,397 

7,397 

7,397 

0,00% 

RMti 

0,00% 

r.00% 

12 

1.0 

5,792 

5,795 

5,796 

5,795 

0,05m 

wmm 

0,00m 

0.00M 

5,447 

5,464 

5.464 

5,464 

0,31  M 

I'XvIS 

0,00% 

o.oom 

0.1. 

5,364 

5,375 

6,375 

5,375 

0,22% 

UyH 

0,00% 

o.oom 

0,2 

13,77 

13,77 

J3.77 

13,777 

0,00% 

0,00m 

0,00m 

0.00% 

24 

1.0 

9,683 

9,667 

9,667 

9,667 

0.I6M 

0,00% 

0,00% 

0.00% 

6,225 

6,216 

6,216 

6,216 

0,14m 

0,00% 

0,00% 

0.00% 

1 

4,482 

4,545 

4,545 

4,545 

1,40% 

0,00% 

0,00% 

0.00% 

0.2 

20,62 

20,62 

20,62 

20,62 

0,00% 

0.00% 

0,00m 

0,00% 

32 

1.0 

14,87 

14,82 

14,82 

14,82 

0,33% 

0,00% 

0,00% 

0.00% 

9.337 

9,256 

9,256 

0,87  H 

0,00m 

0.00m 

O.OOM 

• 

0.1. 

3,533 

3,706 

3,706 

3,706 

4.90% 

0,00% 

0,00% 

0,00m 
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where 


<  1 

r  «i  +  ■»  t  *  Jt\ 

-I 

:-t) 

r 

i  *  H  * 

In  solving  the  problem  in  the  first  approximation  we  will  obtain: 

*•  *x 


i-SLUn^L- 


rin-H-dn-^ 

m  8 


In  the  second  approximation  — 


.where 


81** 


^  {9<*  +  *r  |  8  j  W  r  i  iajI 

^  +  XyLT~*  +  T'!  Ig1** +  '^J- 


and  the  formula  for  calculation  of  normal  stresses  will  assume  the  form 


o y>~-4 


u 


sin— sin —  sin  — sin-^* 

*  a  8  *  •  b 


-9*^> 


_ i _ r  jfo* + iiL  x%  u.  -L  * . 

(i+x)-L  « 

+  ISLtJ  ldn  ^-dn~ . 


648 


35 


*i* »  + 


..Here 


* 


Similar  formulas  will  be  obtained  upon  solution  of  the  problem 
in  the  third  and  fourth  approximations. 

Dependencies  of  tangents  and  intensity  of  stresses  on  the  sag 
are  constructed  in  an  analogous  manner.  In  Fig.  4  3  we  give  values 
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^  in  various  points  of  the  square  panel  of  the  shell  with  param¬ 
eters  of  curvature  =  24  with  a  sag  f  =  3.1  n.  Here  also  we 

rj  «r 

plot  curves  of  equal  stresses  ^  and 


From  tables  of  functions  according  to  which  these 

curves  were  constructed,  it  is  clear  that  in  the  most  unfavorable 
cases  the  differences  in  values  of  stresses,  obtained  in  the  first  and 
second  approximations  are  not  as  big,  as  they  are  for  the  load-sag 
dependency.  The  difference  between  values  of  stresses,  obtained  upon 
solution  of  the  problem  in  the  second  and  third,  third  and  fourth 
approximations,  as  can  be  seen  from  tables  and  graphs  given  here,  is 
insignificant.  With  smaller  sags  this  difference  is  still  smaller. 

An  analysis  of  curves  and  corresponding  tables  for  shells  with 


curvature  parameters  from  0  to  60  enables  us  to  assume  that  the  solu¬ 
tion  of  the  problem  in  the  second  approximation  yields  sufficiently 
accurate  values  of  normal  and  tangential  stresses  from  the  middle 
surface  of  the  panel  of  a  flexible  sloping  shell,  working  in  the  elas¬ 
tic  region. 

Results  of  calculations  of  intensity  of  stresses  in  various  points 
of  a  quarter  of  the  panel  with  7  =  1.5;  +  a2  =  ^  and  various 

sa x  =  0.6  h;  h;  1.25  h,  3  h,  3,1  h  are  shown  in  Fig.  44. 

From  the  graphs  it  is  clear  that  for  determination  of  the  inten¬ 
sity  of  stresses  it  is  insufficient  to  be  confined  to  the  solution  of 
the  problem  in  the  first  approximation,  since  values  of  stresses  at 
separate  sections  differ  noticeably  from  values  of  stresses,  obtained 
upon  the  solution  of  the  problem  in  the  second  approximation.  The 
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Fig.  45. 


difference  between  stresses  of  the  second  and  third,  third  and  fourth 
approximations  is  insignificant  and  decreases  with  the  growth  of  the 
number  of  terms  of  approximating  functions. 

Let  us  consider  the  dependence  of  stresses  a,  t,  and  on  sags 
in  various  points  (1-20)  of  a  quarter  of  the  panel  (in  the  other  three 
quarters  the  picture  will  be  analogous).  In  Fig.  45  we  give  graphs 
of  such  dependencies.  For  instance,  at  point  15  with  coordinates 
x  =  |,  y  =  q-  curves  are  plotted  for  the  dependence  a,  t,  and  on 
the  sag  of  this  pcint. 

From  the  examination  of  curves  in  various  points  it  follows 
that  the  biggest  values  of  stress  in  these  points  are  attained  with 
the  lower  critical  value  of  load. 

Let  us  note  that  for  calculation  of  stresses  in  the  critical 


268 


\ 

state  of  the  shell  Lt  is  convenient  to  use  the  above-mentioned  formulas 
for  stresses,  where  it  is  required  to  introduce  values  of  sag  parameters 
x,  taken  from  graphs  of  this  type  in  Fig.  41. 

Let  us  note  that  a  large  quantity  of  works  on  the  dynamic  stabil¬ 
ity  of  flexible  shell  panels  is  solved  by  the  Bubnov-Galerkin  method. 

In  these  solutions  the  force  of  inertia  and  damping  is  introduced  in 
supplement  to  the  external  load  and  the  same  operations  are  carried 
out,  as  for  instance,  those  which  are  given  here  with  the  subsequent 
analysis  of  solutions.  Therefore,  without  dwelling  on  these  questions 
in  detail,  let  us  give  here  one  of  the  solutions  on  the  dynamic  sta¬ 
bility  of  the  sloping  cylindrical  shell,  given  by  G.  V.  Mishenkov  [58]. 


§  3.  Dynamic  Stab ill jy  of  the  Sloping  Shell  Panel 

The  problem  of  dynamic  stability  of  thin-walled  elements  and 
structures  as  a  whole  is  cf  great  interest  for  technology.  It  is 
especially  important  to  know  the  character  and  magnitude  of  loads,  at 
which  displacement  of  points  of  a  material  system  (body)  begin  to 
increase  in  time  without  a  limit  which  can  produce  in  the  beginning 
a  disturbance  of  given  working  conditions  and  later  results  in  destruc 
tion. 

For  the  first  time  the  problem  of  dynamic  stability  in  reference 

to  elastic  rods  was  considered  by  N.  M.  Belyayev  [59]  in  1924.  A 

later/ 

quarter  of  a  centurj/  M.  A.  Lavrent'yev  and  A.  Yu.  Ishlinskiy  [60] 
investigated  phenomena,  caused  by  the  action  of  shock  or  sudden 
application  of  loads  on  the  rod;  they  showed  that  upon  a  sudden 
application  of  the  load,  exceeding  n-th  critical  static  force,  the 
appearance  is  possible  of  the  n-th  stable  form  of  equilibrium,  which 
has  n  half-waves.  This  result  was  verified  experimentally  by  its 
authors.  A  series  of  works  of  foreign  authors  (6l,  62),  on  the  re¬ 
search  of  rod  stability  is  known. 

In  1938-1959  V.  N.  Chelomey  [63]  considered  a  number  of  problems 
on  the  dynamic  stability  of  aeronautical  structures.  A  number  of 
investigations  of  this  kind  of  theoretical  and  experimental  character 
was  carried  out  by  other  authors  [64-67]. 

In  1955  A.  I.  Blokhina  [67]  solved  the  problem  on  the  dynamic 
stability  of  the  cylindrical  shell,  supported  with  hinge,  edges.  We 
know  of  the  research  of  a  number  of  other  authors  both  Soviet  and 
foreign.  A  sufficiently  complete  survey  of  contemporary  trends  in 
the  field  of  dynamics  of  plates  and  shells  and  a  large  bibliography 
are  given  by  V.  V.  Bolotin;  those  interested  should  refer  to  his 


article.*  Below  we  expound  the  solution,  obtained  by  G.  V.  Mishenkov 
[58]. 

Let  us  consider  an  elastic  cylindrical  shell  with  radius  R, 
resting  on  a  rectangular  contour  with  sides  a  and  b.  It  is  assumed 
that  sags  of  the  shell  are  comparable  with  its  thickness,  but  are 
sufficiently  small  as  compared  to  other  dimensions  of  the  shell. 

It  is  also  assumed  that  the  natural  frequencies  of  tangential  oscil¬ 
lations  are  sufficiently  large  in  comparison  with  the  frequency  of 
external  action.  This  allows  us  to  disregard  tangential  inertia. 

Taking  into  account  the  assumptions  given  the  deformation  of  the 
shell  is  described  by  the  system  of  nonlinear  equations. 


*£.+*»** *L.ja-+±a± 

T  --  ixdf  ixdg  R  ix* 
Pm  9m  I  9m 


99  9+  9*  99 

dxdgj 


—  1. 


(5.1) 


9+  R  dx* 


For  the  oscillative  shell  the  normal  load  is  calculated  as  the  sum  of 
forces  of  inertia,  damping  and  external  load. 


q(x,y.  Q  -  —  frA  ^  +  (h(x,  y,  t).  (3.2) 

where  pQ  is  the  density  of  the  shell's  material,  e  —  characteristic 
of  damping,  q^x,  y,  t)  —  external  load. 

Let  us  assume,  that  the  shell  examined  is  supported  along  the 
contour,  but  at  the  ends  is  loaded  by  axial  periodic  forces  p  =  pQ  + 

+  pt  cos  9t,  distributed  evenly  on  the  generator  of  the  middle  surface. 
Let  us  also  assume  that  normal  forces,  acting  on  the  longitudinal 
edges  y  =  0,  y  =  b,  ”on  the  average”  are  equal  to  zero.  Boundary 
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conditions  can  be  written  in  the  form. 


m(o,  n)  =  w(a,  if)  —  w{x,  o)  ~  w(x.  b)  =  0, 
* 

rfy  -  —  (ft  -r  pf  cpstt), 

•  ]  *• 

Let  us  seek  the  solution  in  the  form  of  series 

»<*.*«)-  £{,,(0  in  ^-tin-fa. 


(3.3) 


(3.4) 


where  £^(t)  are  as  yet  unknown  time  function.  Since  we  will  investi 
gate  resonance  phenomena,  connected  with  the  main  form  of  oscillation 
then  we  will  take  only  the  first  term  in  the  series: 

»(*.»,/)  =  t(0in-^5in-a-.  ,.j  5) 

Placing  this  in  the  second  equation  of  the  system  of  equations  (3.1), 
we  write  its  solution  in  the  form. 


?(*.  y.  0 


EM 

32 


t’<o[ 


»£cos  —  4-  —  cos— 1  + 

•  Kfi  M  J 


+  SL  ^  -3L  +  ± 

R*  <I+«V  «  *  2  r 


I 


(3.6) 


where  m  =  a/b. 

Parameters  p^  and  p^  are  determined  from  the  last  boundary  con- 

A  v 

ditions,  and  parameter  p?.,  characterizing  tangent  forces  on  edges, 

is  assumed  to  equal  zero.  We  put  the  expression  for  the  given 
function  and  (3.5)  in  the  first  equation  of  the  system  of  equations 
(3.1),  by  the  Bubnov-Galerkin  method  and  obtain  the  ordinary  differen 
tial  equation  with  periodic  coefficients  with  respect  to  £(t): 

£+2t£+(*-6  coseo-t*^  +^]+ 


+*•-7^0  +  '"*>  =  0 


(5.7) 
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Here  a>  is  the  natural  frequency  of  transverse  oscillations,  determined 


by  the  formula 


(3.8) 


where  through  F(m,  k)  we  designated  the  geometric  characteristic  of 
the  examined  shell 


F(m.  k)  =  (l+*r  +  W'-*>*  ; 

'  9  9  T  ««u  + 


(3.9) 


We  reduce  the  equation  (3.7)  to  another  form.  For  that  we 
introduce  values  of  critical  parameter  p*  for  static  loading  of  the 
shell  by  forces  distributed  longitudinally 


of  the  coefficient  of  excitation 


(3.10) 


(3.11) 


and  natural  frequency,  taking  Into  account  loading  of  shell  by  the 


constant  component  of  longitudinal  force 


(3.12) 


If  we  also  change  to  dimensionless  amplitude  and 

and  designate  through  a  and  (5  the  coefficients,  characterizing  the 
geometric  nonlinearity 


3  1— Y« 

4  P1/*.k) 


(!+«*), 


i  wm  i  3  1 

«•/<*«)  ■  L  2  "*■  <!  +  *«»)•  J* 


(3.13) 


then  the  equation  (3,7)  will  be  written  in  the  form 

— + +  e*(5-  iftcosOH-  ?{■  -  pfc*|  -  0, 


(3.14) 
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where 


(3.15) 


Here  and  in  the  future  the  line  above  £(t)  is  omitted.  Equation 
(3.14)  differs  from  the  analogous  equation  for  the  plate  by  the 
presence  of  a  quadratic  term,  characterizing  the  asymmetric  character 
of  nonlinearity,  inherent  in  shells.  It  should  be  considered  as  the 
first  approximation  for  description  of  parametrically  excited  oscil¬ 
lations  in  shells. 

A  further  more  precise  determination  is  possible  in  examining 
a  large  number  of  terms  of  the  approximating  series,  resulting  in  a 
system  of  equations  of  a  similar  type.  As  we  know  (14),  the  instabil 
ity  region,  of  zero  solution  (3. 14)  lie  near  frequencies 


•  --y  (*  =  l, (5.16) 

The  most  dangerous  is  first  (main)  region  of  instability,  the  boundar 
ies  of  which  damping  calculations  excluded  are  determined  by  the 
approximate  formula 

-1«2VTTp.  (3.17) 

Let  us  search  for  the  periodic  solutions  of  equation  (3.14)  in 
the  neighborhood  of  the  main  region  of  Instability,  disregarding 
damping.  If  as  the  first  approximation  we  would  be  limited  by  con¬ 
sidering  the  solution  in  the  form 


E(0-t,«aX  (5.18) 

for  the  branch,  adjoining  the  lower  boundary  of  the  region  of 
instability,  and 

{(/)■=«,  liny  (3.19) 
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for  the  other  brar  :h,  then  for  the  amplitude  of  steady-state  oscilla¬ 
tions  e  obtain  formulas: 

*5“t*  Vt- •— ,l-  (3-20) 

(3-21) 

where  n  =  8/ft.  These  formulas  coincide  with  corresponding  formulas 
for  plates  [14],  Meanwhile  it  is  natural  to  expect  qualitative  dis¬ 
tinction  in  the  behavior  of  shells  during  parametric  oscillations. 
Apparently,  for  shells  it  is  insufficient  to  be  limited  by  harmonious 
approximation  (3.18)  and  (3. 19).  In  this  approximation  the  quadratic 
term  in  equation  (3.14),  which  reflects  the  specific  character  of  non¬ 
linearity  of  the  shell,  is  not  considered. 

From  combinational  considerations  it  ensues  that  the  second 
approximation  should  be  sought  in  the  form 

l(0“*•  +  ^cos-J■+^tt»8f  (3.22) 

for  the  branch,  originatives  from  the  lower  boundary  of  main  instabil¬ 
ity,  and  in  the  form 

KO^fli  +  Mn  y-f  OjCosGf  (3.23) 

for  the  other  branch.  Terms,  containing  cos  9t,  are  added  in  order 
to  take  into  consideration  the  deflection  of  solutions  from  purely 
harmonious  solutions  of  the  first  approximation.  The  inclusion  in 
solution  of  the  free  term  is  natural.  Actually,  if  we  place  cos  9t 
in  nonlinear  part  of  (3.14),  then  the  result  of  substitution  will 
contain  the  constant  term,  having  the  same  order  as  the  coefficient 
of  cos  9t .  We  place  solution  (3.22)  in  equation  (3.14)  and  equate  to 

04- 

zero  coefficients  of  the  absolute  term,  cos  and  cos  9t.  The 
system  of  nonlinear  algebraic  equations  thus  produced  is  too  bulky 
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for  research  and  is  not  adduced  here.  It  can  be  significantly  simpli¬ 
fied  if  we  take  into  consideration  that  in  solution  (3.22)  the  term 

0t 

constaining  cos  75—  is  the  determining  term.  Proceeding  from  this, 
we  consider  that  »  bQ,  b^  »  bg  which  makes  it  possible  to  dis¬ 
regard  degrees  higher  than  the  first  and  the  product  of  values  bQ 
and  bg.  Then  the  system  of  algebraic  equations  will  be  written  in 
the  form 


+  0, 


Excluding  from  this  system  of  equations  parameters  bQ  and  b 2,  we 
obtain  the  following  equation  for  b^, 

f'«!+(7’+7W->--*'*)t|+ 

(3.25) 

+  T  «*]  +  x  -  *(-f~  -  i*)  + 1  - 1*  -V + V-«- 

For  solution  of  (3.23)  the  system  of  algebraic  equations  has  the  form, 

a,  -  2|iO,  -  n*o,  +  -j  «*?  iat  -  «•)  +  —  fc*  -  0. 

I  +  j*  — +'-^j  —  ^(20t  —  Oj)  —  0. 

For  amplitude  a^  analogously  we  obtain, 

-5-^+ (-f  -|;p« -^- »«•)«!+ 

+  [-r*_T^,_T  ?+^v+*,(— 

-  i  i*]  .<  +  -  «•  (-J— £  +  ,)  + 1  +  ,  -  V  -  V  =  0. 

As  we  should  have  expected,  the  coefficient  of  the  quadratic  term  is 


(5. 26) 


(5.27) 
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included  in  the  equation  for  amplitudes  (5.2?)  and  (3.27). 

Further  more  precise  determination  can  be  carried  out,  presenting 
the  solution  for  corresponding  branches  in  the  form, 

«<>  =  *.+  !)»,«.  —  + 

A-M....  *  (3.28) 

=  +  JJfl'slnJt'+  £  a.cos^-. 

The  system  of  nonlinear  algebraic  equations  obtained  thereby  can  be 
solved  by  approximate  methods. 

Let  us  note  that  in  solving  equation  (3.14)  by  "the  method  of 
small  parameter  the  first  approximation  coincides  with  formulas  (3.20) 

p  O 

and  (3.21)  for  b£  and  a£.  However  the  construction  of  subsequent 

approximations  is  very  difficult,  since  as  generating  equation  it  is 

necessary  to  consider  the  equation  of  the  Iyapunov  type. 

Equations  (3.2?)  and  (3.27)  are  easily  solved  with  respect  to 

n,  if  here  the  sought  amplitude  is  considered  to  be  a  parameter. 

The  stability  of  solutions  obtained  is  investigated  by  known 

methods  [14].  The  solution,  originating  at  the  lower  boundary  of  the 

db,  db. 

region  of  instability,  is  stable,  if  >  0,  and  unstable,  if  <  0. 

Another  solution,  which  in  the  case  of  the  plate,  is  on  the  whole 

da. 

unstable,  will  be  stable,  if  <  0.  Let  us  assume,  that  the 
frequency  of  external  load  increases  gradually,  passing  through 
regions  of  instability.  Then  on  the  lower  boundary  of  the  region  of 
instability  we  will  observe  "hard”  excitation  of  steady-state  oscil¬ 
lations.  Upon  a  reverse  change  of  frequencies  on  the  upper  boundary 
of  the  region  of  instability  we  will  have  "soft"  excitation. 

Calculations  [59]  performed  show  that  the  solution  essentially 
differs  from  the  harmonic  solution. 
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§  4.  The  Circular  Cylindrical  Shell 
Let  us  consider  a  closed  circular  cylindrical  shell,  subjected 
to  the  action  of  evenly  distributed  external  pressure.*  We  will  con 
sider  that  by  the  hinged  shell  ends  are  fastened  with  rigid  frames; 
frames  can  be  deformed  in  their  own  plane,  remaining  circular.  We 
assume  that  the  middle  surface  of  the  shell  has  a  certain  initial 
bend. 


Let  us  investigate  the  behavior  of  the  shell  upon  the  increase 

sags/ 

of  the  load,  considering  initial  and  additional/  comparable  with  the 
thickness  of  the  shell.  Let  us  proceed  from  nonlinear  equations  of 
the  theory  of  flexible  shells  taking  Into  account  the  initial  in¬ 
correctnesses  in  the  shape  of  the  middle  surface. 


-g-vV  -  +  ».£+■*>  A 

*.  ***  V  «*• 

O  +  .  1  ■  « 

iacdg  dxry  ^  R  At*  T  *  ' 


\(  *<• bJ  y 

dxdf  J  djfl 


]  ’  1 

V  J  R  d*  * 


(*.i) 


('t.s) 


[H<l  =  m  =  initial] 


where  w  and  win  are  the  additional  and  initial  sags,  <p  is  the  function 
of  stresses  in  the  middle  surface,  h  —  thickness,  R  —  radius  of  the 
middle  surface  and  L  —  length  of  shell. 

Coordinates  x  and  y  are  counted  off  along  the  generator  and 
along  the  arc  (Fig.  46). 

In  selecting  approximating  expressions  for  sag  we  assume  that 
the  shape  and  location  of  initial  dents  correspond  to  the  shape  and 
location  of  dents,  formed  in  the  process  of  deformation. 


*The  solution  of  problem  belongs  V.  Ye.  Mineyev  [69]. 
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The  expression  for  the  function 
of  initial  sag  will  be  taken  in  the 
form 

U(4n*xun}y  +  »*  +  *),  (4.3) 

for  additional  sag  —  in  the  form 

•  -/(staM'StaPy  +  tsWM  +  x)-  (4.4) 

Full  sag  is  equal  to 

(4.5) 


We  assume  that 


(4.6) 

The  expression  selected  for  additional  sag  (4.4)  does  not  satisfy 
the  condition  of  hinged  support  of  the  shell  butts  M  =  0  when  x  =  0. 

A 

This  circumstance,  however,  should  not  show  in  the  results  of  the 
solution  of  the  problem  with  the  selected  parameters  of  the  shells. 

The  first  term  of  expression  (4.4)  satisfies  the  form  of  wave 
formation  of  the  shell  during  the  "minor"  loss  of  stability.  The 
second  term  accounts  for  the  preferential  deformation  of  shell  toward 
the  center  of  curvature.  The  third  member  characterizes  radial  de¬ 
formation  of  butt  frames;  it  is  assumed  that  butt  sections  receive 
radial  pressing  not  only  up  to  the  loss  of  stability,  but  also  in  the 
process  of  deformation  of  the  shell. 

We  substitute  in  the  right  part  of  equation  (4.2)  expressions 
^4.3),  (4.4)  and  (4.5);  integrating  it,  we  shall  obtain  the  following 
expression  for  the  stress  function. 


— -  f  =  rx  cos  2ox  +  r«  cos  tyy  +  r$  sin  ix •  sin  -f 

mm 

+  r4  sin  3*r •  sin  . 


(4.7) 
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Here  we  introduce  designation. 


'•—vbt  {-&-*)• 

S“W«  +  /)/.  v~j- 


(4.8) 


The  terms  and  p2  designate  mean  values  of  compressing  forces, 
per  unit  of  length  of  annular  and  longitudinal  sections  of  the  shell. 
They  are  equal  respectively,  to 

(4.9) 

Hie  strain  energy  of  the  middle  surface  of  the  shell  is  deter¬ 
mined  by  expression 


x[-S"S— 


xl*T*  (TwfjJJ**-  (4.10) 

Let  us  place  in  equation  (4.10)  expression  (4.7);  after  integra¬ 
tion  we  obtain; 

v  _  iBBkL  -  ±r  r - .1^,_ 

.  .  I  64  2  p  L  <I+*J*  ^  (I+WJI  J“ 

-  ~  ~  f  1  +  — Is/* + — -? - 1 — ft  +  J — L/»*1  + 

+-^jrO>f+«-*wj}.  (4.ii) 

The  strain  energy  of  bend  U2  is  equal 

Atilt 

Placing  in  expression  (4.12)  expression  (4.4)  and  integrating. 
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we  will  have 


(4.13) 

The  work  of  external  transverse  pressure  is  determined  by  expression 

*ta* 

j  »<M».  (4.14) 

After  substitution  and  integration  we  will  find, 

(4.15) 

The  work  of  compressing  forces  along  the  generator  of  the  shell  is 
equal  to 


IMt 


We  place  expressions  (4.3),  (4.4)  and  (4.7)  in  equation  (4.16)  and, 
integrating,  will  obtain. 


r>  -  i|-  {“P?  -  ,2P?  +  [y (/  +  1M+  L'l  V  +  2U]}.  (4.17) 

We  replace  in  expressions  (4.11),  (4.13)  and  (4.17)  and  p2 
with  q  according  to  (4.9). 

Further,  we  use  condition  of  closure 

=  (4.18) 

where  v  is  the  displacement  of  along  arc. 

We  set  up  the  expression 


* 


r*L. 

-V**l 

1  /  dm  \* 

dm 

_L  JLm 

L  d* 

VJ 

a  U* )  “ 

_  1  W* 

dy  ^  R 

(4.19) 


After  substitution,  integration  and  rejection  of  periodic  terms 
will  give  the  equation  of  closure  the  form 


(4.20) 
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We  place  expression  (4.20)  in  equation  (4.15)#  first  replacing 
in  it  p2  by  q,  then  we  will  have 

*>]•  t4-21* 

Let  us  introduce  dimensionless  parameters  for  energy,  load,  and 

sag. 


«£U> 


1  (£U>  * 


JL(±  V 

tM*^i  EL.r«*jBL  >,  4 
'  A  *  *■"  *  *  S  A  *  A  * 


(4.22) 


Let  us  set  up  the  expression  for  total  energy  of  the  system 

and  use  the  dimensionless  parameter 

«ffH 

for  which  we  obtain  expression 

3  _  A  p  ft  -r  2U*  +  l*  -  «b  tt +  2S.  J  K  + 

+  -*-P  +  f  +  + 

-■|-?yft+zU)+-|  «■. 


where 


(l  +  .  I 

- V»  — 


j_r _ 

»  L0+< 


r]* 


(4.23) 


(4.24) 


(4.25) 


m  1 1 o+«v  '  (i  +9*r 

.  _  I  ,  .  1  I 

c*  ”  T + = T11- ^  "  T‘- 

c#  ■»  !  +  tj  =  $*Rh,  *  «=>  L*Rh. 

Ritz  method  equations  in  application  to  parameters  £  and  £  will 
be  written  in  the  form. 


dS 


0, 


if  n 

IT*0* 
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(4.26) 


Upon  performing  necessary  calculations,  we  obtain, 

Tj-  -  *rt(S + +  U +Mt + *wc*- 

-SMS+Ut+«rf-awte+u-  (4,27) 

— j-wtt+U-O; 

<i(t+SUC--<il«+*U+<*-  (4.28) 

-^f-ytt  +  U-0. 

In  equation  (4.28)  we  disregard  term  c_<)  £  4^,.  and  in  equation 
(4.27)  —  coefficient  2  with  4^  in  the  last  component.  The  assump¬ 
tions  taken  are  insignificant  and  have  a  small  effect  on  the  accuracy 
of  the  solution. 

Thus,  solving  systems  (4.27),  (4.28),  we  obtain  in  the  final 
form  two  equations,  connecting  the  value  §  with  parameters  4in*  4,  t 
and  the  number  of  waves  n  along  the  arc  of  shell. 


f=fi«  +  2U  +  -^-^--Sc  + 

i  _f§ _ ^  , 

W  t+t*.  * 

«yla+2uc,*-2Vi(4+uc«+i2cA4(4+ua+ 

+  2U~^a  +  2Ut-2c*Aa  +  cA4r.+ 

+  SMK«G  +  2W  =  0. 


(4.29) 


(4.50) 


If  in  equation  (4.29)  we  put  4,n  =  4  =  0  and  take  only  linear 
terms  with  respect  to  4>  we  will  obtain  the  upper  critical  load. 


—j— f-jg . + JLtai  1 , 

l+J_^  la+^p*  «<i+*r  J 


(4.31) 


This  form  was  for  the  first  time  obtained  by  Von  Mises. 

If  however,  in  initial  relationships  we  assume  p^  =  0,  then  we 
come  to  dependencies,  obtained  by  A.  S.  Vol'mir  in  work  [66]  for  the 
case  of  action  of  only  one  transverse  pressure. 
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Let  us  adduce  the  results  of  calculations,  performed  proceeding 
from  full  nonlinear  equations  (4.29)  and  (4.30)  for  the  case  of 
smooth  shell  €in  *  0  and  shells  with  initial  dents  of  different 
magnitude  4in,  which  changed  from  0.001  to  2.0.  For  the  purpose  of 
comparison  of  the  obtained  results  with  the  experimental  data  in 
addition  to  ratios  101  *  200,  500  and  1000  the  ratios  I0i  «  112.5 
and  L/R  -  2.45  were  also  selected. 

In  calculations  the  value  £  was  determined  by  the  approximate 
formula 

«*+*  * 

and  then  was  made  more  accurate  with  cubic  equation  (4.30). 

Mi 

its 
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tv 


Fig.  47. 

In  Fig.  47  we  represent  envelope  families  of  curves  for  different 
values  of  R/h,  plotted  with  equations  (4.29)  and  (4.30),  for  a  smooth 
shell.  The  dotted  curve  pertains  to  the  case  of  one  transverse 
pressure.  We  see  that  the  lower  critical  pressure  ^  =  0.022  for 

shell  R/h  =  112.5  for  hydrostatic  pressure  turned  out  to  be  15$  less 
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than  for  the  case  of  one  transverse  pressure.  In  V.  E.  Mineyev*s 
experiment  the  critical  load  for  the  smooth  shell  was  obtained  close 
to  the  upper  critical  value  *  0.039  satisfying  formula  (4.31). 

It  is  also  necessary  to  note  that  with  the  increase  of  relationship 
the  critical  value  of  pressure  decreases,  and  the  point,  corresponding 
to  the  minimum  of  curve  —  to  the  lower  critical  pressure,  is  displaced 
to  the  right  along  the  4  axis.  It  is  necessary  to  consider  also  the 
circumstance  that  with  the  growth  of  relationship  fy/h  the  critical 
value  of  numbers  of  waves  ncr  increases  thus,  for  R/h  =  112.5  ncr  =6, 

and  for  R/h  =  1,000  n  „  ■  10. 

7  cr 

Calculations,  performed  for  shells  with  initial  incorrectnesses 
in  the  shape  of  the  middle  surface,  are  represented  in  Figs.  48  and  49. 


» 

VJ 

9.92 

9.91 

9 

Fig.  48. 

In  Fig.  48  we  depict  envelopes  §  =  f(£,  £in),  plotted  various 
values  n  and  satisfying  minimum  load  values.  Curves  are  calculated 
for  the  shell  with  parameters  ?./h  =  112. 5*  L/R  =  2.45  and  various 
values  of  six  symmetrically  located  dents  £in  =  0.25,  0.5,  1.0,  and 
2.0.  A  curve,  corresponding  to  =  0  is  built  for  comparison  in  the 
same  place.  As  we  can  see  from  the  graphic  the  upper  critical  load 
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decreases  even  with  a  comparatively  small  .ralue  of  the  initial 
bending  *  0.25  or  0.5.  Judging  from  the  graph,  when  *1.0 
the  load  increases  monotonously,  so  that  the  process  of  deformation 
of  shell  should  not  be  accompanied  by  a  pop. 


Fig.  49. 

In  Fig.  49  we  show  the  results  of  calculations  of  shells  with 
parameters  R/h  =  112.5,  200,  500;  L/R  =  2.45  and  the  depth  of  initial 
bend  £ln  *  0.001,  0.01,  0.1,  0.25,  0.5,  1.0  and  2.0. 

Judging  by  the  shape  and  location  of  curves,  we  can  note  that 
even  an  Insignificant  depth  of  dent  £in  *  0.001  lowers  the  critical 
load  by  5-8$  as  compared  with  the  upper  critical  load.  With  the 
increase  of  the  depth  of  bend  the  load  decreases  even  more  and  when 
=  0.5  it  attains  65-70$  of  the  upper  critical  value  of  load 
corresponding  to  the  smooth  shell.  Dotted  lines  on  the  graphic 
mark  the  curves,  satisfying  the  upper  and  lower  critical  values  of 
loads  for  the  smooth  shell.  It  is  interesting  to  note  that  all 
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curves,  satisfying  different  initial  dent  values,  with  which  a  pop 
is  observed,  are  located  in  the  region  between  the  upper  and  lower 
values  of  critical  loads.  Curves,  satisfying  the  depth  of  the  initial 
dent  with  which  the  pop  is  absent,  are  located  in  the  region  lower 
than  the  curve,  corresponding  to  the  lower  critical  value  of  load. 


§  5. 


lamic  Stability  of  the  Cylindrical  Shell 


Let  us  assume  that  a  thin-walled  circular  cylinder  with  radius 
r,  constant  thickness  h,  and  length  l  is  supported  by  hinges  on  edges 
so  that  one  of  the  hinges  has  freedom  of  displacement  along  the  axis, 
and  let  us  assume  that  to  the  end  which  has  the  freedom  of  displacement 
in  moment  of  time  t  =  0,  load  T  =  const  is  suddently  applied,  which 
is  then  maintained  constant.  The  sudden  application  of  longitudinal 
load  will  produce  radial  oscillations  of  the  cylinder,  where,  if  load 
T  is  less  than  a  certain  definite  value,  these  oscillations  will 
occur  with  non- increasing  amplitude  near  the  position  of  equilibrium, 
and  conversely,  if  load  T  is  larger  than  this  value,  then  the  ampli¬ 
tude  of  sag  will  increase  in  time  and,  consequently,  the  cylindrical 
shell  loses  stability. 

The  problem  consists  of  determining  the  load  (critical),  beginning 
with  which  the  unlimited  growth  of  the  amplitude  of  sag  occurs. 

Let  us  consider  the  axisymmetric  loss  of  stability.*  The 
equation  of  motion  of  the  element  of  cylindrical  shell  has  the  form. 


M*  ■  T* _ T 

ix  t  a** 


(5.1) 


*The  solution  of  the  problem  is  given  by  A.  I.  Blokhina  [67]. 
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W  wWuMirtW***, 


Here  T  =•  const  is  the  external  loe.d,  per  unit  of  length;  T  ,  are 
internal  axial  and  circumferential  stretching  forces  respectively, 
referred  to  one  unit  of  length;  N  is  the  axial  intersecting  force, 
per  one  unit  of  length. 

Using  known  dependencies  [15]  and  introducing  them  in  (5.1) ,  we 

obtain  the  equation  of  motion  in  displacements, 

a  *  {* j _ 

1-*  *  V*  r  )  *  *  * 

£>«  Ek  f  w.d*\  (5.?) 

1*0— I-**  V  f  '  4*  J 


i*  *  JP  * 

where  u,  w  are  axial  and  radial  displacements. 

We  assume  that  longitudinal  (social)  displacement  is  small  as 

compared  with  transverse  (u  «  w)  displacement’ and,  consequently,  the 

d2u 

longitudinal  inertia  can  be  disregarded.  Since  hp  — 5  -*•  0,  therefore, 

dt^ 

from  (5.2)  we  obtain  the  equation  of  motion  with  respect  to  sag  in 


the  radial  direction. 


— g  -  JOL  +  M.  m  +  r*!L  =-ho*± 

12(J-*«)  dx*  T  A  T  **•  1  dP 


(5.5) 


We  search  the  solution  of  equation  (5.5) ,  satisfying  boundary  condi¬ 
tions,  in  the  form 


»  -  (I  (0*in  . 


(5.4) 


Here  q(t)  is  the  amplitude  of  sag,  m  is  the  quantity  of  half-waves 
along  the  generator. 

Putting  (5.4)  in  (5.5) >  for  function  q(t)  we  have  an  ordinary 
differential  equation  of  the  second  order 

f(0  -«4(0=0,  (5.5) 

where 

a  =  1  [t  *****  _  £**  _  Ek  ] 

l  *■  t*  #•  J*  (5.5') 
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The  solution  of  equation  (5*5)  will  be  periodic,  if  a  <0,  or 
aperiodic,  if  a  >  0.  In  the  latter  case  the  amplitude  of  sag  will 
increase  in  time  and,  consequently,  a  loss  of  the  shell  stability 
will  occur.  From  condition  a  =  0  we  determine  the  value  of  critical 
dynamic  force  , 

E*»  **=•.£*  f» 

i*0 -*)  i '  (5.6) 

[fl  “  d  s»  dynamic]  [p.p  =  cr  =  critical] 


It  was  established  that  upon  a  longitudinal  impact  with  force 
T  =  const  the  cylindrical  shell  loses  stability,  when  the  applied 

of 

force  attains  the  value  T  „  =*  T  .  where  from  a  great  number  of 

cr  cr 

possible  axisymmetric  forms  of  loss  of  stability  the  shell  will  be 

* 

distorted  with  the  formation  of  half-waves  in  number  m  ,  i.e.,  the 
nearest  integer  k 


M 


i  Yn\i-+> 

« Y  ** 


t 


(5.7) 


to  which  corresponds  the  least  value  T^r.  This  form  of  loss  of 
stability  is  preferential. 

If  any  external  causes  will  impel  the  shell  to  be  distorted  not 

in  this  preferential  form,  then  the  critical  value  of  the  dynamic 

cl  st 

load  Tcr,  will  be  larger  than  the  critical  static  T  ,  where  the 

possibility  of  regulating  the  number  of  half-waves  corresponds  to 
the  possibility  of  increase  of  the  dynamic  load,  which  can  be  with¬ 
stood  by  the  cylindrical  shell  without  a  loss  of  stability.  One  of 
causes,  forcing  the  shell  to  be  distorted  with  the  prescribed  number 
of  half-waves,  can  be  the  imparting  to  the  shell  of  initial  small 
amplitude  distortions. 

It  is  not  difficult  to  obtain  the  expression  of  critical  force 
for  the  case,  when  the  force  T  =  T^t,  proportional  to  time,  acts  on 
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the  shell,  and  this  expression  will  accurately  coincide  with  (5*6). 

Indeed,  for  function  q(t)  equation  of  the  type  of  Bessel's 
equation  takes  place. 


Here 


A 


1 

r,  o> 

■M 

+_»i 

"*  b 

1* 

+  -l 

(5.8) 


(5.9) 


The  solution  of  equation  (5.8)  will  be  written  in  the  form 


««  -c-A.  (t4*4) +<**'_.•  (j-nr**) 


» 

iT  *< 


(5.10) 


when  z  >0,  i.e.,  in  the  initial  time  interval  and 


(5.11) 


where  — t 

with  the  time  increase.  From  properties  of  Bessel  functions  it 
ensues  that  the  she.ll  in  the  initial  moment  of  time  when  z  >  0  oscil¬ 
lates  near  the  position  of  equilibrium,  and  when  z  <  0  loses  stability, 
i.e.,  the  sag  increases  in  time.  From  the  condition  z  =  0  the  criti¬ 
cal  moment  of  time  TQr,  is  determined  and  consequently,  the  critical 
force,  i.e., 


B*  w«n«  ]  Eh  |» 


12(1-*)  * 


t*  m't>  * 


similarly  to  the  case,  when  T  *  const. 

Lastly,  we  consider  the  case  when  the  cylindrical  shell  has  the 
initial  distortion 


rn^^ks in 


m*x 


(5.12) 
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where  k  is  the  initial  amplitude,  m  is  the  initial  quantity  of 
half-waves.  Let  us  assume  that  on  the  end  of  the  shell  constant 
force  T  =  const  is  applied  momentarily.  The  motion  equation  (5.3) 
in  this  case  assumes  the  form 

lio-V  *•  +7  <m-*)+T7? — *  (5.13) 

Let  us  assume  that  the  additional  sag  occurs  in  the  same  form 
as  the  initial,  i.e., 

■k-*(l)dn~L.  (5.14) 

Then,  according  to  (5.12)  and  (5.14), 

+  +  (5.15) 

For  function  q(t)  after  introduction  of  (5.15)  in  (5.13)  and  simple 
transformations  we  obtain, 

«»-• »w  =  -±-r^£.  (5.16) 

Here  a  has  the  same  expression  as  ( 5 . 5 ' ) • 

Reasonings,  similar  to  those  used  in  the  beginning,  lead  to  the 
conclusion,  that  the  initial  sag  does  not  have  any  effect  on  the  value 
of  critical  dynamic  force,  if  the  initial  quantity  of  half-waves  m 
will  coincide  exactly  with  value  m*,  with  which  value  T^  is  obtained 
If,  however,  m/m  ,  then  value  T^r  >  T^r,  since  here  we  apply,  in 
a  way,  additional  bonds,  and  the  shell  will  be  stabler. 

Thus,  by  prescribing  a  small  bend  we  can  make  the  shell  stabler. 

.We  also  note  that  if  T  =  T^t,  then,  reasoning,  in  a  manner 
analogous  to  an  earlier  reasoning,  we  will  also  attain  the  equation 
of  the  type  of  Bessel’s  equation, 

?»+■£*»«--£*  (5.17) 
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where  z  has  the  same  value  as  before.  Hie  solution  for  z  >  0  has  the 
form 


*^T[Aja4'4)p'i(i4!V- 


s 

J 


i.  1  I 


» 

T 


(5.16) 


where  w  is  Wronskian  determinant;  w  *  f^fg  -  fgf^,  f^  and  fg  are 
particular  integrals  of  equation  (5.i7). 

Constants  and  c2  are  determined  from  initial  conditions, 
when  t  -  0,  q(0)  =*  k,  q(0)  *=  0. 


» 

*' - - 

» 


(5.19) 


.Here 


4  • 


■,4(i4)/A4ff4**)-]+‘ 

2  A 


R» 


jl  A 

9  P 


+'-*(i4)p'*(i4sH 


s 


+ 


(5.20) 


9 


With  the  increase  of  time  t  argument  z  becomes  negative.  Intro¬ 
ducing  variable  1  ,  we  obtain  the  equation  of  the  type  of 

Bessel’s  equation. 
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0Sm=5Sm 


(5.21) 


ift— 


The  solution  of  this  equation  will  be  written  through  modified 
Bessel  functions, 

i  a 


,®-<i?T/ja_±L1T\+ 

i  '  *  ' 


-1*1 


♦fiFT4(-f4i!)fTx  ■ 


«  t 


JL  7  i 


a 

T  a 


xfHJ(TJr  **)“]■ 


(5.22) 


Constants  and  are  det*  ained  from  the  condition,  that 
when  t  =  0  and  'z  =  0  particle  velocities  and  sags  have  to  coincide. 


Then  we  obtain  that 


C|  «= — clt  ct  *=  ct. 


(5.25) 


Thus,  the  amplitude  of  sag  is  determined  fully.  That  moment  of  time, 
when  the  amplitude  of  sag  of  the  shell  passes  from  oscillatory  motions 
to  growth,  we  will  term  the  critical  moment,  and  the  load,  correspond¬ 


ing  to  it,  —  the  critical  load 


(5.24) 


We  should  bear  in  mind  that  the  obtained  solutions  are  true  only 
'ir  small  sags  0  ■  ■)•  An  analysis  of  the  solution  allows  us  to 
conclude  that: 

1)  the  greater  the  speed  of  the  load,  the  less  the  amplitude 
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of  the  sag, 

2)  the  greater  the  speed  of  load  and  the  smaller  the  initial 
sag,  the  higher  the  overload  factor 

3)  the  minimum  load,  endured  by  the  she  1.1,  is  obtained  for  the 
same  quantity  of  half-waves  for  any  speed  of  the  load. 

We  can  indicate  another  method  of  setting  up  equations  of  motion 
of  thin  shells  and  solution  of  the  problem  of  the  dynamic  stability 
of  cylinder  [47],  proceeding  from  the  Hamilton- Os trogradskiy  principle. 


ILmVT+iA  +  lE-lW. 


(5.25) 


From  now  on,  6T  is  the  variation  of  kinetic  energy  of  shells,  5A  is 
the  variation  of  work  of  external  forces  and  moments,  acting  on  the 
shell,  5W  is  the  variation  of  shell  deformation  work,  6E  is  the 
variation  of  work  of  force  factors,  which  depend  on  speed  and  produce 
damping  of  the  motion  u^,  u2,  w  are  projections  on  directions  of  unit 
vectors;  e^,  ¥2,  m  are  vectors  of  load  displacement  which  brings  the 

0  i  *  * 

middle  surface  a  to  surface  a  ;  e^,  m^,  ...  are  values  e^,  m^,  ... 
in  the  new  deformed  state;  e^x,  co^,  E^,  E^  are  angles  of  rotation  of 
coordinate  vectors  r,  l ,  m  in  the  process  of  deformation,  i  =  |LL 

are  partial  derivatives.  Vectors  of  speed  and  acceleration  of  points 
of  the  middle  surface  in  the  case  of  small  deformations  have  the  form. 


m*wtJ£r]  +  m*J£r  **!• 

1  a/  J  « 


(5.26) 
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Converting  6A  and  5W,  we  obtain. 


where 


x*iM  +  mjl^Sn.  +  R.to- 

—  (0—  0)Jo>,)<iS<«  =  0. 


F%  “  W«)* i  +  (^7ii)i a  +  TaAtj—  f  »Am  + 

+ kIi +#*/(#+ xl) 

n-iM**  (£-+**•  — 

F*  **  Mttfi),!  +  (Atfu — 

— +  TnKn  +  kata  +  Kala  —  XJ, 


H  “  <V»u).i  +  + 


9wt 


A»| 


** 


) 


t  $ 

«.=*!+  ®5»,- 2 rin,.  R,  =  *j_Ar+-^-_ 

*-l  M 


(3.27) 


(5.28) 


e  is  the  experimental  coefficient. 

The  relationship  (5.27)  is  the  Bubnov- Galerkin  method  equation, 
which  enables  us  to  integrate  approximately  dynamic  equations  of 
shell  motion.  Hence,  the  shell  motion  equation. 


^  +  ^=0;  Ft- t-K.-O; 
M,  +  Z,-0 


(5.29) 


and  static  boundary  conditions,  =  0,  =  0,  g  =  g. 

Let  us  consider  particular  cases. 


295 


1)  Linear  oscillations  of  shells  with  a  slight  bend.  In  this 

case  displacements  are  small ,  squares  of  displacements  and  their 

derivatives  with  respect  to  coordinates  can  be  disregarded,  so  that 

dynamic  equations  and  static  boundary  conditions  are  simplified.  In 

expressions  F^  and  we  replace  curvatures  of  coordinates  lines 
* 

ki1  their  initial  values  k^,  and  inertial  terms  and  expression 
of  unbalanced  contour  forces  are  linearized. 


y,  -  Y, -  JkAj, 


(5.30) 

(5.31) 


*-! 

Actually,  considering  (5.28),  equation  =  0  can  be  written 

in  the  form 


where  terms,  containing  w^,  constitute  the  effect  of  longitudinal 
forces  of  inertia.  For  F^  and  F^  these  estimates  take  place 


F.~E»± 


where  r  is  max  (n,  X);  n  is  the  number  of  transverse  waves,  X  = 

m  2  r 

=  ttR  Yi  m  is  the  number  of  longitudinal  half-waves.  If  w  ~  h 

p 

r  »  1,  then,  as  we  see  from  the  preceding  estimate,  it  Is  possible 
to  disregard  as  compared  to  F^. 

2)  Nonlinear  oscillations  with  average  bend.  The  bend  is  called 
an  average  bend,  if  u^  ~  e^  ~  e  ,  but  terms  of  bend  origin  w  ~  w^  ~ 


x 


—  .ep,  w^  «  1  during  all  the  time  of  motion.  F^,  F^  and 
* 

curvatures  k.  .are  replaced  by  their  expressions  according  to  the 

u 
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linear  theory. 


^ii  “*u(l  +  **) — 


JLiSt 


4|  ft* 
i 


**  *. 
<M, 


4  *,  +  yM,  Aj, 


(5.32) 


and  are  expressed  by  formulas  (5.28),  and  in  expression  terms, 
containing  e^2  and  e^  are  discarded,  while  remains  without  mange. 

3)  Nonlinear  oscillations  of  sloping  shells  with  the  average 
bend.  Here  following  simplifications  are  possible;  firstly  we  dis¬ 
regard  the  effect  of  tangential  displacements  u^  on  angles  of  rotation 

1 

wi,  i.e.,  we  consider  that  w^  =  secondly,  i  i  expressions 


*  * 

and  F2  we  reject  terms,  containing  forces  and  thirdly  we 
disregard  the  effect  of  angles  of  turn  e^k  on  bend  deformations,  i.e., 
in  expressions  of  curvatures  (5.32)  we  discard  terms,  containing  e^. 

The  set  up  dynamic  equations  of  nonlinear  theory  of  shells  are 
applicable  to  short  shells  and  shells  of  average  length. 

Let  us  turn  to  setting  up  of  differential  equations  of  the  dynami 
stability  of  shells. 

Let  us  consider  two  consecutive  states  of  the  shell.  Let  us 
assume  that  the  middle  surface  a  with  the  help  of  displacement 
p-'ou)  cs-fiw,m  passes  into  surface  Knowning  v  ,  we  can 

determine  the  values,  characterizing  deformation  and  stresses,  which 
satisfy  motion  equations. 


Ft  +  Y^O,  Af,  +  Z,  =  0,  ft -f- Ya  =  0.  (5.33) 

With  a  certain  value  of  time  or  certain  relationships  of  motion 
[14]  parameters  another  state  is  possible  along  with  the  motion, 
designated  with  index  "1".  Motion  equations,  corresponding  to  this 


state,  are  termed  equations  of  indifferent  motion,  and  parameters  — 
critical  parameters.  Motion  paramrters  imply  the  external  load,  tim 
oscillation  frequencies,  etc. 

Let  us  assume  that  the  vector  of  additional  displacement  v  * 


_  _  _  t  *  —*  —  i  _ 

»  +  u2e2  +  Wm  chanSes  surface  a  into  a  ,  where  v  =  v  +  v. 

Let  us  determine  the  values,  characterizing  deformation  and  stress 
during  displacment  of  v  .  Let  us  assume  that  value  v  is  the  first 
order  of  smallness,  and  v  is  a  finite  value  (for  instance,  of  the 
order  of  a  unity).  In  values,  characterizing  deformation  and  stress 
we  refain  terms  of  the  first  order  of  smallness  together  with  the 
finite  terms: 


Tli  ■i(i||  +  7«n)  — 1  7*u  +  I'll;  fli  -  t(«n  + 

7ii  *■  *(«ii  +  ~  <f«i+-jp(eu  t-®*!*) •»+  Bii* 


(5.54) 


where 

•Xi+l-feJ+'S+O. 

•ii  “  0  +  eu)en  + 

Equations  of  motion  in  indifferent  state, 

F,+Y,=0,  f3  +  V'»  =  0,  ^ Mi  —  0.  1  =  1,2.  (5.55) 

Now,  substracting  from  equation  (5.55)  equation  (5.55) >  we  obtain 
the  equation  of  dynamic  stability, 

Tn  +  ^*(1  +  *v)  fill,  j  +  -f  (T[2Aia)  —  fa(Vn).i— 

—  +  «»)l,i  -f  AMN'ixh  +  N\  (*u  +  xj,)  -f  N&n  + 

+  N*  <*»  +  *»)  +  4 -  *1  +  th iSL  +  + 

+w‘f +»;£)]  -  +«,-£ + 
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(5.56) 


i)»i  +  —  A\&t\T iix,i  -f  7*ji  (lu  -f  Xu)  +  2T ijXu  -j- 

+  2Ib(*u+x»)+  7»»8  +  7a(*n  +  xfe)  —  4 — — 

Afi  *f*  <Z|  *  0. 


(5.37) 

(5.38) 


The  static  part  corresponds  to  equations  of  indifferent  state  [473* 
Let  us  consider  the  dynamic  stability  of  a  cylindrical  shell  of 
average  length,  when  l  ~  7rR.  To  such  shells,  we  can  apply  the  theory 

of  sloping  shells.  Let  us  assume  that  the  initial  position  is  zero- 

1  •  1  » 

moment  or  almost  zero-moment.  Then  —  hx.^  «  w  *  aw wi  will  be 
values  of  one  order  with  elongations,  i.e.,  we  shall  assume  that 
speeds  and  accelerations  of  points  of  the  shell  are  small  and  can  be 
disregarded. 

We  shall  limit  ourselves  to  considering  linear  oscillations  of 
the  cylindrical  shell.  The  deformation  components  are  expressed  by 


formulas , 


*tk  “  ®.|4»  *•”  0’*  ’  2*j»  **  U»t  +  W»I* 


(5.39) 


However,  in  the  initial  zero-moment  state  forces  will  be  expressed 


by  formulas. 


T\  =  -N;  T'a  =  T;  T>  =  -pR, 


(5.40) 


where  N  is  the  intensity  of  axial  compression,  p  is  external  pressure, 
and  T  is  the  shear  force. 

Equations  of  dynamic  stability  in  displacement  have  form. 


w*u  +  Uf"  +  *  v»tt  +  -£~  wn  +  *\  —  - j-  “• 


u,u  -f-  ■ ---Lp, 1 1 4-  Xx  =  p h/kv  —  ~  v, 


(5.41) 
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(5.^1  con’t) 


Dtem-p  Am  +  ♦  +  */#(».,  +  T«.i  +  */*»)  + 

+fkm-‘9lm-rXi- 0, 


where 


^  *^*»u  +  ^ui+^irf  A(  )  =  (  ).n  +  (  )•«• 


fl  • 

are  certain  perturbations  with  respect  to  axes,  and  p  ^  AW  is 


the  term  which  appeared  in  veiw  of  calculation  of  the  rotation  inertia 

force  w  ^  w  =  First,  let  us  consider  the  problem  of  axi- 

symraetric  oscillation,  when  v  =  0,  u  =  u(x,  t),  w  =  w(x,  t).  Expres¬ 
sing  the  motion  equation  through  one  displacement  (see  general  case 
of  oscillation)  for  different  assumptions, 

i*0.  2)8-0,  i*0,  3)u*0,  i-0 

we  obtain  respectively. 


.when 


d* 

9w 

JLf2. 

ft* 

d*w 

d*w 

dl« 

da* 

r 

di*  r 

12ft* 

da* 

+  T 

do* 

vl 

*» 

Vw 

*  / 

fN 

d*»  \ 

1 

do*  1 

( 

12ft* 

do* 

do*  ' 

[  * 

) 

+ 

+  (*—y)*J 

(5.42) 

d* 

f  0*» 

** 

**  dha 

*  f 

ft  d*»  \  , 

dt* 

l  da* 

!2ft* 

da*  j 

+  12ft*  do*  + 

do*  V 

T-S-j  + 

+  d 

_Y.) 

■£-* 

(5.43) 

ft* 

12ft* 

— + 

da* 

■f-S-C' 

—  Y*) 

d*u  _ 
do*  ~ 

f  * 

d*u 

.+ » 

•  +b) 

. 

(5.44) 

dt*  I 

l  12ft* 

do* 

ft  da* 

'  / 

• 

«-0 

and  ft 

=  0; 

T  =  / 

(ifi 

■,  X  =  fl/?. 

In  each  of  these  cases  we  define,  as  an  example,  natural  oscillation 
frequencies  for  the  hinged  fastening  of  edges,  selecting  displacements 
in  the  form, 

w- CO  sin  Xa;  u  —  ^flm(t)cos).a,  where  l-m~-  . 
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A  and  B  we  take  in  the  form, 
mm 


.  ..  .  f  sin  mt  ...  .  I  tin  mx 

1  COS  MX  |  COS  MX 


where  and  3q  are  constants,  and  to  is  a  dimensionless  angular  fre¬ 


quency. 


Then  from  (5.^2)-(5 .44)  we  obtain  for  N  =  const. 


w+i 


•M'S kl*-Ty+“-«}: 


(5.45) 


(5.46) 


where  00^  4)1  iS  wie  nai'urai  xrequeney  ox  xungx  luuxnax  ustiiiui-iwis 
taking  into  account  transverse  inertia  forces;  co^  is  the  natural 
frequency  of  transverse  oscillations  taking  into  account  longitudinal 
inertia  forces,  to^  ^  is  the  natural  frequency  of  transverse  oscil¬ 
lations  without  calculation  of  longitudinal  inertia  forces;  to^  ^  is 
the  natural  frequency  of  longitudinal  oscillations  without  calculation 
of  transverse  forces  of  inertia.  Above  we  assumed  that  the  inertial 


is  the  natural  frequency  of  longitudinal  oscillations 


that 


N  %  2 


force  of  rotation  can  be  disregarded,  if  m<^- .  It  is  known 
that  |?  ~  This  enables  us  in  (5.42)  to  disregard  X2  as  compared 

to  X2.  In  expressions  (5.45)*  (5.46)  we  leave  j£,  since  for  X  ~  Sr/\\ 

the  preliminary  compression  and  extension  can  have  an  essential 
influence  on  the  frequency  of  natural  oscillations. 


Expression  co 


o  2  N  6  k 

^  has  an  extremum  for  X  =  0  and  X  = 


respectively; 


tt|U)mli>  "  0  V*)*  ^4)2mln  “(^  Y*)  ^  j 

:  3oi 


(5.47) 


The  load  changes  the  least  frequency  in  the  direction  of  decrease. 

From  (5.47)  it  is  clear  that  the  effect  of  preliminary  tension  becomes 
significant  when  N  ~  N  ,  and  when  N  ~  VIT  N  its  effect  may  be  dis- 

X  X\  L  X 


regarded. 

Longitudinal  forces  of  inertia  affect  transverse  oscillations 
frequencies  in  the  direction  of  decrease  and  become  significant  with 
the  increase  of  length.  For  instance,  when  I  =  120  cm,  m  =  1  (i.e., 

o  p 

for  the  least  frequency)  5) *“(3  4)2  =  3.7666.  If  it  is  permis¬ 
sible  to  determine  the  square  of  frequency  with  the  error  up  to  6 
then  formula  (5.46)  can  be  applied  when  m  =  1  to  l  =  2R,  when  m  =  2 
to  l  »  4R  etc.  In  joint  calculation  of  longitudinal  and  transverse 

forces  of  inertia  the  natural  frequency  of  transverse  vibrations  may 
2 

be  less  1  -  y  .  Transverse  forces  of  inertia  affect  longitudinal 
vibration  frequencies  in  the  direction  of  increase. 

Thus,  in  solving  the  problems  of  axisymmetric  vibration  it  is 
not  always  possible  to  disregard  the  effect  of  longitudinal  forces 
of  inertia  on  transverse  oscillations,  and  vice  versa. 

We  return  to  the  general  equation  (5.41).  We  introduce  auxiliary 
functions. 


Y 


du 

dx 


do 


+  -£-  ~Q(x,s,i); 


du _ dp 

6s  Ox 


(5.48) 


We  multiply  the  first  equation  of  (5.41)  by  y,  differentiate  with 
respect  to  x,  then  the  second  equation  we  differentiate  with  respect 
to  s  and  add  the  results.  We  obtain. 


Tjff  I  '-V  M  I  ?  **  I  1 

V  2  dxds  R  djfl  R  ds* 

=  J*L  -JLn _ 'JL  JL  0 

*  dr*  ^  k  dt 


(5.49) 


Further,  differentiating  the  first  equation  of  (5.41)  with  respect 
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to  s,  and  the  second  equation  with  respect  to  t  and  substracting  the 


second  from  the  first,  we  find. 


where 


L(f)  = 

R  dxds 


L(  )«y(  ) - ^ - — (  )  +  ■  4-(  )• 

1  9  v'  9  MI-7)  *  W-i>  * 


(5.50) 


Applying  operator  (5.50)  to  expression  (5.49),  we  obtain, 
f  - - gg.  -j-  . . 

,lv/  i?  a**  |v  *(i-y)  #*  mi-y) 

_ ? _ fv«, _ _»*+■  -*)- 

*  *»  1V  *(l  —  V)  **  4(I-y)  *1 


I  —  Y*  _  SHp 
*  d**dfc*  ’ 


(5-51) 


where  L<  is  the  new  operator. 


M  >  =  w<  )-^f£v<  >  +  >+ 

+(-T)'!hrit<  )• 

Applying  it  to  the  third  equation  from  (5.4)  when  x^  =  x2  =  0,  we 


obtain. 


|jWW»  +  ~  V\rf>  +  ^  ~  T*)  —  Y  VV*i}  + 

+f-f{-"»+>T^™-+T75^+ 
+<3+2^^  +  ^-  T7=H+ 

_Jr^._(3+2t)^+a..iEivx>+ 


+  J*.  JLJL\2  +  _J_  Jl 

T  k  k  dp  l  1-7  1—7  * 


7-7  h* 


1-7  12 


W®  * 


X_i_.-U - !_f2+i^Vl  + 

i-j  t  p*  /  f 


(5.5?) 
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+/Jty  JL|-*L  .  inly™+  J— L®  + 

TV  ‘  J  *•  l  u  1-1 vv  1-1  * 

x{-7rT-+-ii^?v-}+(-f)*^x 

x{-rrr,'-5--rrTH-0- 

Equation  (5.52)  in  dimensionless  coordinates  when  e  =  0  has 
the  form 


(5.52) 
cont . 


+*+  ■arnsf- 

^--(3 + w  + ifls  "  °- 


(5.53) 


where 


X  —  aR,  S  —  ^R, 


vwv» + -7  VV^ + 0  -  . 


w 


(5.54) 


v<  )  = 


_  a*(  )  ,  a»( ) 


ft*  dp 

Underlined  terms  express  the  effect  of  tangent  inertial  forces  of 
rotation.  Tangential  forces  of  inertia  transmit  their  effect  on 
transverse  vibrations  mainly  through  the  terms  containing  tangential 


d2u 


inertial  forces  separately,  we  find  (5.53)  when  — « 

at2 

respectively. 


=  0  and 


£v 

at2 


=  0 


_ _3- 

a* 

zl . 

r  as  .  i—7  as  1 
\  dtfl  '  S  dp  J 

*•  d*w  n  K* 

a>»  1 

'  *•  {v*  [w 

2  * 

.  ®!_ 

1- 

“T 

12**  da *  !2*« 

*>'  J 

1  —  7  da* 

k 

—  J_ 

*  A*  0/1  _L 

6*w 

\  ,  1- 

1  c 

* 

& 

da*  “ 

dp  J  +  2 

J-O  = 

(5.55) 
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(5.56) 


“T  *«•  , 

**•1  .  *“T 

■^“Iw  (w — ~ 

9*  \VV  \  «*• 

9m 

S  99  + 

Vi'  * 

99  ~ 

9  9m 

\  1  9€f 

2  I  9** 

9w  1 

12*  9? 

)  k  69 

1-T  k  99 

99) 

+  .IZHS-0. 


Aw— w. 


We  estimate  the  terms,  containing  inertial  forces  of  rotation,  assum¬ 
ing  that  in  time  only  the  amplitude  changes,  whereas  the  number  of 

transverse  and  longitudinal  waves  does  not  change.  Let  us  assume 
o  p  2  7r^R^ 

that  r  =  n  +  m  - s-,  where  n  is  the  number  of  transverse  waves,  m  - 

ld 

number  of  longitudinal  waves.  For  average  lengths  r  ~  (m2  J-  n2)1/2* 
The  effect  of  inertial  forces  of  rotation  of  the  order  of  h/R,  if 

r  ~  (I/h)x/-^,  of  the  order  of  (h/R)1/2,  if  r  ~  (R/h )^/^,  and  of  the 
order  of  1,  if  r  ~  R/h. 

We  consider  the  case,  when  r  &  (R/h)1/2.  Then,  inertial  forces 
of  rotation  may  be  disregarded.  Since  we  use  the  motion  equation, 
where  we  have  disregarded  the  shift  as  compared  to  unity,  then  we 
have  already  disregarded  the  values  of  the  order  of  inertial  forces 
of  rotation. 

For  thick  shells  the  effect  of  inertial  forces  of  rotation  may 
bo  significant. 

Thus,  disregarding  the  effect  of  inertial  forces  of  rotation  in 
equation  (5.5?)*  we  obtain, 

+  izls  =  0.  (5.51) 

/  2 

The  equation  of  such  type  when  <P*  =  0  was  obtained  by  V.  Flugge  [55] 


*i{w—  ^  -•$--*+ + 

,  +ifLs=°- 
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The  equation  (5.56)  automatically  includes  the  static  stability 
equation  [47] 

S- 0.  (5.58) 

Disregarding  tangential  forces  of  inertia,  we  obtain, 

•£vV»  +  «*-“W®  +  $— (5.59) 

wh^re 

'—*(*)*• 


Let  us  consider  the  natural  vibration  of  the  cylinder  of  average 
length  with  hinged  fastening  of  ends.  We  select  the  sag  in  the  form 

»- (5.60) 

■m* 

Choosing  =  and  substituting  expression  (5.60)  in  (5.57) 

1  «»«W 

* 

we  find  when  $  =0, 

<m- f«<,  +  f  |“L,  -  -  0.  (5.61) 

o 

where  ur^  is  the  immeasurable  angular  frequency. 


f4S=I+ (H  +  /i»(3+2t)>*,|. 


(5.62) 


Determining  oj^  from  equation  (5.6l),  we  find, 

Q*  =  J - * - a*  . 


(5.65) 


Designating  =  z,  for  determining  z  we  obtain  the  cubic  equation 


+  (5.64) 

First  we  will  consider  transverse  oscillations  without  calculation 
of  tangential  forces  of  inertia.  From  (5.59)  when  e  =  0  and  =  0 


** 


12a* 


r4  +  (J-*Vt) 


4 


we  obtain. 


(5.65) 


Extreme  values  cat  V,  are  found  from  conditions, 

mn  g 

a)  m  =  1,  and  n  from  condition  b)  -ft— r^5  =  (1  -  72)X^.  Condition  "b" 

12k 

designates  that  with  a  certain  oscillation  frequency  the  energy  of 
bend  should  be  equal  to  the  energy  of  extension  of  the  middle  surface. 
Taking  "b"  into  consideration,  the  expression  (5.65)  can  be  rewritten 
in  the  form. 


2m 


-C 


i— i*Rk 
3  )  /• 


(5.66) 


[HaMM  =  min  =  minimum] 

Formula  (5.66)  is  very  convenient  for  practical  calculations.  We 

find  roots  (5.64).  Let  us  assume  that  >  z0  >  Zy  where  z^  and  z 2 

express  frequencies  of  natural  tangential  oscillations.  Let  us  note 

that  z ^  and  could  be  obtained  with  a  sufficient  accuracy  from 

(5.55),  and  z2  and  z^  —  from  (5.56).  Comparing  z^  and  o>  from  (5.65) 

when  m  =  1,  R  =  20  cm,  h  =  0.1,  7  =  0.5,  we  are  convinced  that  the 

effect  of  tangential  inertial  forces  decreases  rapidly  with  the 

growth  of  n.  In  determining  the  least  natural  frequencies  we  can 

disregard  the  effect  of  tangential  forces  of  inertia.  But  they  have 

a  strong  effect  when  there  are  oscillations  with  a  small  number  of 

transverse  waves.  For  instance,  when  n  =  1  tangential  forces  of 

inertia  decrease  the  transverse  frequency  to  40-45$,  when  n  =  2  — 

12-16$,  and  when  n  =  3  —  6-7$.  It  would  seem  that  with  small  n  the 

equations  of  sloping  shells  cannot  be  used.  However,  for  a  circular 

cylinder  of  average  length,  with  small  n  the  term  of  bending  character 

(X2  +  h2)^  --'■•77  is  considerably  less  than  (1  -  7^)^.  If  we  take 
12R 

into  consideration  the  intersepting  forces  in  the  first  two  motion 


30* 


equations  and  changes  of  curvatures  at  the  expense  of  tangential 


displacement,  then  we  shall  obtain  an  additional  expression  of  the 

2  2 * 4  Y*~ 

same  order  or  less  than  (X  +  n  )  — i~ ,  but,  of  course,  considerably 


1£R 


2  Ji 

less  than  the  term  (1  -  y  )X  (when  n  are  small). 

Problems  on  the  effect  of  preliminary  load  on  natural  oscillation 
frequencies  do  not  present  special  difficulties.  For  instance,  it  is 
easy  to  find  such  an  N,  with  which  the  cylindrical  shell  would  have 
the  required  natural  oscillation  frequencies. 

Let  us  now  assume  that  the  closed  circular  cylindrical  shell  is 
subjected  to  the  action  of  hydrostatic  pressure  rapidly  increasing 
in  time.*  Let  us  assume  that  ends  of  the  shell  are  hinged  to  circular 
frames.  Let  us  assume,  as  before,  that  frames  can  be  deformed  in 
their  own  plane,  remaining  circular. 

We  assume  that  the  external-pressure  q,  which  acts  on  the  shell, 
changes  in  proportion  to  time  t 


f-c*.  (5.67) 

Let  us  use  the  differential  equations  of  the  nonlinear  theory  of 
flexible  shells.  In  the  equation  of  equilibrium  of  the  shell  element 
we  introduce  an  additional  term,  considering  the  force  of  inertia 
and  corresponding  to  sag  w.  We  shall  not  consider  the  forces  of 
inertia,  corresponding  to  displacements  in  the  middle  surface. 

In  other  words,  here  we  do  not  examine  the  phenomena  of  propaga¬ 
tion  of  elastic  waves  in  the  middle  surface  of  the  shell. 

Let  us  also  assume  that  the  shape  of  the  shell  is  not  ideal  and 
that  its  middle  surface  has  certain  initial  dents  comparable  with 
thickness. 


*The  solution  of  this  problem  belongs  to  V.  E.  Mineyev  [69]. 
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In  order  to  find  the  dependency  between  parameters  of  sag  and 


the  load  variable  in  time  we  use  the  Lagrange  equation. 


(5.68) 


where  T  is  the  kinetic  energy  of  the  system,  is  the  generalized 

coordinate,  and  Q.  is  the  generalized  force.  For  generalized  coordi- 

d 

nates  we  select  parameters  of  sag.  Whether  tolerances  admitted  are 
taken  into  consideration,  the  differential  equations  finally  attain 
the  form. 


*  V  V  dr* 

-2  +  4- . 

dxdf 


■*L  + 
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?  dr* 
**<■ 


a*  (.  +  *„)  an 


it  a** 

f  v»  d% 

a  i  ar* 

+  avd  a*(w+«^> 


(5.69) 


-(( 


l 

***  J 

dr* 

(5.70) 

v 

1  d*w 

dxdf 

J  a** 

V  J 

J?  dr*  ’ 

where  y  is  the  specific  gravity  of  the  shells  material,  g  is  accelera 
tion  due  to  gravity,  and  t  is  time. 

The  expression  for  the  function  of  initial  sag  we,  as  before, 
take  in  the  form 


**  An  (an  ax  sin  Py  +  *  sin*  xx  +  *) 

and  for  the  additional  sag 

W  *=  /(sin  «x sin  py  +  if  sin*  ax  +  "/.)• 

"her*  •“-j-'t  P  =  “jjj-. 


(5.71) 


(5.72) 


Further,  integrating  equation  (5.70),  we  find  the  function  of 
stresses  in  the  middle  surface. 


£ 


f=»rlcos2ax  +  ^s«»2pii  +  ^»^naxsinpy  + 
+  r4sin  ax  sin  py  -  ^  x*  - 


(5.75) 


Coefficients  r±,  r2,  r^,  and  r^  are  determined  by  the  correspond 
ing  expressions  (4.8). 
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(5-71*) 


Determine  the  total  energy  of  the  system 

5  -  t»i +0,— 

which  will  be  written  in  the  form 


S  —*-«■«+ *U*  +  + SU*?- 

-*« + 2UR + y‘*P  +  -j- c*-*— +  *U  ~ 

— — j-  cj-j-  (1+28..H- 


Coefficients  c^  =  1,  . ..,  8  are  determined  according  to  (4.25). 
We  find  derivatives  from  the  energy  of  the  system  by  parameters  of 
sag  C  and  £: 


-2<i  (S + w  ^ ^  K + U  — f  W  ®  0. 


-^-  =  r,(t  +  2Ut-<ii«  +  2U  + 

— Cfi  — (t  “  ®* 

The  kinetic  energy  T  of  the  system  is  equal  to: 


(5.76) 

(5.77) 


(5.78) 


The  expression  of  additional  sag  (5.72)  we  present  in  dimension¬ 
less  values  according  to  dependencies 

w  *=  |  sin  a*  sin  py  +  C  sin1  «*  +  >■.  (5.79) 

Further  we  use  the  condition  of  closure  (4.18),  expressions 
(4.20)  and  define  from  it  the  parameter  of  sag, 

)  +  y«i<S,  +  «U— ft-  (5-80) 

Let  us  introduce  expressions  (5.80)  and  (5.79)  and  write  the 
derivative  ft  with  respect  to  time, 

»  1  sin  ajc  sin  pi/  + ;  sin*  ix  +  c,i  (l  4-  — 

Of 

— i-C+Y(2-»)»- 
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(5.81) 


J  — 


We  present  (5.78)  in  dimensionless  values,  introducing  the  designation 


r£Uk* 


r. 


(5.82) 


We  now  transform  equation  (5.78),  substituting  in  it  expressions 
(5.81)  and  (5.82).  Integrating,  we  obtain, 

? = *  [  Y  *•  + -j-i* + fcjtt + U*' + 

+  f<»—  )*f,  +  ««C+W(2-*)r.].  (5-85) 

where  through  we  designated 

I  T  ** 

T7T  (5.84) 

We  obtain  the  first  Lagrange  equation  by  putting  in  equation 
(5.68)  expressions  (5.76),  (5.81)  and  considering  that 

& 


then  we  have 


-  ,  7,  93 


mi + + u*j  1 4  t* + 

+  2Vi(2-»)(E+u5  +  2c15a  +  6„)a  +  25.^  + 
+ *  a + su  v  -  2c,  a + u : + m  - 

ft + U  -  -fcrfft  +  U  =  0. 


(5.85) 


The  second  Lagrange  equation  for 


now  has  the  form 


Y  + eft  ft  +  2  W‘  C  • -  £,{■  ft  +  2U  + 


+c.K-crfft  +  U  =  0-  (5.86) 

We  substitute  in  equation  (5.85)  values  of  coefficients  c±  from  (4.25) 

M 

and  (5.84)  and,  assuming  q  =  0,  we  obtain. 
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i — V^>  t8+2U+~7-sjrf^^ 
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Further,  we  introduce  the  dimensionless  time  parameter  t 


ct* 


(5.87) 


where  through  we  designate  expression  (4.31). 

Considering  the  value  of  dimensionless  parameter  of  time,  we 
transform  the  expression  (5.87), 


(5.88) 


tea. 
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gE*h* 


Now,  we  introduce  designation 

‘-(•'iwmiy- 


where  V * 


kT 


(5.89) 


(5.90) 


is  the  velocity  of  propagation  of  sound  in  the  shell 
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material. 


The  first  Lagrange  equation  now  has  the  final  form 


x(t+2U 


)- 


'('♦*> 


|4+,‘‘<E+t,J’1  e+ux 


<5L  .  ^  iw  /  f  v 


(5.91) 


where 

jv  —  j  fw 

4  +  T,*re  +  W  * 

Performing  analogous  transformations  with  the  second  Lagrange 
equation  (5.86),  we  have 


di* 


7-L_s{V,C  +  Wf.-*[i  +  sl^]u 
+'[T+7T^]tt+E")t,]“0' 


(5.92) 


Thus,  we  have  arrived  at  the  system  of  ordinary  nonlinear  second- 
order  differential  equations  (5.91)  and  (5.92),  which  connect  param¬ 
eters  of  sag  £,  C,  load  §  and  time  t. 

Let  us  adduce  the  results  of  numerical  integration.  In  the 
approximate  solution  of  the  problem  integration  of  the  system  of 
differential  equations  (5.91)  and  (5.92)  will  be  replaced  by  integra¬ 
tion  of  the  first  equation  only  (5. 91).  Parameter  of  sag  C  we 
determine  by  the  equation,  satisfying  the  solution  of  static  problem. 
We  take  the  following  initial  conditions, 

“ 0,  6  - 0«h*n f=  0.  (5.93) 

In  calculations  we  assume:  R  =  9  cm;  R/h  =  112. 5 ;  L/R  =  2.2; 

E  =  7, 75 • 10^  kg/cm2;  v  =  0.5;  V  =  5*10^  cm/sec,  £in  =  0.001. 
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Fig.  50. 


Results  of  calculations  of  the 
rates  of  growth  of  load  C  =  and 

C  =  4700  atmospheres/sec  for  different 
values  n  are  presented  in  Fig.  50. 

In  conclusion,  we  will  note  the 
very  interesting  recent  research  of 
V.  V.  Bolotin,  pertaining  to  the 
problem  of  shell  dynamics.  He  has 
shown  that  if  the  spectrum  of  random 
forces  is  sufficiently  wide,  then 
simultaneously  oscillation  are  excited 
in  degrees  of  freedom,  and,  conse¬ 
quently,  the  question  on  density  of 
natural  frequencies  of  the  plate  and 
shell  is  of  interest.  Corresponding 
estimates  for  plates,  as  we  know. 


were  obtained  by  Courant;  for  shells,  the  oscillation  of  which  are 
described  by  equations  for  states  with  large  index  of  variability, 
analogous  estimates  were  given  by  Bolotin.*  The  latter  scientist** 
has  also  suggested  a  method  for  the  study  of  the  behavior  of  plates 
and  shells  with  random  loads  which  uses  essentially  the  plurality  of 
the  excited  degrees  of  freedom.  Under  specific,  sufficiently  broad 
conditions  integral  estimates  for  correlation  functions  and  spectral 


densities  of  generalized  coordinates  were  obtained.  The  use  of  the 


*PMM.  No.  2,  Vol.  25,  1965. 

**News  of  Higher  Educational  Institutions,  "Machine  Building," 
No.  3,  1963. 
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theory  of  dynamic  boundary  "effect"  enabled  him  to  calculate  average 
squares  of  stresses,  appearing  near  lines  of  distortion  in  the  shell, 
and  to  investigate  their  dependency  cn  parameters,  of  the  problem. 
Bolotin  has  also  studied  the  problem  of  limitations,  which  have  to  be 
superimposed  on  shell  properties  and  load  properties  so  that  the 
stationary  distribution  of  dynamic  variables  of  the  system  was  de¬ 
scribed  by  Maxwell-Bolt zman*  distribution.  He  showed  that  delta 
correlation  of  the  load  in  time  is  not  a  sufficient  condition.  The 
load  should  be  delta  correlated  on  the  middle  surface;  moreover, 
certain  limitations  are  imposed  on  damping  forces. 


♦Symposium  "Problems  of  Dynamics  and  Dynamic  Strength,"  No.  7, 
publication  of  the  Academy  of  Sciences,  Latvian  SSR,  1963. 
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§  6.  Statistical  Method  of  Investigation  of  the 

Stability  of  Shells 

The  problem  of  stability  of  shells*  namely*  the  determination  of 
its  forms  of  equilibrium  —  is  connected  with  the  solution  of  equations 
of  the  nonlinear  theory  of  shells.  Depending  upon  the  value  of 
parameter  X  of  the  load  a  certain  form  of  equilibrium  is  possible. 
However*  even  if  we  managed  to  solve  with  accuracy  nonlinear  equations 
of  the  theory  of  shells,  even  in  that  case  the  problem  cannot  be 
considered  to  be  thoroughly  investigated*  since  there  remains  a  vague 
degree  of  reality  of  each  form  of  equilibrium  of  the  shell  which  is 
possible  when  XQ  <  X  < 

For  selection  of  the  most  real  form  of  the  shell's  equilibrium 
we  should  introduce  in  our  examination  certain  additional  considerations 
I.  I.  Vorovich  [70]  considers  it  rational  to  take  the  measure  of 
reality  of  a  certain  form  of  shell  equilibrium  the  probability  of  the 
shell  staying  in  this  form. 

The  application  of  the  probability  theory  to  the  research  on  shells 
will  allow  us  to  advance  the  solution  of  problems  on  the  establishment 
of  permissible  loads  on  the  shell  during  research  on  stability*  taking 
into  account  conditions  of  its  work  and  errors  in  manufacture;  on  the 
establishment  of  tolerances  in  the  fulfillment  of  basic  shell  parameters 

Let  us  consider  the  approximate  approach  to  setting  up  of  the 
statistical  theory  of  shell  stability*  offered  by  I.  I.  Vorovich.  Let 
us  divide  all  factors*  determining  the  random  character  of  the  flexure 
of  shell*  in  thr^e  groups:  1)  scattering  of  elastic  and  geometric 
properties  of  the  shell;  2)  scattering  of  parameters,  characterizing 
methods  of  sealing  the  shell;  3)  scattering  of  external  loads  applied 
to  the  shell. 
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Further,  although  in  the  groups  shown  functional  parameters  can 
also  be  included,  as  for  example,  an  aberration  of  the  shape  of  the 
middle  surface  of  the  shell,  digression  in  the  thickness  of  the  shell 
etc.,  nevertheless  we  will  assume  that  all  the  totality  of  factors  of 
the  first  two  groups  may  be  described  by  the  finite  number  of  parameters 
a^,  ...,  a  .  Therefore,  it  is  natural  to  consider  that  probability 
properties  of  the  first  two  groups  of  factors  will  be  given,  if  the 
law  ^(a^,  ...,  am)  of  distribution  of  parameters  a^,  ...,  am  is  given. 
Let  us  assume  now  that  parameters  a^,  ...,  am  are  fixed,  and  write 
equations  of  the  motion  of  the  shell  under  the  action  of  load  F(P,  t) 
taking  into  account  the  dissipation  of  energy  during  motion  of  the 
shell.  We  have: 


^+^+B^-A.(A  +  JL)  +  A.x 
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—  2 

<y  ) 
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9f  9m 
ft*  djf* 


+ 


(6.1) 


(6.2) 


In  these  equations  p  is  the  mass  density  of  shell,  referred  to  one 
unit  of  the  area  of  middle  surface  of  the  shell;  the  dispersion  of 
energy  in  the  shell  is  taken  into  consideration  by  term  27  -^r.  For 
simplicity,  in  equations  (6.1)  and  (6.2)  we  disregarded  the  inertia 
of  longitudinal  motions  of  shells  and  considered  that  F(P,  t)  has  only 
one  component  Z(P,  t) .  All  these  assumptions  can  be  discarded  although 
this  will  bring  about  certain  complication  of  subsequent  computations. 

We  assume  that  for  w  uniform  conditions  of  support  are  fulfilled 


and,  furthermore, 

f/r  =  r(s),  -?L  =  q(s), 


(6.5) 
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where  r(s),  q(s)  are  certain  functions  of  contour  s. 

We  search  for  the  approximate  solution  of  the  problem  in  the 
following  form: 

(6.4) 

M 


Here  fk(p)  is  the  basis  in  the  space  of  energy  of  the  flexure  of 
shell.  For  determination  of  qk(t)  we  use  Bubnov-Galerkin*s  method, 
assuming  that  f^  are  orthonorraal  in  Lg.  Now  we  obtain  the  following 
system, 

JL*‘ — '— •*) 


f.+7-f. 


(6-5) 


Here  v  is  the  potential  strain  energy  of  the  shell,  expressed 
through  q^. 

System  (6.5)  may  be  considered  as  the  equation  of  motion  of  a 
certain  point  in  n- dimensional  space  of  coefficients  q^,  ...,  qn. 
This  point  of  motion  is  in  the  field  of  forces  with  potential  p  v 
and  urder  the  action  of  random  forces  p  zk(t).  From  now  on  we  will 
consider  that 


(6.6) 

Here  z^2^(p,  t)  is  the  fluctuation  term,  producing  the  acceleration 
of  point  of  the  type  of  Brownian  motion  accelerations  z^(p,  t)  is  a 
continuous  random  process. 

We  shall  assume  further  that  with  a  sufficient  degree  of  accuracy 
we  can  write 

*»>  ( p ,  0  -^2  <**,.  ft  (p)  (o*  (6.7) 

Here  ^(t)  are  certain  fixed  time  functions.  Let  us  consider 
that  the  continuous  random  process  is  given,  if  the  law  of  distribution 
0(akj)  of  parameters  a^  is  known.  In  accordance  with  (6.6)  we  have: 


318 


(6.8) 

The  problem  now  consists  in  finding  the  law  of  time  distribution 
of  • • • »  C^. 

For  its  solution  we  will  assume  that  groups  of  parameters  a^,  . . . , 
am  and  a^  and  the  random  process  z^2)(p,  t)  are  statistically 
independent.  Let  us  assume  further  that  parameters  a^,  . ..,  a^, 
received  a  certain  fixed  value,  and  now  we  find  the  law  of  distribution 
of  q^,  ...,  qn  in  this  assumption.  If  we  assume  that  z^2)  is  white 
noise  6-correlated  on  the  middle  surface  in  time,  then  for  time  moments 
t  »  p/y  the  distributive  law  sought  can  be  found  from  Smolukhovskiy 
equation: 


(6.9) 


In  equation  (6.9)  parameter  6  characterizes  scattering  of  impacts 
acting  on  the  shell,  and  the  smaller  the  6,  the  less  the  scattering 
of  impacts  acting  on  the  shell.  The  parameter  characterizes  conditions, 
under  which  the  shell  works,  and  should  be  determined  from  experiment. 

Inasmuch  as  f  is  a  certain  distributive  law,  then  to  (6.9)  we 
must  add  the  following  conditions,  taking  place  when  t  >  0: 

1)  f>0*  2)  |  1; 

— flB 

3)  /-*■()  as  ...  +f„-*00.  (6.10) 

Furthermore,  f(q^,  . ..,  qR,  0)  =  f*^,  . ..,  qn)  *  where  f*  is  the 
law  cf  distribution  of  q1,  ...,  qn  in  the  initial  moment. 

Let  us  assume  that  we  managed  to  find  f  from  (6.9),  (6.10). 
Obviously,  f  will  also  depend  on  parameters  a±J  ...,  a  ,  also, 
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the  absolute  law  of  distribution  of  f°  for  the  conditions  considered 
will  be 

/* **  J  Cm) f  (<*») 8 (6.  11) 


Let  us  consider  certain  important  cases,  when  a  full  realization 
of  the  above-stated  plan  is  possible  and  when  calculation  formulas 
can  be  obtained. 

Let  us  assume  that  z^'  =  0,  and  z^  does  not  depend  on  time. 

In  this  case  the  distribution  of  f(q^,  •••*  <ln)>  which  will  be 
established  when  t  -*■  oo,  will  be  determined  from  equation 


(6.12) 


We  can  easily  check  that  function 


(6-ti) 


satisfies  all  conditions  (6.10)  and  the  equation  (6.9).  Distribution 
(6.13)  is  Gibbs  distribution. 

The  absolute  law  of  distribution  in  accordance  with  (6.13)  was 
determined  by  formula 


f°  (?1<  ■  •  •*  Qml  “  J  •;*!  ^  (?1'  •  •  ••  ft*  •  •  -CAj)  V  (®j)  ^ 

x  8  (oM)  •  dajakl.  (6.14) 

The  value  f°  may  be  taken  for  the  measure  of  reality  of  a  certain 

form  of  equilibrium  of  the  shell. 

Formula  (6.14)  gives  a  sufficiently  full  solution. 

( 2] 

The  condition  of  5-correlation  of  the  process  z'  ' ,  taken  in 
work  [70],  enabled  us  to  obtain  a  closed  solution  in  the  form  (6.13)* 
(6.14).  If  we  discard  this  condition,  then  the  distributive  law  for 
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f  from  (6.9)*  and  (6.10)  will  have  to  be  found  numerically. 

Let  us  note  essential  features  of  the  recommended  method  of 
statistical  analysis  of  the  equilibrium  of  shells. 

1.  Calculation  by  formula  (6.14)  does  not  require  a  preliminary 
solution  of  the  problem  on  the  shell  equilibrium,  an  analysis  of  the 
number  of  forms  of  equilibrium,  or  a  replacement  of  real  dependencies 
between  sags  and  external  forces,  by  single-valued  functions,  etc.  It 
is  only  required  to  know  the  expression  of  potential  energy  of  the 
system  through  generalized  coordinates. 

2.  The  calculation  of  the  distributive  law  by  formula  (6.14)  is 
reduced  to  taking  of  quadratures.  Inasmuch  as  integrands  in  formula 

(6.14)  are  sufficiently  smooth  functions,  these  quadratures 
without  any  complications  can  be  taken  numerically,  even 
if  for  the  increase  of  accuracy  of  solution  of  the  problem 
we  resort  to  the  use  of  a  large  number  of  parameters 
q^,  ...,  q^.  Here,  naturally,  no  special  questions  arise, 
connected  with  the  use  of  machines  for  calculation  by 

Pig.  51. 

formula  (6.14). 

3.  Formula  (6.14)  in  principle  considers  all  basic  factors, 
determining  the  random  character  of  bend  of  the  shell,  including  such 
factors,  as  random  forces,  which  change  in  time  very  rapidly,  and 
forces  with  the  period  of  change,  comparable  with  the  period  of 
oscillations  of  the  shell  proper,  etc.  Moreover,  it  makes  it  possible 
to  trace  the  process  of  change  of  probabilities  in  time.  It  is  true, 

a  resolution  of  the  corresponding  boundary- value  problem  for  equation 
(6.9)  will  be  also  required  here. 

But  equation  (6.9)  belongs  to  the  number  of  those  equations  for 
the  solution  of  which  numerical  methods  are  very  suitable. 
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We  consider  the  stability  of  a  square  cylindrical  panel  under  the 
action  of  longitudinal  compressing  force  Q  (Fig.  51)*  In  solving  the 
problem  we  take  into  consideration  probable  deviations  in  the  shape 
of  the  middle  surface  and  the  effect  of  random  fast-changing  external 
forces. 

The  potential  energy  of  the  shell  can  be  taken  in  the  form  [4]s 


-  -=j~ {<? +  «V +  (—  + 

+-2-p<s.-s)— 5-sy}, 


(6.15) 


V 


*  —  ~r .  5«®3,6+-— •, 

Ift'ft  38.5 


S- 


4 E» 


Here  a  is  the  side  of  the  shell  square,  2h  is  the  thickness  of 
shell,  E  is  Young* s  modulus,  f  is  the  sag  of  shell,  fQ  is  the  initial 

sag. 

We  consider  the  shell  with  curvature  parameters  k  =  12.  In  this 
case  for  the  potential  energy  we  obtain  the  formula 


V  +  P  (4C,  -  4.36)  +  ”[- 3.86C,  +  4,85 

-2,341V).  P-S/Sfr 


(6.16) 

In  accordance  with  (6.15)  conditional  distributive  law  £  (the 
distributive  law  for  the  determined  £q)  is  yielded  by  relationship 


m 

/G.y- /=  J  e-*Wd:. 


(6.17) 


t-***L. 

r 

In  equalities  (6.17)  we  introduce  the  designation 

V  (C)  =  (4g  -  4  ,36  +  C*  l  -  3. 86;,  +  1 1 . 85  ( 1  -  p)  I  - 

-23,41V. 

The  absolute  distributive  law  will  be  given  by  formula 


/°G>=  G.K 


(6.18) 


where  <p(£q)  is  the  law  of  distribution  of  £q* 

Let  us  determine,  for  instance,  with  the  help  of  (6.18)  the 
probability  that  the  modulo  displacement  of  C  with  respect  to  the 
modulus  will  not  exceed  one  unity.  Obviously, 

J  (6.19) 

—I  —I 

Results  of  numerical  calculations  by  the  formulas  are  given  in 
Pigs.  52  and  53*  for  the  case,  when  is  subordinate  to  the  triangular 

% 

symmetric  distributive  law. 

In  Fig.  52  p(DC0)  is  plotted,  where  D£0  is  the  dispersion  of  Co- 
Calculations  were  performed  for  the  case  when  p  =  0.5  (i.e.,  for  the 
case,  when  the  compressing  force  constitutes  half  of  the  upper  critical 
value)  and  for  p.  =  1;  0.5;  0.2;  0.1.  Parameter  p.  for  a  fixed  shell 
depends  on  6  the  value,  characterizing  the  working  conditions  of  the 
shell.  The  larger  the  6,  the  "calmer"  the  working  conditions  of  the 


shell.  From  Fig.  52  it  is  clear  that  with  a  sufficiently  small  p., 
i.e.,  under  not  very  "calm"  working  conditions  of  the  shell,  D£q 
practically  has  no  effect  on  p. 

In  Fig.  53  p(ECq)  is  plotted  whan  p.  =  1  and  with  different  p. 
From  Fig.  53  it  is  clear  that  p(DC0)  has  a  different  character  for 
different  p.  If  p  <  0.544  is  the  lower  critical  number  for  the  given 
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Fig.  53. 


case,  then  an  increase  of  DCq 
results  in  a  decrease  at  p.  If, 
however,  p  >  0.544,  J hen  with  an 
increase  of  D£q  the  value  P  increases 
also.  This  circumstance  paradoxical 
at  the  first  glance,  is  fully 


explainable. 


mlM'iajMMdiKrar'.'  I  'mi  .  ft 


Indeed,  the  detailed  analysis  of  a  number  of  forms  of  equilibrium 
of  the  shell  and  the  degree  of  their  stability  shows  that  when  p  >  pQ 
(p0  is  the  lower  critical  load)  with  large  positive  £0  there  exists 
only  one  form  of  equilibrium,  to  which  correspond  £,  lying  outside 
[-1,  +1]. 

With  small  positive  £q  the  shell  has  three  forms  of  equilibrium, 
and  one  of  these  forms  lies  inside  the  segment  [-1,  +i]. 

However,  to  this  form  corresponds  a  higher  level  of  potential 
energy  of  the  shell  than  forms,  lying  outside  [-1,  +1],  Therefore, 
although  with  small  positive  there  are  forms  of  equilibrium  inside 

[-1,  +1],  they  give  us  little  for  increasing  the  probability  of 
realization  of  inequality  j£|  <1.  However,  with  negative  there 
are  also  positions  of  equilibrium  to  which  correspond  £  from  segment 
[-1,  +1],  However,  here  for  negative  £q  precisely  these  forms  appear 
to  be  the  stablest,  and  the  larger  the  the  stabler  the  corre¬ 
sponding  form.  Therefore,  when  we  decrease  dispersion  of  £q, 
decreasing  thereby  the  probability  of  appearance  of  sufficiently 
large  negative  the  probability  p  can  decrease. 

If  p  <  O.^kk,  then  to  every  £q  corresponds  the  only  form  of 
equilibrium  of  the  shell,  and  the  smaller  the  £q,  the  less  the  value 
of  £,  corresponding  to  the  form  of  equilibrium  of  the  shell.  Here, 
of  course,  with  the  decrease  of  dispersion  of  the  value  of  p  should 
be  increased.  We  shall  also  note  that  if  we  decrease  DCqj  concen¬ 
trating  the  distributive  law  for  £q  on  negative  then  we  will 
always  have  an  increase  of  p.  Therefore,  it  is  natural  to  pose  the 
question  of  introduction  of  measures  of  technological,  constructive 
and  other  order,  by  means  of  which  we  could  create  artificial 
dispersion,  concentrating  the  law  of  distribution  of  £q  on  negative 


values. 
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In  Fig.  54  we  plot  p  against  P  for  different  D£q.  We  can  note 
that  function  p(P)  experiences  a  sharp  change  when  values  of  the  load 

are  somewhat  larger  than  the  lower 
critical  number.  These  load  values 
are  characterized  by  the  circum¬ 
stance  that  three  forms  of  equi¬ 
librium  of  shell  correspond  to  it, 
and  in  two  stable  forms  of  equi- 


Fig.  55. 


librium  the  shell  has  equal  levels  of  potential  energy. 

Graphs  in  Fig.  54  are  plotted  for  \i  =  1  and,  consequently,  can 
be  used  only  when  the  working  conditions  of  the  shell  correspond  to 
[i=l.  However,  it  is  quite  possible  to  plot  a  series  of  such  graphs 
for  various  p..  This  would  enable  us  by  the  given  level  of  probability 
of  the  shell  staying  in  a  certain  state  under  given  working  conditions, 
to  determine  the  permissible  scattering  in  the  form  of  the  shell's 
middle  surface.  Figure  55  depicts  the  curve  of  the  potential  energy 
of  the  shell  —  external  forces  system.  With  a  certain  value  of 
p  >  0.544  the  pop  of  shell  will  occur,  if  under  the  action  of  random 
impacts  the  potential  barrier  will  be  surmounted.  Therefore,  it 
is  possible  to  assume  approximately  that  for  a  fixed  the  proba¬ 
bility  of  pop  p*  will  be  given  by  the  relationship 

(6.20) 

Using  the  theorem  of  full  probability,  we  obtain  the  following 
formula  for  calculation  of  the  probability  of  popping: 


Pr*1”  fP*(QfW^r 


(6.21) 


Further,  if  we  take  into  consideration  that  popping  can  take 
place  only  when  satisfies  the  inequality 
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(6.22) 


where  is  a  certain  number  specific  for  every  P,  then  formula 
(6.21)  can  be  written  in  the  form 

/(M J*(U**r  (6-23) 

Results  of  calculations  by  the  formula  (6.23)  are  shown  in  Pig. 
56.  Here  we  can  also  note  the  circumstance  that  with  the  increase  of 
D£n  the  probability  of  popping  decreases.  This  is  explained  by  the 

fact  that  by  decreasing  D we  render  improbable 
large  modulo  values  of  (we  remind  the  reader 
that  the  distributive  law  was  assumed  to  be 
symmetric).  But  with  large  positive  £0  popping 
does  not  occur  at  all,  and  for  large  negative  £ Q 
popping  is  unlikely,  since  the  pre-popping  state 
of  equilibrium  in  this  case  has  a  lower  energy 
level  than  the  post-popping  state. 

In  conclusion  let  us  note  that  in  using  the  above-stated  method, 
it  will  evidently  be  necessary  to  divide  all  possible  real  conditions 
of  exploitation  of  shells  into  calculation  instances  according  to  the 
level  of  "calmness"  of  the  work,  and  for  every  calculation  instance 
to  establish  jjl  experimentally. 


Fig.  56. 


CHAPTER  VI 

STABILITY  OF  SHELLS  BEYOND  THE  ELASTIC  LIMIT 
§  1.  Formulation  of  the  Problem 

Phenomena  of  instability  are  characterized  by  the  fact  that  with; 
certain  values  of  external  forces,  along  with  given  (zero-moment)  stad 
of  equilibrium  of  shell  other  states  of  equilibrium  are  found  to  be 
possible  also. 

Let  us  investigate  stability  in  the  case  of  elastoplastic 
state  of  material  of  a  shell. 

Following  A.  A.Il'yushin  [2],  let  us  examine  a  deformed  state  of 
the  shell  infinitely  close  to  the  given  state,  and  characterized  by 


xy 


elongations  exx  +  Se^,  eyy  +  6eyy  and  shift. 

+  6eXy  layer  ABC  (Fig.  57)  >  located  at  a  dir, tan 

z  from  the  middle  surface;  variations  of  stress 

5X  ,  5Y  ,  f)X  ,  which  can  be  calculated  on  the 
x  y  y 

basis  of  laws  of  plasticity  correspond  to  del  nna- 


tion  variations  5ev  .  5e, 


be. 


Inasmuch  as  in  this  case  we  speak 


xx  yy'  xy 

of  real  variations  of  deformations,  and  not  about  virtual  ones,  as 
in  the  variational  equation  of  equilibrium,  it  is  necessary  to  dis¬ 
tinguish  two  possible  cases;  the  case  of  loading  and  the  case  of 
unloading,  inasmuch  as  formulas,  connecting  stressed  and  deformed 
states  are  different  here. 
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The  loading  region  is  characterized  hy  the  fact  that  in  it  at 
the  expense  of  variations  6e  ,  . 6X  the  intensity  of  deformations 

AA  A 

and  stresses  increases;  in  the  region  of  unloading  however,  these 
values  decrease.  The  surface,  intersecting  the  thickness  of  the 
shell  and  separating  the  regions  of  loading  and  unloading,  is 
determined,  consequently,  from  the  condition  of  equality  to  zero 
either  of  the  variation  of  intensity  of  deformations  or  intensity  of 
stresses.  In  view  of  the  fact  that  the  variation  of  the  work  of 
internal  forces  in  one  unit  volume  of  the  shell  is  equal  to 

vfa  «  XjeM;  +  YJe„  +  Xytexy,  ( 1 . 1 ) 

i.e.,  is  proportional  to  Se^,  then  the  equation  of  the  above  surface 
will  be 

XJe„+Y,ie„  +  X,ie„~  0.  (1.2) 

It  may  be  obtained  directly  by  using  a  variation  of  formula 


ei  —  "^3  4*  e*flt  4  *** 


(io) 


and  simple  transformations  according  to: 

*  *2  y*i 

S.  —  Y. — Lv 

*  •  o'  ..  I 


0.M 


■  A.  =  — 


(j.r0 


and  ^ 

04  =  yx\  -  XxY„  +  Y\  +  zx\. 

In  the  leading  region  variations  of  stresses  can  be  found  by 
means  of  differentiation  of  formulas  (1,4),  since  they  take  plac^  both 
in  the  principal  and  similar  states  of  the  shell: 
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(1.6) 


where  <y  and  are  connected  by  a  diagram  of  extension  a ^  =  ^(e^), 
so  that 

In  the  unloading  region  variations  of  stresses  and  deformations 
obey  the  Hook’s  law,  and  the  connection  between  them  can  be  found 
from  (1.6),  if  we  assume  that  =  Eey 

IS^Ele^  IS, « £*?„.  VC'^-LEb*.  (l.S) 

As  we  did  in  the  general  theory  of  shells,  we  will  proceed  from  the 
basic  Kirchhoff’s  hypothesis,  namely;  we  assume  that  variations  of 
deformation  of  a  layer  of  shell  ABC  (Fig.  57)  are  expressed  by  linear 
relationships  through  variations  of  deformations  of  the  middle  »surfac 
and  through  its  distortions: 

zx,.  =  k„  =  2 («,—«,),  (1*5) 

while  here  with  e^,  e 2e^,  we  designate  infinitesimal  variations 
of  deformations  of  the  middle  surface,  and  with  k^,  h2,  -  t  — 

infinitesimal  variations  of  its  curvatures  and  torsion. 

For  convenience  of  calculation  we  will  introduce  designation 
of  dimensionless  values;  a  ljne  above  the  value  of  stress  will  be 
used  to  note  the  relation  of  this  stress  to  the  intensity  of  stresses 


These  values  are  known;  instead  of  distortions  n and 
ordinate  z  we  will  introduce  dimensionless  values: 


k 

2 


h 

y 


(1.11) 
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Let  us  now  write  formula  (1.1)  In  the  form 


where 


(1.12) 


«=jU  +  »V,  +  2X&. 

k 

*  “  J  ** 

If  we  now  use  Zq  to  designate  the  ordinate  of  the  surface,  separating 
the  regions  of  loading  and  unloading,  then  according  to  (1.2)  and 
(1.12)  we  will  obtain. 


*- 


(1.14 


) 


To  be  specific  we  will  assume  that  the  loading  region  adjoins  the 
external  surface  of  the  shell  z  -  +  ^.  In  this  case  for  z  >  zQ  there 
are  formulas  (1.6),  where,  according  to  the  adopted  designations  of 
dimensionless  values,  they  can  be  rewritten  in  the  form: 


-  ft" £)  + f 

Formulas  (1.8),  taking  place  in  the  unloading  region  z  <  zQ,  will 
be  written  thus : 

*Ss=E(t  t  —  v). 

v).  (1.16) 


As  we  see  from  the  comparison  of  formulas  (1.15)  and  (1.16),  on  the 

boundary  of  loading  and  unloading  regions  (z  =  zQ)  variations  of 

stresses,  in  general,  are  not  continuous  functions  of  z.  Their 

infinitesimal  jumps  are  proportional  to  difference  E  -  \.e., 

i 
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they  disappear,  if  the  material  of  the  sh.ll  exceeds  only  very  little 

the  limits  of  elasticity  with  respect  to  the  value  of  intensity  of 

do. 

deformation  e.  (here,  obvi  ~«us?y,  -  may  be  as  small  as  desired). 

-*■  u6 

The  discontinuity  of  stresses  disappears  also,  when  the  variation  of 
the  stressed  state  is  simple,  i.e.,  if  the  variations  of  stresses 
are  proportional  to  the  active  stresses;  in  this  case  on  the  boundary 
of  regions  of  loading  and  unloading  they  will  turn  into  zero  together 
with  the  variation  of  intensity  of  stresses  6oc  (or  intensity  of 
deformations  6e^),  since  they  will  be  proportional  to  60^. 

Thus,  speaking  in  principle,  the  discontinuity  of  values  6X 
on  boundary  z  =  Zq  will  take  place  in  those  cases,  when  the  loss 
of  stability  of  shell  is  accompanied  by  complicated  leading  of 
elements  of  the  material,  i.e.,  either  the  discontinuity  or  continuity 
of  stresses  may  be  established  after  the  problem  on  the  stability 
of  the  shell  is  solved.  Hence  it  is  clear  that  the  degree  of 
accuracy  of  the  solution  of  the  problem  of  stability  of  shells, 
accuracy  meaning  the  degree  of  conformity  of  mathematical  solution 
with  experimental  data,  will  be  fully  sufficient,  if  values  of 
jumps  of  stress  variations  on  the  z  =  zn  boundary  will  be  small  in 


comparison  with  variations  of  stresses  on  the  shell's  surface 


(  "  4 


otherwise,  an  experimental  check  of  solutions  is  necessary.  The 
difficulty,  which  we  encounter  here,  is  inevitable  not  only  within  the 
framework  of  the  theory  of  small  elastoplastic  deformations,  but 
also  from  the  point  of  view  of  any  other  theory  of  plasticity.  Let 
us  note  that  intermittent  change  of  stress  variations  during  transition 
over  the  boundary  z  =  is  the  inevitable  result  of  continuity  of 
deformations,  their  intensity  and  the  intensity  of  stresses,  inasmuch 
as  transformation  of  material  from  the  plastic  state  into  the  elastic 
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state  with  the  constant  intensity  of  stresses  is  connected  with 
redistribution  of  stresses. 

Formulas  (1.15),  ^1.16)  show  that  stx*ess  variation  are  .i:.ear 
functions  of  ordinate  z,  while,  in  contrasc  to  the  ca of  elastic 
loss  of  stability,  they  depend  not  only  on  deformations  and  mechanical 
characteristics  of  the  shell's  material,  but  also  on  stresses  acting 
prior  to  the  loss  of  stability,  and  consequently  on  forces.  This  con¬ 
stitutes  the  specific  feature  of  the  phenomenon  of  loss  of  stability 
of  shell  beyond  the  limits  of  elasticity. 

In  order  to  be  able  to  write  the  differential  equations  of 
stability,  it  is  necessary  to  find  the  expression  for  variations  of 
forces  and  r jments,  acting  on  the  element  of  the  shell,  inasmuch  as 
they  ensure  from  equations  of  equilibrium  of  the  element. 

For  determination  of  forces  and  moments  we  have: 


*  * 


Fig.  58. 

[nji  =  pi  =  plas¬ 
tic;  ynp  =  el  - 
=  elastic] 


For  calculation  of  these  integrals  first  of  all 
it  is  necessary  to  divide  the  shell  into  the  follow¬ 
ing  three  zones:  in  the  first  zone  (Fig.  58)  the 
shell  is  assumed  to  be  in  the  elastic  state,*  and 


*If  prior  to  loss  of  stability  in  a  certain  zone  of  the  shell  it 
is  in  the  elastic  state,  then  with  infinitesimal  variations,  generally 
speaking,  it  will  remain  elastic. 
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therefore,  according  to  (1.16),  (1.17)  for  this  zone  we  have. 


EM 


IS 


=«i; 


(3.18) 


Here,  the  cylindrical  rigiditv  is  designated  with  D,  as  before 


»  (l.J-3) 

12(1 —  ^ 

The  second  zone  is  characterized  by  the  fact  that  prior  to  loss  of 
stability  the  shell  material  in  it  was  deformed  plastically,  and 
after  the  loss  of  stability  a  part  of  the  layer  converts  into  the 
elastic  state,  i.e.,  in  this  zone  there  are  both  a  region  of  active 
plastic  deformation  (loading),  and  a  region  of  unloading.  Each  of 
the  integrals  (1.17)  in  this  zone  should  be  divided  into  two  parts, 
from  z  =  —  to  z  =  Zq  and  from  z  =  zQ  to  z  =  +  p  where  the  first  o 
should  be  calculated  according  to  the  formula  (1.16),  and  the  second 
one  —  according  to  (1.15),  for  instance: 


*r«- 


i_ 

2 


—  I 


* 


2)d2. 


Thus,  during  calculation  we  encounter  the  simplest  integrals  of  the 
type: 

j  <£  =2,  J  2*<fc=-~?. 


Let  us  use  the  adopted  designations  of  the  known  values: 

X 


w—  | - -  — , 

£  <j 


l _ !_ 


E  det 


(1.20) 
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Then,  calculating  the  first  group  of  integrals  (i.17),  we  will  obtain 
expressions  for  variations  of  forces: 


«•,)  _  2(1  -«+.*).,  +  .  (i  -3k+ 

+p.-«)5,(l -Jjfa 

i-jr.)  _  2(2-«+^)h+«0 -"3K+ 

+  (l—.)3,(l —£)*«.  (1.21) 

.|Us-4(2-.+<*H  +  2»(l  -3)*t  + 

+  3(1— ,:)X,(I  -  •*)»«. 

After  calculation  of  the  second  group  of  integrals  we  find  the 
formulas  for  variations  of  moments: 

=  2(2-.  +^)h  + 

+  (1-.)(1  -*)*<2  +  *)S,,~ (I  -3).,, 

"S'  (W, — —  2(2—  .  +  <3)«,  + 

+  (l-.)(l-i,)*<2  +  ^3>-ijL(l  _3),„ 

~tH=  -4(2—.  +  <3>«,+  (1.22) 

+3(l-.)(l-*)»(2+*)^-.!^<|  _1»)V 

In  the  third  zone  of  the  shell  deformation  of  the  shell  which 
was  plastic  until  the  loss  of  stability  remains  plastic  also  after 
the  loss  of  stability,  i.e.,  the  region  of  unloading  is  absent. 
Therefore,  expressions  of  variations  of  forces  and  moments  are  obtained 
from  (1.17)  according  to  formulas  (1.15), 

J_  ^rt  —  (i  —a)  ©)  Sx«, 

Jjr(«r,-±»r1)  =  (i-m).,-(i-ol)5^.  (i  2j) 

J-»S  =  -2-<l-«).,-(l_o)X,.. 

^(W1  — yW, )  =  -<!— «K  +  (i-.)3,».  pl| 
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-±.(8*,— Iwf,) - (I— «K+(l— »)5,«. 


(1.14) 

con'd 


Formulas  (1.18),  (1.23),  and  (i.24)  for  the  first  and  third 
zones  establish  linear  uniform  relations  between  variations  of 
forces  and  moments,  on  the  one  hand,  and  deformation  of  the  middle 
surface  and  its  distortions  —  on  tho  other  hand.  However,  in  the 
zone  of  elastcplastic  deformations  (second)  these  relationships  are 
not  linear,  while  they  remain  uniform.  This  can  be  seen  fror..  formulas 
(1.21),  and  (1.22),  which  include  value  "zQ,  which  is  a  linear- 
fractional  function  of  the  zero  degree  with  respect  to  en  and  Hn: 

-  **+?&+**+*  (1.14«) 

It  is  very  essential  that  in  this  expression  at  *zQ  we  can  exclude 
deformations  e  ,  expressing  them  through  variations  of  forces  bT^, 

6T2,  and  6 S.  Multiplying  the  first  equation  of  group  (1.21)  by 
Xx,  the  second  by  and  the  third  by  Xy  and  adding  them  up,  we  see 

that  deformations  are  included  in  the  obtained  equation  only  in 

the  form  of  certain  combinations  of  e;  but  since  from  (1.14)  e  = 

-  then,  excluding  this  value,  we  will  obtain: 

X0-lr  +  S.-4  -0.  (1.25) 

CnX 


Let  us  designate  with  <p  the  dimentionless  value,  included  in  this 
equation  and  depending  on  variations  of  forces  and  curvatures: 


x  sjTt  +  Syfcr,  -f  2%s>s 
l-X  Ehx 


(1.26) 


Solving  quadratic  equation  (1.25),  we  find, 

*  l-/d-X)(|+f) 

w  —  ;  • 


(1.27) 
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where  C  is  "the  relation  of  the  thickness  of  the  plastic  layer  of  the 
shell  to  its  total  thickness  (Fig.  58): 

C  =  «,  =  !-2C.  (1.28) 

Thus*  in  formulas  (i.23 )  and  (.122)  "Zq  means  either  the  expression 
of  this  value  (i.141)  through  deformations,  its  expression  through 
variations  of  forces  and  distortions  (1.28). 

Expressions  of  forces  and  moments  in  the  zone  of  elastoplastic 
deformations  of  shell  are  somewhat  simplfied,  if  before  the  loss  of 
stability  the  plastic  deformation  is  small  in  comparison  with  the 
elastic  deformation.  Rejecting  in  (1.2:1)  and  (1.22)  small  values  of 
the  order  of  0  in  comparison  with  1  and  replacing  "zQ  according  to 
formula  (1.28),  we  will  obtain: 

ir(‘T>-T;-r*)=-+Ts^; 

•i-  (sr,  -  i»r,)  « .,  +  i  s/x  (1.29) 

£(»«,— i-MI.) - s  +  ^P-iK)..  (1.30) 

if  w  -  — r  *• + (3  -  *)«■ 

Fundsunental  simplification  of  basic  relationships  (1.21)  and 
(1.22)  occurs  in  those  cases,  when  from  certain  considerations  value 
£,  i.e.,  the  relative  thickness  of  the  plastic  layer  in  the  second 
zone,  can  be  considered  a  known  function  of  coordinates  of  a  point 
of  the  surface.  Actually,  here  the  relationships  indicated,  as 
well  as  relationships  (1.23)  and  (1.24),  become  linear  and  uniform 
with  respect  to  force  factors  of  deformations  and  distortions,  and 
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therefore,  the  problem  on  the  stability  of  shells  beyond  the  limit  of 
elasticity  in  the  mathematical  sense  will  be  somewhat  more  complicated 
than  the  corresponding  elastic  problem. 

We  will  not  write  out  here  the  differential  equations  of 
equilibrium  of  the  element  of  a  shell  of  arbitrary  shape,  inasmuch 
as  they  do  not  differ  in  any  way  i  'em  equations,  adopted  in  the 
theory  of  elastic  stability  of  shells,  ana  we  will  limit  ourselves  to 
certain  remarks  only.  In  the  general  instance  this  system  of  five 
first-order  differential  equations  on  forces  BT^,  BT2,  5S,  moments 
BM^,  6M2,  BH  and  serving  forces  BN^,  5N2;  the  first  three  equations 
are  obtained  from  the  condition  of  equilibrium  of  projections  of 
forces  5T^ ,  6T2,  BS,  BN^,  6N2,  on  directions  of  x,  y,  z  axes  of  the 
basic  trihedron  (Fig.  57);  the  last  two  equation.-  are  equations  of 
equilibrium  of  moments  of  forces  with  respect  to  x,  y  axes.  In  view 
of  the  fact  that  components  of  deformation  e^,  e2,  and  distortions 
k1,  Vt2,  are  expressed  according  to  the  known  Love's  formulas  with 
three  components  of  displacement  of  the  point  of  the  middle  surface 
u(a,  P),  v(a,  p),  w(a,  P'i,  the  above-derived  formulas  (1.18),  (1.21), 
(1.22),  (1.25)  and  (1.24)  allow  us  to  express  values  BT^,  6T2,  6S, 
and  BM^,  6M2  6H  with  u,  v,  w,  and  therefore,  five  equations  of 
equilibrium  will  contain  five  unknown  functions:  BN^,  6N2,  u,  v,  w. 

To  them  we  must  add  boundary  conditions,  of  which  static  boundary 
conditions  are  reduced  to  the  fact  that  variations  of  external  forces 
on  the  boundary  of  the  shell  are  equal  to  zero,  inasmuch  as  the  loss 
of  stability  of  the  shell  should  occur  in  the  presence  of  constant 
external  forces.  Another  formulation  of  the  problem  of  stability 
consists  of  the  fact  that  on  the  basis  of  relationships  of  type 
(1.21),  (1.22)  and  expression  of  en,  hr,  through  u,  v,  w  we  set  up 
differential  equations  of  compatibility  of  deformations,  expressed 
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through  force  factors  bT^,  bTg,  bS,  bM^,  6M2,  6H;  to  these  equations 
we  add  five  equations  of  equlliDrium  and  boundary  conditions. 

Finally,  the  third  formulation  of  the  problem  consists  of  application 
of  the  variational  equation  of  equilibrium  of  the  theorem  of  the 
minimum  of  energy. 


§  2.  Closed  Cylindrical  Shell 

Let  us  examine  the  cylindrical  form  of  the  loss  of  stability  of 
a  cylindrical  shell,  compressed  with  external  pressure  q  and  axial 

force  P  [2],  Let  us  select  axes  of  coordinates 
x,  y,  as  it  was  shown  in  Fig.  59.  In  view  of  the 
fact  that  external  forces  are  constant  along  the 
x  axis  and  the  shell  is  a  circular  cylindrical  one, 
stresses  in  it  everywhere  are  constant  and  equal: 


Y • — X’“°*  (2,1) 

« 

The  problem  on  the  stability  of  such  a  shell  may  be  solved  exactly: 
sag  w  is  a  function  of  angle  8  only,  and  therefore. 


*i  -  *«  =  0. 


Furthermore,  from  the  equation  of  equilibrium  of  variations  of  forces, 
acting  on  the  element  along  x  axis,  and  condition  of  constancy  of  the 
stressed  state  along  the  x  axis  it  follows  that 


6T^  =  5S  =  0. 


Actually,  in  view  of  the  fact  that  the  shell  in  the  direction 
of  x  is  assumed  to  be  sufficiently  long,  its  cross  section  always 
remains  planar,  and  therefore,  shift  is  absent;  from  the  third 
equation  of  group  (1.21)  we  have  6S  =  0.  Consequently,  the  equation 
of  equilibrium  of  forces  in  the  direction  of  x  axis  has  the  form 
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*r4= a 

4 s 


Further  computations  are  simple.  However,  they  are  significantly 
simplified  in  one  particular  case,  when  fore.*  F  is  equal 


. 2 


P  =  Trit  q, 

i.e.,  when  the  very  samp  uniform  pressure  as  on  the  lateral  surface 
act  on  shell  bottoms.  In  this  case 


Yv  =  2X  ,  S 
y  x*  x 


Xx  -  -  0. 


(2-5) 


i.e.,  the  strain  before  the  loss  of  stability  is  plane,  and  therefore, 
it  will  remain  plane  after  the  loss  of  stability  also,  consequently, 
the  elongation  of  will  be  equal  to  zero  (e^  =  0).  From  the  first 
equation  of  group  (1.21)  we  have  here: 


6T, 


0, 


and  from  the  second  equation  we  can  find  deformation  of  e^,  which, 
however,  subsequently  will  be  needed  no  longer.  Equations  (1.22) 
will  be  transformed  to  form: 

- - -  (1  -  ’W  X*  +  ~  (1  ^  —  XyX, 

where  it  is  designated  that: 


(2.4) 


it„  <«-»>  - 

n  +  n=ir 


j£l 

dti 


(2.5) 


(2.5) 
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Equations  (2.4)  give  the  following  expression  for  the  tangential 
flexing  moment. 


(2.7) 


or,  since  under  the  condition  (2.3) 

JLyt  y 

i  4  *9 

then 


l 

V*  * 


(2.6) 


It  is  interesting  to  note  that  from  all  possible  values  of  Y 

y 

under  condition  (2.3)  the  least  rigidity  of  shell  is  obtained.  If 
the  loads  acting  on  the  shell  do  not  satisfy  condition  (2.3)*  then 
expression  of  moment  6M2,  determined  by  formula  (2.7),  can  be  assumed 
to  be  approximate.  Furthermore,  from  the  condition  of  equilibrium 
of  internal  moment  5M2  and  moment  of  external  pressure  q  in  any 
section  8  we  have: 


6M2  =  qRw  +  c  =  c  -  hOjYyW.  (2.9) 

Comparing  this  expression  with  (2.7),  we  obtain  a  differential  equation 


f»  + 


_ -Yf,R*h _ 


* 


where  c  and  c1  are  intercnanected  arbitrary  constants.  The  least 
value  of  the  expression,  enclosed  in  braces  and  corresponding  to  the 
periodic  with  respect  to  9  change  of  w,  will  be  -jp.  Thus,  using 
expression  of  flexibility  i  and  selecting  as  the  characteristic  value 
of  dimension  of  l  the  length  of  circumference  2ttR(i  =  2irR),  we  obtain 
the  critical  value 


/3 E  4(1-1)  — 3(1— *  — 

•l 


(2.10) 
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In  particular,  under  condition  (2.3): 


In  the  absence  of  axial  force  (X  =  0,  Y  =  -a. )  we  have: 

x  y  l 

+  (2.12 ) 

Now  we  will  consider  the  axisyinmetrical  ford  of  loss  of  stability 
of  a  cylindrical  shell,  compressed  by  axial  force  P  and  lateral 
pressure  q. 

Stresses  prior  to  the  loss  of  stability  are  expressed  by  formulas 
(2.1).  From  the  condition  of  symmetry  and  equation  of  equilibrium  in 
the  direction  of  x  axis  it  follows : 


0, 


0. 


The  exact  solution  of  the  problem  posed  will  be  obtained  for  that 
case,  when  the  axial  compressing  stress  Is  twice  as  large  as  the 
tangential  stress: 


Xx  =  2Yy,  P  =  4TTR2q.  (2.13) 

In  this  case  S  =0,  and  therefore,  from  formula  (1.26)  we  have 

y 

<p  =  0,  i#e.,  the  relative  thickness  of  plastic  layer  £  is  constant; 
formulas  (1.27),  (1.28)  and  (1.25)  give: 

zQ  «  1  -  2C  -  -1  +  /fc.  (2.14) 

A 

From  (1.21)  we  will  find  6T2  and  +  7>e2: 

-  2  (2-  fi>  +  o>Ff)  e,  +  ±  (1  -?0)  x,  +  (1  -?,)«*. 

-  2(2  —  *>  +  <«,) (bx  +  -£-•*)  =  -1  [.(1  —  z?)  (»i  +  «,)  + 

+  -7,)**.  (2.15) 
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These  formulas  are  somewhat  simplified  when  Sy  =  0;  when  "Zq  =  -1  + 
+  they  can  be  considered  as  approximate  for  arbitrary  values  of 
S  also.  From  the  first  equations  of  group  (1.22)  we  have  the 

V 

expression  for  the  bending  moment 


4 W, 

D 


—  2 (2 — «  +  <*«)  ^  K,)  +  -J- (X — ( «)| (1  — . zj*  * 

X(2+i)X>-^-d-IS(«,+4-«.). 


(2.i6) 


We  will  designate  the  sag  of  the  shell  with  w(x);  then  distortions 
h^,  h2  and  tangential  deformation  e2  will  be  expressed  as: 


* 


*•  * 


*•”  7' 


1 "  ^  ^*1  +  •“ 


(2.17) 


Excluding  +  ^e2  from  (2.16),  we  find  the  following  expressions  for 
6M^  and  6T2  through  w; 


^  =  -0-*-xWfc  +  -£)  +  xZZ-2-. 

+J-»(X_.)(2  +  (2.18) 

where  function  ip  is  expressed  through  (2.6),  and  x  has  the  value: 


3A«  1 

1  rr' 

I— #  + 

*  t 

U 

l_Jr<i_„)(2_y?j> 

(2.19) 

Formulas  (2.18)  are  significantly  simplified  under  condition  (2.13), 
when, 

3,-0.  ?,-l:  ^ 


(2.20) 
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For  solving  the  problem  on  stability  it  remains  to  write  the 


differential  equation  of  equilibrium. 


(2.21) 


It  is  easily  integrated  in  the  general  case,  when  and  6T2  are 
determined  by  formulas  (2.18),  and  especially  in  the  case  when  S  0. 
Introducing  (2.20)  here,  we  will  obtain: 


**  . 
AEJP/3  **  ■ 


=  0. 


(2.22) 


where  with  i  we  designate  flexibility* 


i 


If  the  length  of  shell  is  great  in  comparison  with  the  radius  and 
the  ends  are  freely  supported,  then  sag  w  can  be  assumed  to  have  the 
form 


w  =  C  sin  ax, 

while  the  least  value  of  the  critical  force  is  obtained  from  condition 


-f- j/  — w+-Y*Vk)-  (2-25) 

The  investigation  of  other  cases  of  stability  is  based  cn 
application  either  of  equation  (2.22),  or  (2.21)  with  values  5M1, 

6M2  according  to  (2.18);  it  is  entirely  analogous  to  investigation 
of  corresponding  elastic  problems,  inasmuch  as  differential  equation 
(2.21)  is  linear  and  contains  only  even  derivative  of  w. 

The  problem  of  stability  of  the  circular  cylindrical  shell  was 
very  comprehensively  investigated  by  V.  I.  Korolev;  he  inspected  the 


*Here  terms  of  the  order  of  in  comparison  with  1  are  rejected. 
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stability  of  the  shell  under  axial  compression,  during  the  simultaneous 
action  of  internal  pressure  and  axial  compression,  during  axial  com¬ 
pression  and  presence  of  preliminary  internal  pressure,  etc. 

Recently  A.  A.  Il'yushin  [71]  proposed  a  new  formulation  of  the 
problem  of  stability  of  thin-walled  structures  containing  rod  elements, 
for  the  case,  when  it  is  in  the  elastoplastic  state. 


§  3.  Approximate  Method  of  Investigation  of  the  Stability  of 
Shells  Taking  into  Account  the  Physical  and 
Geometric  Nonlinearity 

A  study  of  the  stability  of  the  shell  "in  the  broad  view"  con¬ 
siders  only  geometric  nonlinearity  which  signifies,  as  was  noted 
above,  the  retention  of  quadratic  terms  in  the  series  for  expression 
of  deformations  through  transpositions,  for  instance: 


Here,  independently  of  the  value  of  load  it  was  always  assumed 
that  the  material,  in  the  process  of  deformation  remains  elastic, 
i.e.,  the  relationship  between  stresses  and  deformations  is  linear. 

However,  depending  upon  the  geometry  of  the  shell  and  properties 
of  its  material,  with  certain  values  of  loads  deformations  can 
appear,  which  cannot  be  described  by  linear  relationships  a  -  e,  and 
then  it  is  necessary  in  calculations  to  consider  other  (in  general, 
nonlinear)  relationship  between  a  and  e,  which  takes  into  account 
the  change  of  physical  properties  of  the  material  in  the  process  of 
loading.  Attempts  were  made  to  account  for  this  nonlinear  relation¬ 
ship  between  a  and  e  by  means  of  introduction  in  the  calculation  of 
Prandtl’s  diagram  or  diagram  with  linear  strengthening. 

Of  some  interest  to  us,  from  the  point  of  view  of  necessity  of 
obtaining  of  a  more  complete  concept  of  the  work  of  shells,  is  the 
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allowance,  in  the  theory  of  their  calculation  ir.  corresponding  stages 
of  the  stressed  state  ana  deformation  for  both  forms  of  nonlinearity 
—  the  geometric  and  the  physical.  The  complexity  of  the  problem  is 
evident  even  from  che  fact  that  from  the  moment  of  appearance  of 
plastic  deformations  it  is  already  necessary  to  take  into  considera¬ 
tion  the  discrepancy  between  the  laws  of  loading  and  unloading.  Such 
an  allowance  leads  to  very  cumbersome  calculations. 

The  problem  is  somewhat  simplified,  if  one  were  to  construct  a 
theory  based  on  the  hypothesis  of  nonlinear-elastic  material, 
assuming  the  coincidence  of  laws  of  loading  and  unloading. 

With  such  formulation  of  the  problem  the  elastoplastic  proper¬ 
ties  of  the  material  are  not  considered.  Nonetheless,  results  of 
the  solution  can  be  applied  to  a  broad  class  of  materials  (for 
instance,  alloys,  plastics,  steel  in  the  reinforcing  zone  in  the  case 
of  active  deformation,  and  others). 

Let  us  give  the  results  of  research  by  I.  A.  Lukash  [72],  which 
assumes  for  calculation  of  sloping  shells  that  Kirchhoff s 1 -Love ' s, 
hypotheses  are  just,  and  assumes  the  material  to  be  nonlinearly- 
elastic,  and  that  the  following  laws: 

a  =  c(e)  and  =  a1(e1),  (3.1) 

coincide,  which  takes  place,  for  incompressible  material  ( v  =  0.5). 
Relationship  (3.1)  may  be  written  in  a  sufficiently  general  form: 


f-i 


where  and  k^  are  certain  constants.  In  examining  particular  cases 
of  this  relationship: 

a)  0  =  Aek  0.2) 
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A  and  k  are  determined  experimentally  from  the  examination  of  diagram 
of  stretching  (compression), 

b)  a  =  ce(i  -  ae)  (3.3) 

constants  c,  m  and  a  can  be  found  according  to  the  conventional  dia¬ 
gram  of  stretching. 

Geometric  nonlinearity  is  taken  into  consideration,  as  in  §  2, 
by  introduction  into  the  examination  of  quadratic  terms  in  expressions 
of  deformations  through  displacements  of  the  middle  surface: 


On  the  basis  of  Kirchhof f-Love 1 s  hypothesis  deformation  of  an 
element  of  a  shell  at  distance  z  from  the  middle  surface  will  be: 

v-«»+*v  (*»“-fr)-  (3-5) 

*„=<„+2*„  («,„ - -££). 

Introducing  (3.4)  and  (3.5)  in  the  expression  for  intensity  of 
deformations  (when  v  =  0.5): 

9l'rx'VfV  +  +  (3.6) 

we  will  obtain: 

el--jfVW+W+S?-  (5-7) 

where 

^ + v» + "jj" 

b\  -  2ex*x  +  2fyxy  +  exxx  +  ey%x  +  exy*MK,  (3.8) 

*; = *1 + ** + v, + Xly- 
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Introducing  dimensionless  variable 


<  =  <-l<«+l) 

(3-9) 

we  have : 

where 

•*-«,+ V;  «,=■**,+ V; 

(3.10) 

*»!“*«*• 

(3.11) 

Further 

(3.12) 

where 

*t”3  +  4+V»  +  -J'*^' 

*1  “  +  &,* i  +  «A  +  V*  +  |v«, 

(3.13) 

*.“* !+«5+V.+J*!. 

Deformation  energy  of  nonlinearly-elastic  and  elastoplastic 
body  according  to  [2]  is  given  by  formula 

V  =  JJj  [  <»,*,+  -y-]  dxdydz.  (3.14) 


where 

ii±a±!» ,  e  =  «,+«,+**• 

2 

For  an  incompressible  body  the  volume  deformation  6=0  and 

(3.14)  will  be  written  as  follows 

(3.15) 

or  taking  into  account  o i  =  ai(ei)  - 

•t 

(3.16) 

o 

The  work  of  external  forces  W  is  determined  by  the  formula 

V-jflqjt+W  +  lMfody  (3.17) 


(q  ,  q,.,  q„  are  components  of  loads  in  the  directions  x,  y,  z). 

Equating  the  variation  of  external  work  to  the  variation  of  the 
work  of  internal  forces,  we  will  obtain  the  relationship 

6W  =  5V,  (3.18) 


which  interconnects  four  functions. 

1.  Function  FQ  of  the  middle  surface  of  shell  with  an  initial 
load  (this  function  is  included  in  (3.18)  through  curvatures  of  the 
sloping  shell): 


h  _  av, 
5?  *  *  v  ’ 


which  are  included  in  (3.4)  and  (3.6); 

2.  Function  F^  of  the  middle  surface  of  the  shell  with  load  q. 
In  equation  (3.18)  this  function  is  included  through  transpositions 
of  u,  v,  w; 

3.  Function  of  load  q(x,  y,  z); 

4.  Function  u(ei),  which  describes  the  physical  properties  of 
the  material. 

Let  us  assume  that  we  are  given  the  function  =  a(e^),  the 
shape  of  shell  prior  to  loading  FQ  =  FQ(x,  y)  and  the  function  of 
load  q(x,  y);  it  is  required  to  determine  the  shape  of  the  surface 
of  the  shell  after  loading.  Let  us  examine  an  approximate  solution 
of  this  problem,  assuming  the  exponential  dependence  of  stresses  on 
deformations.  Substituting  (3.2)  in  (3.15),  we  will  obtain: 


V  =  (3.19) 

Here  the  triple  integral  extends  onto  the  entire  volume  of  the 
shell.  When  k  =  1  and  A  =  E  we  will  obtain  the  deformation  energy 
of  a  linearly-elastic  body: 
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'-fJJJ**** 


(3.20) 


When  k  =  0,  A  -  a  we  will  have  the  deformation  energy  of  a  rigidly 

o 


plastic  body 


V  «■  a,JJJ  e,dxdydz. 


(3.21) 


Let  us  introduce  in  (3.19)  the  value  of  the  intensity  of  deformation 
from  (3.12)  and,  taking  into  account  (3.9 ),  we  will  obtain  the 
expression  for  deformation  energy: 

+*  +*  +1  *+1 


2M* 


(*  +  1)3  * 

Introducing  designations 


3T  H  J<‘1  +  v  +  v’>  ’ 


e2  =  +  bgt  +  b,t2. 


(3.22) 


(3.23) 


we  will  write  deformation  energy  in  the  following  form 


+•  +*  +J 


J  J  J*-*** 

4- 1)3  * 


(3.24) 


(*  +  1)3 

Integration  with  respect  to  t  can  be  performed  by  Simpson's  formula: 


j  -  y («J+I  +  <*'  +  4<{+l). 


(3.25) 


where  values 


*=  V  bi  +  bt  +  bv  t,  tm  Yb,  eH  =  ]/6,  —  v*  +  6, 


(3.26) 


are  obtained  from  (3.23)  after  substituting  in  it  respectively 

t  =  +1,  t  =  0,  t  =  -1. 

Finally  for  the  deformation  energy  we  will  obtain 

4?+* 


ht  '  *fr  + W*** 

l  *  -u-b 
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(3.27) 


here  the  double  integral  is  taken  with  respect  to  the  entire  surface 
S  of  the  shell.  Executing  the  integration,  we  will  obtain 

/il*<fc-4F.  +  -r(/,.  +  F,  +  F.+F4).  (3. 27') 

where  are  values  of  integrand  in  angular  points  of  the  square  with 
side  2.  For  the  shell,  square  in  plan  with  side  2a,  which  is  under 
the  action  of  an  evenly  distributed  load  with  symmetric  boundary 
conditions,  we  will  obtain 


/  *■  (W7#  +  F,  +  Ft  +  F,  +  F4). 


(3.28) 


If,  for  instance, 

F  =  cos-^cos-^-, 
2a  2a 

then 


/  = 


cos — cos  dxdy 

2a  2a 


16a* 

K» 


(3.29) 


will  be  the  exact  value  of  the  integral.  According  to  formula  (3.28) 
we  will  obtain 


=  F,-F,-F,- 0;  F,-l; 


which  as  compared  to  (3.29)  gives  an  error  of  3$.  Taking  into 
consideration  (3.27),  the  expression  for  energy  can  be  given  in  the 
following  form 


*±* 
(fc  +  1)3  * 


■  Aabh  (8F#  +  Fj  +  Ft  +  F* +  F «). 


(3.30) 


Here 


Fl-€*+'-t-«*+,  +  4«*+',  /-0.1.2.3.4,  (3.31) 

and  values  eb,  eR,  eQ  are  determined  by  formulas  (3.26).  If  only 
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one  transverse  load  is  in  effect,  then  the  work  of  external  forces 
will  be  equal  to 


•H  +* 


V  «=  f  J  qwdxdy. 


(3.32) 


Total  energy  of  system 


U  =  U(u,  v,  w)  =  V  -  W. 


Let  us  present  displacements  in  the  form  of  series 


(5.33) 


(3.3*0 


where  u^,  v^,  and  w^  are  the  prescribed  functions  of  displacements, 
satisfying  boundary  conditions,  and  c^,  c^  and  are  the  coefficients 
sought.  Introducing  (3.3*0  into  (3.33)  and  setting  up  the  conditions 
of  extremum  of  energy  U: 


dU 

*1 


0; 


(3.35) 


we  will  obtain  systems  of  algebraic  equations  for  determination  of 
coefficients  ci,  c^  and  w^.  This  system  of  nonlinear  equations  with 
fractional  indices  may  be  solved  by  approximation  or  graphic  methods. 
After  determination  of  coefficients  c^,  c^  and  w^  it  is  not  difficult 
to  find  from  relationships  (3.5)  and  (3.*+)  functions  of  displacements 
and  deformations. 

Upon  the  solution  of  this  problem  it  is  very  important  to 
select  suitable  functions  u^  and  in  such  a  manner  that  they 
would  satisfy  kinematic  boundary  conditions  and  describe  as  well  as 
possible  the  deformed  surface  of  shell.  It  is  useful  to  present 
functions  ui,  v^,  w^  in  the  form  of  the  product  of  two  functions, 
each  of  which  depends  only  on  one  coordinate : 

=  (*)•«! (y);  ®|  =  M*)-»|(0);  wl^wi(x)w{y).  (3.36) 
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For  the  latter  we  can  select,  for  instance,  beam  fundamental 
functions,  corresponding  to  the  boundary  conditions.  The  method 
presented  is  rather  labor-consuming  for  the  calculation  of  shells 
taking  into  account  the  physical  and  geometric  nonlinearity. 

Let  us  examine  a  shell  with  displacing  edges.  In  this  case  it 
is  possible  to  construct  an  approximate  solution,  applying  a  simpli¬ 
fied  formula  for  the  intensity  of  deformations: 

*t  +  *»)•  (3.37) 

Introducing  here  deformation  values  from  (3.5),  we  will  obtain 

+  V  +  ^  + +  (3.38) 

here 

+  *  =  v  +  v  (3.39) 

Introducing  (3.38)  in  (3.19),  we  will  obtain  the  following 
expression  for  the  work  of  internal  forces: 

V - dxi)ili  (3.40) 

(4  +  1)3  * 

or  after  integration  with  respect  to  z: 

<*+l)(*  +  2)3# 

where  integration  extends  over  the  entire  area  of  the  supporting  plan 
of  the  shell.  Let  us  find  the  relationship  between  the  load  and 
sag.  Being  limited  in  (3.27)  by  one  zero  point,  we  will  obtain 


V 


£T 

(*+!)(*  +  2)3“ 


*1 


*_y+* 
2  } 


(3.42) 


Here  e^  and  xn  are  values  of  magnitudes  (5.39)  at  point 


L0 


mt  (l*  2)* 


Further,  taking  into  consideration  (3.4),  we  will  have: 

W+X**  (3.43) 

where  aQ,  wQ,  bQ  and  e  are  unknown  coefficients. 

Here  it  is  assumed  that 

II  *=  Of,  V  —  C,P,  ID  =  10,-10.  (3«44) 

Further,  let  us  assume  that  the  relationship  between  coefficients 
c,  c^  and  wQ  is  the  same,  as  in  the  elastic  theory.  Let  us  assume 
that. : 


=  “  -y-  a* 


•i 


(5-^5) 


where  a^,  ag,  b^,  b2  are  coefficients  to  be  determined.  From  (3.45) 
we  have. 


C  +  C,  =  ®,(^,  -+  kjbt)  -  -y-  («*  +  6*). 

Introducing  (3.46)  into  (3.44),  we  will  obtain: 


(3.46) 


here 


+  k,)S  +  y/n; 


+6f)a,  =  m; 

**  +  *, 


(3.-47) 

(3.^8) 


taking  into  account  (3.17)  and  (3.29)  for  the  work  of  external  forces 
and  taking  into  consideration  the  relationships  given,  we  will 
obtain  the  following  expression  for  the  total  energy  of  the  system: 

(  .  *V+J  (  .  *Y+l 


u  = 


2*+Ma6 

g+T- 

<*+!)<* +  2)3  * 


,6flb 
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(3.49) 


taking  the  derivative  with  respect  to  Wq,  we  will  obtain  the  relation¬ 
ship  between  load  and  sag,  which  after  substitution  of  values  (3.44) 
and  (3.47)  will  assume  the  following  form  (the  formula  is  written 
for  a  cylindrical  shell  square  in  plan,  when  k  =  0,  b  =  a): 


I 

H+l)C*+*>3“ 


■ft  . 


(3.50) 


where 


=  «+  y<v*. 

L 

&  -  wjtj  +  -2-  m  -  -J- 


(3.51) 


values  s,  m,  b,  c  and  wQ  still  remain  unknown  and  will  have  to  be 
determined. 

Let  us  introduce  dimensionless  parameters: 


(3.52) 


In  these  formulas  fQ  is  the  initial  rise,  and  a  is  one  half  of 
the  side  of  the  supporting  square  plan  of  the  shell.  Let  us  assume, 
in  accordance  with  their  dimensions,  that: 


m  .  b,  T> 

m  —  — ;  bm  —  — ;  c,  —  — . 

Substituting  (3.53)  and  (3.52)  in  (3.50),  we  will  obtain: 


(3.53) 


c-i(«*-23&  +  f)  =  V* 
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(5-54) 


,  ‘taiUS^^T.  -vma...-  -  T“ 


After  substitution  of  (3.52)  and  (3.5^)  in  (3.50)  we  will  have. 


P-0,  K»y+'  (c-  (* + 2)  -  I  ?  (*  +  2>  -  PB  •  I*. 


(3-55) 


where 


»,-24.+4«+f: 

P-24.  +  4S“f : 

-  ?=«-2^A- y; 


(3.56) 


D,=  A 

*  £ 


*±£ 

(*-M)(*  +  2)3  *  * 


ti.  It;  • 

• 


(3.57) 


Formula  (3.55)  expresses  the  general  relationship  between 
dimensionless  load  p  and  sag  £  with  an  accuracy  up  to  the  so  far 
unknown  coefficients  m,  bQ,  s’,  wQ,  c*0.  These  coefficients  will  be 
found  from  the  following  two  conditions. 

1.  When  k  =  0,  A  =  ag  and  £Q  =  0  formula  (3.55)  should  yield 
the  solution  for  the  rigid  plastic  plate: 


«*  + W* 
l6/3o» 


(3.58) 


2.  When  k  =  0  and  A  =  E  formula  (3.55)  should  yield  the  solution 
for  the  elastic  shell: 


P  *=»  4-  «tl5o  +  a«&- 


(3.59) 


Setting  up  from  formula  (3.55)  these  conditions  (1)  and  (2) 
ana  equating  the  corresponding  coefficients,  we  will  obtain  a  system 
of  five  equations  for  determination  of  five  unknown  coefficients. 
Solving  this  system,  we  will  find  the  following  values  of  coefficients 
>  b  q  ,  s ,  w  q  ,  c  q  : 
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•**>* 


=  7  ,,  3/5“  k; 

» ■  •  *•  t/r  •  « 


(3.60) 


In  these  formulas 


h*-i±V  »- 


(3.61) 


Since  coefficient  0.,  0  has  two  values,  then  there  will  be  two 
relationships  (3.55)  also.  Of  these,  the  one  which  will  yield  the 
lowest  load  value  for  the  same  sag,  will  be  used  for  the  calculation. 

As  a  numerical  example  let  us  find  a  relationship  (3.55)  for 
the  cylindrical  shell,  square  in  plan,  with  the  following  dimensions: 

**=>2Qcm;  h  =0,7  or.  /,  —  1 ,6  cm\ 

£.  =  •^=2,29,  EJ  =  5,24. 

Physical  characteristics  of  the  material,  determined  by  the  extension 


diagram  are: 


E  ■  1,83*  10*  kg/cm2;  A  —  4,258*  10*  kg/cm2;  £  a*  0,137. 


For  a  shell  hinge-supported  on  the  edges  of  coefficients  for  the 
elastic  problem  will  be: 

«i  =  8,63;  e,  =  — 19,62;  «,  =  9,92; 

•4—22,12  .sa_  ([»* — o,5). 

1  — 1»* 

Using  formula  (3.61)  we  will  calculate  coefficient 


=  <+/ l-y^?=l  ±0.332; 


&  =  1,332;  fc  =  0,668. 

Using  formulas  (3.60)  we  calculate  coefficients  T5q,  m,  s,  wQ,  "cQ: 

b9  =  18.5;  m  -  0,266;  st  =  —  0, 1066; 

«*i  -  +  0,02;  +  3,0295;  5,- -0.0504;  wM«=  +  1.401. 
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Substituting  these  values  first  in  (3.56),  and  then  in  (3.55),  we 
will  obtain 


for  p|  =  1,332 

ft  =  0*1(0,133;  4-  1. 054)'w  (3,82216- 4.691)- 
-  (0, 1336  - 1976)'-'»  (3,8226  -  8, 135)1 6* 

for?«  =  0,668  (3.62) 

ft  =  l>*  1(0.1336+  1.284)' w  (3,8226-  11.762)  — 

-(0,1336-  1 ,746)'-a7 (3,8226—  15,204)1 6“». 


Value  will  be  found  by  the  formula  (3.57): 


4JS8IO* 
183  10* 


_ 1*‘07k* _ /JOY 

h*  U.7 ) 

1.137  2.137-3  *  -3.0296 


20 


3,1871. 


Graphs  of  relationships  (3.62)  are  plotted  in  Fig.  60  with 
solid  lines  and  P2» 

The  calculated  shell  was  tested  in  an  Institute  of  Mechanics, 
Academy  of  Sciences  USSR  for  an  evenly- distributed  load.  Sags  in  the 

center  of  shell  were  measured  during 
the  tests.  Experimental  p  -  £  relation¬ 
ships  for  two  samples  were  also  plotted 
in  Fig.  60  with  dotted  lines  curve  I, 
calculated  by  the  formula  (3.59)  was 
plotted  above  them. 

As  can  be  seen  from  the  picture, 
curve  I,  calculated  according  to  the 

^  linear-elastic  theory,  but  with  physical 

Fig.  60, 

linearity,  lies  higher  than  the  experi¬ 
mental  curves.  This  is  explained  by  the  fact  that  in  the  given  shell 
large  sags  are  accompanied  by  large  deformations,  a  significant  part 
of  which  lies  in  zone  of  hardening. 

Relationships  (3.62)  yield  curves  (3^  and  P2  which,  when 
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deformations  are  small,  are  located  higher  than  the  experimental 
curve  and  even  higher  than  curve  1,  calculated  according  to  the 
linear-elastic  theory.  This  is  explained  by  the  fact  that  when 
deformations  are  small  formula  (3.2)  yields  larger  values  of  elastic 
modulus  than  those,  which  are  obtained  from  Hooke’s  law.  When 
deformations  are  large  this  curve  is  located  lower  than  the  experi¬ 
mental  curve. 

Curves  1  and  f*^,  3^  intersect  in  points  a*  and  a”.  This  part 
of  curves  P^  and  P2,  which  is  located  to  the  left  of  points  a'  and 
a",  must  be  rejected,  since  in  this  zone  the  material  follows  Hook’s 
law;  the  behavior  of  the  shell  in  this  sector  is  described  by  curve  i. 
To  the  right  of  point  a'  the  behavior  of  the  shell  will  be  described 
by  curves  p^  and  P2#  Thus,  theoretically  the  behavior  of  the  shell 
in  the  range  of  considered  deformations  examined  is  described  by 
two  curves:  curve  1  and  either  one  of  curve  P^  or  P2* 

Crosshatched  zones  abed  for  curve  1  and  a’b’d’c’  or  a"b'd'c'  for 
curves  P^  and  P2  in  Fig.  60  are  zones  of  instability.  Within  the 
limits  of  these  zones  snapping  of  the  shell  should  occur. 

Physically  linear  and  geometrically  nonlinear  calculation 
(curve  1)  yields  a  narrow  zone  of  instability.  According  to  this 
example  we  will  find  that  the  critical  force,  with  which  snapping 
of  the  shell  occurs,  should  lie  between  p  =  37.8  and  p  =  39.8. 
Calculation  taking  into  consideration  both  forms  of  nonlinearity 
yields  a  wider  zone  of  instability;  in  this  case  the  critical  force 
should  lie  between  p  =  16.5  and  p  =  29.9  on  curve  P2  and  p  =  28  on 
curve  P^.  The  experimental  value  of  the  critical  force  for  both 
shells  tested,  corresponding  to  the  horizontal  sections  of  dotted 
lines,  proved  to  be  equal  on  the  average  to  p  *  28.3.  From  the 
drawing  it  is  clear  that  this  value  lies  within  the  limits  of  the 
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zone  of  instability,  given  not  by  curve  1,  but  by  curve  32,  and 
differs  from  the  upper  value  of  the  theoretical  critical  force  by 
3*5%,  and  from  the  lower  value,  by  72.5 io. 

Curve  3^  gives  us  the  value  of  the  upper  critical  force  which 
is  1.5#  less  than  the  experimental  value.  The  average  theoretical 
value  of  the  upper  critical  force,  calculated  according  to  curves 
3^  and  32,  equal  to  p  =  28.75,  is  almost  the  same  as  the  experimental 
value  p  =  28.5.  It  must  be  noted  that  according  to  the  conditions 
of  the  experiment  (through  preparation  of  the  structui 2  and  static 
load)  it  is  more  probable  that  the  shell  will  change  to  a  new  state 
of  equilibrium  after  achievement  of  the  upper  and  not  the  lower 
critical  value. 

This  comparison  with  the  results  of  experiments  confirms  the 
necessity  of  taking  into  account  the  physical  nonlinearity,  since 
this  accounting  yields  a  better  congruence  with  the  experiment  than 
calculation  according  to  the  elastic  nonlinear  theory. 

Part  of  curves  3^  and  32,  located  to  the  right  of  point  d',  lies 
nevertheless  significantly  lower  than  the  experimental  curve,  although 
it  coincides  with  it  in  its  character.  These  divergences  are  explains 
by  the  fact  that  in  the  given  theory  the  material  is  considered  to  be 
nonlinearly-elastic ;  in  reality  steel  in  the  strengthening  zone  is  an 
elastoplastic  material.  In  other  words,  the  divergence  in  lengths 
of  the  snapping  sections  and  in  the  value  after  the  critical  load  is 
explained  by  the  fact  that  the  given  theory  does  not  take  into 
consideration  the  influence  of  unloading. 
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§  4.  A,  V.  Pogorelov's  Method  for  Investigation  of  the 
Supercritical  State  of  Shells 

1.  Presentation  of  Elastic  Buckling  of  a  Shell 
by  Means  of  Geometric  Mirror  Buckling 

let  us  assume  that  cn  the  surface  we  can  build  a  u,  v  coordinate 
network  such  that  the  vector- function  r(u,  v) ,  giving  the  surface  in 
these  coordinates,  is  a  regular  (at  least  twice  differentiable) 
function.  Surfaces,  for  which  linear  elements,  i.e.,  differential 
quadratic  forms, 

dfi  «=»  dr*  «*  t  dtp  +  2F dudo  +  Cito* 

are  identical,  are  called  isometric.  This  means  that  lengths  of 
corresponding  curves,  plotted  between  corresponding  points  of  the  two 
surfaces,  are  identical. 

Surface  F  will  be  single-valued  and  definite,  if  among  the 
surfaces  of  a  given  class  every  surface,  isometric  with  F,  is  equal 
to  F. 

2 

In  surface  deformation  its  linear  element  ds^  in  a  general 
instance  changes  and  is  a  function  of  parameter  t;  however  there 
exist  deformations,  with  which  changes  of  linear  element  do  not 

occur,  and  consequently,  there  are  no  changes  in  the  length  of  curves 

on  the  surface.  Such  deformations  are  called  deflections  of  the 
surface.  A  surface  is  called  rigid  in  a  given  class  (for  instance, 
the  class  of  convex  surfaces),  if  any  bending,  which  does  not  take 
it  from  this  class,  is  reduced  to  motion  of  the  surface  as  a  solid 
body.  If  edges  of  the  surface  are  clamped  or  supported  with  hinges 
then  there  is  inflexibility  and  a  single-valued  indeterminate  form 
of  surface  F.  We  can  easily  prove  [73]  that  the  isometric  trans¬ 
formation  of  a  regular  surface  secured  at  the  edge,  in  the  class  of 

piecewise-regular  surfaces,  is  reduced  to  mirror  buckling,  i.e.,  to 

the  reflection  of  its  arbitrary  segment  in  the  plane,  which  cuts  it 
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off  (Fig.  6l) . 

Further,  let  us  assume  that  the  internal  metrics  of  the  convex 
regular  surface  F  changes  slightly,  i.e.,  the  deformation  of  its 
linear  element  is  small,  — 

— >0  «hw/-»0. 

w$ 

In  this  case  surface  F  is  deformed  into  surface  F^  similar  to  it. 
Whereas  F  consists  of  an  internally  convex  region  G^,  convex  region 
Gg  adjoining  the  edge,  and  a  certain  ring-shaped  band  separating 

regions  G^  and  G 2,  located  in  5(t)  neighborhood  of  region  G^,  then 
surface  F^  is  similar  either  to  surface  F,  or  to  the  surface,  obtained 
by  mirror  buckling  from  F. 

On  the  basis  of  these  geometrical  premises,  A.  V.  Pogorelov 
examines  the  approximation  of  elastic  buckling  of  the  shell  in 

supercritical  deformation  by  means 
of  mirror  buckling.  Here  it  is 
assumed  that  the  shell  is  convex 
with  secured  edges,  its  thickness 
either  slowly  changing  or  constant., 
and  the  middle  surface  is  suffi¬ 
ciently  regular. 

The  supercritical  deformation  of  shell  is  such  a  deformation 
with  which  the  shape  of  the  shell  differs  significantly  from  its 
initial  shape. 

Let  us  assume  that  a  convex  shell  with  thickness  h  is  under  action 
of  certain  load  q,  taking  certain  form  of  elastic  equilibrium  F  .  An 

M. 

increase  of  the  load  will  result  in  its  buckling,  such  a  type  of 
buckling  that  the  middle  surface  can  be  imagined  (this  is  actually 
observed)  as  composed  of  three  above  mentioned  parts,  G^,  G2  and  G12. 


Fig.  62. 
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Let  us  decrease  thickness  h,  and  together  with  it  load  q  in  such  a 
manner  that  the  order  of  deformation  examined  is  retained.  Since  the 
bending  rigidity  of  shell  decreases  faster  than  tensile  rigidity,  the 
stress  in  the  middle  surface,  and,  consequently,  its  deformation  will 
decrease.  Passing  to  limit  (h -*■()),  we  have  to  conclude  that  the 
elastic  buckling  of  a  strictly  convex  shell  F  is  reduced  to  mirror 
buckling,  and  here  the  smaller  the  thickness  of  the  shell,  the  better 
the  approximation  of  mirror  bucking  to  elastic  buckling  (Fig.  62) . 

Such  approximation  of  elastic  buckling  in  supercritical  deformations 
enables  us  to  linearize  the  problem  of  determination  of  the  elastic 
state  of  the  shell  outside  the  neighborhood  of  the  rib  of  mirror 
buckling,  inside  of  which  the  problem  is  essentially  nonlinear. 

2.  Energy  of  Elastic  Deformation 

Let  us  construct  the  energy  of  elastic  deformation  for  the  above 
mentioned  parts  of  shell  G^,  Gi2»  Region  G^  is  that  part  of  shell  of 
elastic  buckling  in  which  the  shape  of  deformed  surface  is  well 
approximated  by  mirror  buckling.  In  this  region  the  bend  is  signif¬ 
icant,  the  normal  curvature  changes  its  sign,  and  the  middle  surface 
is  strictly  convex  by  assumption.  As  we  have  already  shown,  region 
Gg  adjoins  the  surface  edge,  is  well  approximated  by  the  initial  form 
and  is  significantly  smaller  than  region  G^,  and  the  bend  of  middle 
surface  in  region  Gg  is  small.  Therefore,  we  can  disregard  the  bending 
energy  in  region  Gg  as  compared  to  bending  energy  in  region  G^.  Thus, 
the  energy  of  elastic  deformation,  connected  with  the  bend  of  the 
shell  in  the  buckling  region,  is  concentrated  in  regions  G^  and  G^g. 

Since  in  mirror  buckling  of  the  shell  the  normal  curvature  changes 
from  value  k  to  -k,  i.e.,  by  2k  (in  main  senses  the  change  of  curvature 
occurs  on  2k1  and  2kg),  the  energy  of  the  shell,  corresponding  to  such 
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a  oend,  is  calculated  by  the  formula 


i 


!(*•  +W -2d «.• 

•l 

With  a  sufficiently  small  thickness  of  shell,  region  G,,  converges 
to  region  G.  In  this  case  index  1  may  be  omitted,  and  the  energy 
expression  will  be  written  in  the  form 

t4-1) 

where 

*.  =  <*i  +  A0#-2(I-v)M«-  (4.2) 

Region  G 12  is  the  ring-shaped  region,  including  the  boundary 
of  buckling.  The  area  of  this  region  is  small  as  compared  to  the  area 
of  region  G^,  but  the  energy  of  elastic  deformation  will  be  signifi¬ 
cant  because  of  the  large  flexure  of  shell  and  stretching  (compression) 
of  the  middle  surface.  Let  *’s  assume  that  7  is  the  intersection  of 

plane  a  (Fig.  63)  with  e  middle  surface  of  the  shell.  Let  us  weaken 
* 

shell  F  with  a  hinge  along  7  and  apply  to  each  of  the  shell's  parts 

* 

the  distributed  moment  M,  straightening  the  rib  of  the  shell  F  .  In 

* 

the  proximity  of  7  elastic  states  of  shells  F  and  F  will  be  equivalent, 
since  in  this  proximity  elastic  deformations  are  caused  mainly  by 
straightening  of  rib  7. 

* 

Consequently,  the  deformation  cf  shell  F  along  7  are  determined 
by  its  structure  near  the  rib  and  depend  essentially  only  on  the  rib 

curvature  and  the  angle  formed 
along  it  by  tangent  planes. 

Thus,  in  order  to  find  the 
energy  of  elastic  deformation  on 
the  boundary  of  the  buckling 
region  for  a  sufficiently  small  shell  thickness,  we  can  take  any  other 
shell  with  the  same  geometric  parameters  of  the  boundary  of  mirror 
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buckling  [75,  7^  and  753*  Let  us  take  the  conical  shell  (Fig.  64)  F^. 

The  energy  of  elastic  deformation  of  bulged  shape  F  of  the  shell  near 

line  7  consists  of  the  energy  of  stretching  (compression)  of  the  middle 

surface  along  meridians  and  parallels  and  the  bending  energy  along 

meridians  (for  a  shell  of  small  thickness  the  bending  energy  of 

parallels  can  be  disregarded) . 

* 

Let  us  assume  that  p  is  an  arbitrary  point  of  mirror  buckling  of 

* 

shell  Fq.  The  shape  of  F  will  be  assumed  to  be  the  initial  approxi¬ 
mation  of  the  shape  of  F.  Corresponding  point  p  of  shape  of  F  is 

* 

obtained  in  radial  displacement  p  on  u  and  axial  displacement  on  v. 
Hence,  the  equation  of  meridian  of  shell  F  in  cylindrical  coordinates 
r  and  z  will  be 

f  =  P  +  *cos«-f  u,  2  —  ss ina-fo, 

* 

where  p  is  the  radius  of  circumference;  y  is  the  rib  of  shell  F  ; 
s  is  the  discance  on  the  generator,  measured  from  y;  and  a  is  the 
angle,  formed  by  generators  and  the  plane  of  circle  y. 

We  introduce, 

£  =  casa,  T,=  sina,  = 

The  deformation  of  the  shell  along  the  parallel  will  be 


.  •_  +  —  2^»  u 

t, - — - =  — . 

2v,  r9 

The  deformation  along  meridian  will  be 


dtt-ds 
1  it 

ds. 

In  the  region  of  elastic  deformations 

iii—ds* 

i,  — - , 

1  2dj» 

and  since 


1  and,  consequently. 


=  dr*  +  dz*, 

then 

«l  =  {u'  +  v'+Y<“,‘ +»'*)■ 

The  extension  (compression)  energy  of  the  middle  surface  of  the 
shell  in  supercritical  deformation  outside  the  small  proximity  of  the 
zone  of  large  flexure  of  the  boundary  buckling  is  equal  to  the  energy 
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of  elastic  deformation  of  shell  in  precritical  deformation,  caused  by 
the  same  external  load  [73].  Referred  to  one  unit  of  surface  area  it 
is,  as  we  well  know,  calculated  either  by  the  formula 

*«i — ■*) 

or 

+  (4-5) 

The  energy  of  the  bend  along  the  meridian,  referred  to  one  unit  of 
surface  area,  will  be 


ir= 


EkH* 

MO-*)’ 


(4.4) 


where  x  is  the  change  of  meridian  curvature  caused  by  deformation, 
ds^ 

Since  ~  1,  then  for  x  we  can  use  the  expression 

*  =  tr  d  +  *0 — k*  (n  +  if). 


Thus,  the  energy  of  elastic  deformation  of  the  external  half- 
proximity  of  the  boundary  of  the  region  of  buckling  of  shell  F  will  be 


(4.5-) 

+ (w + v' + ^ Y + (i  -  *) 


where  e*  is  the  width  cf  semiproximity,  in  which  basically  the  energy 
of  elastic  deformation  is  concentrated,  connected  with  straightening 
of  the  rib  of  shell  F  . 

* 

In  view  of  smallness  of  e  the  expression  for  U  will  change  but 
little,  if  we  will  replace  everywhere  rQ(s)  by  p,  the  radius  of 
circumference,  limiting  the  region  of  buckling.  The  relative  error 
here  will  be  vanishingly  minute  when  h  -*•  0.  Evidently  we  can  assume 
that  the  energies  of  internal  and  external  semiproximity  of  boundary 
7  of  the  buckling  region  are  equal.  Then  in  (4.5*)  it  is  possible  to 


replace  by  p  everywhere,  and  we  shall  obtain  the  expression  lor 
energy  of  elastic  deformation  near  the  boundary  of  the  region  of 
buckling. 


+ [{«•+ V-+  -7- + -sipt  J* +<'-•*) 


(1.5) 


From  the  condition  of  minimum  of  this  functional  in  the  class  of 
functions  u  and  v  we  can  determine  the  form  of  elastic  deformation  of 
shell  in  the  vicinity  of  7.  Let  us  clarify  the  conditions  to  which 

u  and  v  conform.  By  definition  the  boundary  of  the  region  of  buckling 

1  • 

7  when  s  =  0,  u  =  0.  Further,  when  s  =  0,  z  =  t)  +  v  =  0,  i.e., 

t 

v  =  -r,.  With  withdrawal  from  the  boundary  of  the  region  of  buckling 
u  and  v  tend  to  zero,  since  the  energy  of  straightening  the  rib  is 
concentrated  near  the  boundary  mentioned.  For  investigation  on  the 

minimum  of  functional  U  it  is  convenient  to  introduce  new  variables 

1 

instead  of  u,  v  and  s: 


—  vu 
u  — 


t  • 


-  _  vT  ~  _ 

V  *—  ~  "■  1  5  —  ■■■ 


««  = 


»«** 


«PV  t(  «P  12(1  —  **)p*»,* 


(4.6) 


We  introduce  (4.6)  in  (4.5)  and  for  simplicity  omit  the  line  over 
u,  v,  s. 


Then  (4.5)  will  take  the  form 

•  s  I 


l/  = 


2 *E 


—  ?*/. 


12*  (1  — n*)* 


where 


•• 

/ = f  {1^  a + ( 1 + v)\* + 

.  /  v+.+lhv+^v  1 
—  \u+ - L - j  +..)*, 


Thus,  the  problem  of  determination  of  elastic  deformations  of  the 
shell  near  the  boundary  of  the  region  of  buckling  is  reduced  to  finding 
functions  u  and  v,  which  realize  the  minimum  of  functional  I. 
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Subsequently  we  will  be  interested  in  the  case  of  small  a  (a  is 
the  angle  of  inclination  of  cone  generators  to  the  plane,  perpen¬ 
dicular  to  its  axis).  For  definiteness  of  the  problem  on  minimum  I 
let  us  also  study  its  limit  when  h  -►  0.  This  gives  to  functional  I 
this  form: 

/.=J{l»i(l+sS)-'iS(|  +“.)P+ 

where  u^  and  vQ  are  the  first  terms  of  expansion  of  u  and  v  in  a 
series  with  respect  to  powers  of  parameter  e.  A  includes  second  terms 
of  expansion  of  u^  and  v^.  They  can  be  arranged  in  such  a  manner  that 
A  is  as  small  as  desired.  Then  the  limiting  expression  for  I  will  be 


/.  =J  Ho;  <t + v«;»  -  v*(i + hjp + 

With  a  ~+  0  (and  consequently,  q  -*•  0,  £  -*■  1)  the  functional  will  assume 
the  form 


/. 


U*)ds. 


(4.8) 


The  problem  of  determination  of  main  terms  uQ  and  vQ  of  the  expansion 

2  2 

u  =  uQ  +  eu1  +  eu2+...,  v=vQ  +  ev^  +  e  +  ...  consists  of 
determination  of  the  minimum  of  functional  (4.8)  with  nonholonomic 
constraint 

«'  +  t,+-Lo.  =  0  (4.9) 


in  the  class  of  functions,  satisfying  boundary  conditions, 

u (0)  =  0,  o(0)  =1,  «(oo)  =0,  o(oo)  =0. 

The  "zero"  index  for  functions  u  and  v  is  omitted  for  the  simplicity 
of  writing. 

Let  us  solve  the  problem  about  the  minimum  Iq  which  will  enable 
us  to  obtain  an  explicit  expression  of  energy  of  elastic  deformation 
of  the  convex  shell  depending  on  parameters  which  determine  mirror 
buckling.  Let  us  set  up  Lagrange  function  $  for  this  problem: 
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*  =  ✓•  +  «•  +  x  (,)£«' +  p  + 

Euler -Lag range  equations  will  be: 

X(l+o)~2«^-0,  2u - r  =  0. 

Thus,  the  determination  of  functions  u,  v,  communicating  minimum  IQ, 

is  reduced  to  solution  of  the  system  of  equations: 

2it  —  X'  =  0, 

X(1  +  v)  —  2tf  —  0,  (4.10) 

«/  +  *»  +  Y=°* 

under  conditions, 

«(0)  =  0,  d(0)  =  1;  u( oo)  =  0,  v (oo)  =  0. 

Integrating  the  last  equation  from  (4.10),  we  have, 

«=](»+ -£)*.  (n.ii) 

f 

From  the  second  equation  (4.10)  it  follows  that  X(oo)  =  0,  since  v(oo) 

tl 

=  0,  and,  consequently,  v  (oo)  =  0. 

We  introduce  (4.11)  in  the  first  equation  (4.10).  Integration 

gives 

+  (4.12) 

For  functions  v  from  the  second  equation  (4.10)  we  obtain  integro- 
differential  equation 

*  +  (I  +  v)  f  =  0, 

’«  *« 

the  solution  of  which  can  be  sought  in  the  form 

V  =  «,X  +  Oiftf  +  *11**  +  2anxy  +  atiy*  +  ..., 

0),,  S  COg  s 

where  x  =  e  ^  ;  y  =  e  and  op  ,  au  are  certair.  complex  numbers  with 
negative  real  part.  Determining  u  and  v,  which  realize  the  minimum 
of  functional  Iq,  we  find  that  min  Iq  -  1.2,  v  ^  =  1,  max  juj  -  0 . S 
Convergence  of  I  to  Iq  when  there  is  an  independent  tendency  of  h  and 
a  toward  zero  will  take  place,  if  e  -*■  oo  in  integral  I.  For  that 
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limit  we  have. 


— #  «*  . 

•  =  — . 

f* 


12(1  — 


(4.15) 


We  assume  e  =  =  p,  where  e  is  the  relative  width  of  the  zone  of 

_  * 

*  y  p 

local  bend  on  the  boundary  of  buckling.  In  order  to  have  e  =  — — 
sufficiently  large,  it  is  necessary  that  e  were  sufficiently  small, 
i.e.,  that  —  were  sufficiently  small.  Consequently,  formula  (4.7) 

u 

for  calculation  of  energy  can  be  used,  if  —  «  1. 

pu 

From  (4.7)  it  follows  that  the  energy  of  elastic  deformation  per 
one  unit  of  the  length  of  the  boundary  of  buckling  of  a  conical  shell 


is  equal  to: 


«  £  j_.  i 

U  =  cEh^a  *  p~  * ,  C=~T  j-^0.12. 


(4.14) 


As  we  have  shown  above,  in  the  case  of  any  convex  shell  the 
energy  of  elastic  deformation  per  one  unit  of  the  length  of  the 
boundary  of  buckling  should  be  calculated  by  the  same  formula,  but  u 
and  p  have  the  value, 

a  is  the  angle,  at  which  the  plane  determining  mirror  buckling 
intersects  the  surface  of  the  shell,  and  p  is  the  radius  of  curvature 
of  curve  7,  on  which  this  intersection  occurs.  The  energy  of  elastic 
deformation  along  all  boundaries  7  of  buckling  is  determined  by  formu 


ui = Jo*- 


(4.15) 


In  the  case  of  small  regions  of  buckling  with  small  cl  according  to 
Meusnier*s  formula,  we  have. 


where  ~  is  the  normal  curvature  of  the  shell  surface  in  the  direction 
K 

of  the  boundary  of  buckling.  Hence  we  have  that 


17«=c£ 


mT« 


(4.16) 
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and  the  condition  of  applicability  of 
the  form 


will  be  written  in 


f-ct 

Thus,  in  all  three  regions  G^,  G2,  and  G12  the  energy  of  elastic 
deformation  of  the  convex  shell  with  buckling  has  been  found  and  is 
determined  by  the  formula 


U  *=  U9  +  Uq  +  Ur 


(4.17) 


Energy  UQ  is  found  by  solving  the  problem  on  the  elastic  state  of  the 
shell  in  linear  approximation. 

Energy  is  determined  by  the  formula 


Here  the  region  of  integration  is  the  region  of  mirror  buckling. 
Energy  is  calculated  according  to 


c-  ~~ir1  rV 
’  124  (1  — >»)4  / 


1 

where  -p  is  the  normal  curvature  of  shell  in  the  direction  of  line  y, 
the  boundary  of  mirror  buckling;  p  is  the  radius  of  curvature  of 
curve  y.  Integration  is  performed  on  the  boundary  y  of  mirror  buckling. 
When  v  =  0.3  and  IQ  ==  1.2;  constant  c  =  0.12. 


3.  Stresses  in  Elastic  Supercritical  Deformation 
of  the  Convex  Shell 


Earlier  we  noted  that  outside  the  vicinity  of  the  boundary  of 
buckling  stresses  in  the  shell  are  similar  to  those,  which  appear  in 
practical  deformant  ion  with  the  same  external  load.  At  a  sufficient 
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distance  from  the  boundary  of  the  region  of  buckling  inside  it  there 
are  bending  stresses  as  determined  by  the  form  of  mirror  bueklings, 
which  can  be  calculated  in  the  following  manner:  mirror  buckling 
results  in  the  appearance  on  the  shell  surface  of  stretching-compression 
stresses,  equal  to: 

+  +  (4.18) 


On  the  boundary  of  buckling  the  basic  bend  occurs  in  the  plane, 
perpendicular  to  the  bomdary. 

A.  V.  Pogorelov  [73]  considers  that  the  change  of  normal  curvature 
of  the  shell  is  so  big  here  that  the  initial  curvature  can  be  disre¬ 
garded.  We  now  assume  that  it  is  possible  to  consider  the  stresses 
originating  from  such  bending  to  be  similar  to  those  in  the  case  cf 
the  conical  shell  in  its  deformation  with  buckling,  which  was  studied 
here  earlier.  Bending  stresses  of  the  conical  shell  in  the  meridian 
plane  near  the  boundary  of  buckling  are  determined  by  the  formula 


*“±5 (T=^:  (4.19) 

(«  =  lT(t +  «')-»' (r,  +  lO). 

Passing  to  variables  u,  v,  ¥  (4.6)  and  omitting  the  line  over  them. 


will  obtain  for  n  the  expression 

*  =  -^-!o'(6  +  t,V)  -  *,•«"(!  +  v)l 

r* 


(4.20) 


which  when  h  -*■  0  and  a  -*>  0  will  be  transformed  into  the  following. 


*  — 


(4.21) 


where  v*  is  the  function  realizing  the  minimum  of  functional  Iq. 

Introducing  (4.13)  in  (4.21),  and  the  latter  into  (4.19),  we 
obtain. 


12*  £ 

£ 

2  (1  —  v*)T 


p"  *A*a*i/. 


o  =  ± 


(4.22) 


The  expression  of  stresses  through  normal  curvature  ~  of  the 
shell  tn  the  direction  of  the  boundary  of  buckling 


will  assume  the  form 

*  t  ) 

-±"i(7 )*•  (4S3) 

'  Hi—** 


Maximum  bending  stresses  in  the  vicinity  of  the  boundary  of  buckling 
correspond  to  the  maximum  value  of  derivative  v  (s),  which  is  attained 

II 

when  s  =  0.  This  we  can  see  from  the  fact  that  when  s  =  0,  v  =0, 
and  also  from  the  second  equation  of  the  system  (4.10). 

i  i 

When  s  =  0,  v  =1.  Therefore,  c  =1  (when  v  =  0.3). 

On  the  boundary  of  buckling  of  the  shell  the  local  bend  is 
accompanied  by  the  appearance  of  extension  (compression)  stresses  of 
the  mi.  lie  surface  of  shell  in  areas,  perpendicular  to  the  boundary 
of  buckling.  With  small  thickness  these  stresses  can  be  considered 
to  be  the  same  as  in  the  case  of  a  conical  shell,  for  which  they  are 


equal  to: 


•  -  ±E*t-  ± 


Or  in  variables,  realizing  minimum  of  In: 


i  i  a 

9  =  +  if  Eh  *  p  if  — 


(4.24) 


(4.25) 


I2*(l— 

The  minimum  stress  o  will  correspond  to  the  maximum  of  value  u(s)  ~ 

ii 

~  0.5.  When  v  =  0.),  c  =  0.25.  Expressing  the  stress  through  normal 


curvature  we  obtain: 


(4.26) 


In  the  case  of  small  elastic  bucklings  of  shells  expressions  for 
the  energy  of  elastic  deformation  can  be  simplified.  It  is  known  that 
the  form  of  regular,  strictly  convex  surface  in  the  small  vicinity  of 
point  P  approximates  well  the  osculating  elliptic  paraboloid.  Taking 
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the  tangent  plane  of  surface  at  point  P  for  the  xy  plane,  and  main 
directions  on  the  surface  in  this  point  for  the  direction  of  coordinate 
axes,  the  equation  of  osculating  paraboloid  can  be  written  in  the  form 

*=»—(*»*• +  **“)• 

Consequently,  for  a  small  height  of  buckling  6  the  region  of 
mirror  buckling  with  center  P  can  be  prescribed  by  equation 

»— £-<*.*•+**•>.  (4.27) 

which  describes  ellipse  with  semiaxes 


(4.28) 


The  area  of  buckling  of  shell  will  e 


*-7wr-  (4-29) 

The  curvature  of  the  boundary  of  buckling  (considering  x  =  a  cos  t, 
y  =  b  sin  t)  will  be  written  so: 


**COS*0  * 


(4.30) 


The  normal  curvature  of  the  shell  surface  in  the  direction  of  the 


boundary  of  buckling 

1  21 

1?  +  6*co**<  (4.31) 

In  the  case  of  small  region  of  buckling  main  curvatures  k^  ana  kp 
change  little  in  the  region  of  integration  and  they  can  be  considered 
equal  to  values  in  the  center  of  buckling.  Then  (4.1)  will  take  the 


form 


Eh* 

•O'-*) 


K£o. 


(4.32) 


Introducing  here  value  SG  the  area  of  region  of  buckling  from  (4.29) > 


we  obtain. 


2*lEh*K, 


(4.32') 


For  the  energy  of  elastic  deformation,  connected  with  the  local  bend 
on  the  boundary  of  buckling. 


O.-JD*.  [0-c£(A)V], 


(<1.15') 


we  find,  considering  (4.29)  and  (4.30), 


-^-(4*  +  »*» 


or,  considering  (4.28): 


(4. 15r) 


Uj  =  xcE  (2$)  *  h  k^. 


(4.55) 


which  can  he  written  through  mean  curvature  K  =  ^(^  +  k^)  of  the 


shell  in  the  center  of  buckling,  in  this  manner: 


£/t  -  2*c£ (28)  * h  *K\  (css 0,12). 

This  formula  can  be  used  under  the  condition  that 


4r(x)«l;  (*.>«• 


(4.34) 


(4.35) 


Formula  (4.25)  for  stresses  in  the  case  of  small  region  of  buckling, 

1  1 

after  introduction  in  it  of  values  —  and  ^  from  (4.50)  and  (4.51), 
will  take  the  form 


flc  + 


c'£(s»)  *4  * 


or,  taking  (4.28)  into  consideration. 


±CE(2Z)*h*Yklkl. 


(4.56) 


(*•37) 


Let  us  note  that  stresses  along  the  boundary  of  bucklings  are  constant, 
For  extension  (compression)  stresses  of  the  middle  surface, 
caused  by  local  flexure,  formula  (4.25)  was  set  up  which  in  case  of 


small  region  of  buckling  will  take  the  form 

o=±(TE(2l)*h*VkJr 


(4.38) 
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4.  The  Stability  of  Elastic  Equilibrium  of  a  Convex 

Shell  with  Buckling 


Let  us  assume  that  the  load  inside  the  region  of  small  buckling 
is  constant.  The  condition  of  equilibrium  of  the  elastic  state  of 
shell  can  be  written  as  an  equality  of  work  dA  of  external  forces  and 
change  of  the  energy  of  elastic  deformation: 


dA-dUj+dU*  (4.39) 

For  determination  of  parameters  of  elastic  deformation  of  the  shell 
(center  and  height  of  buckling)  we  will  find  the  elementary  work  dA 
depending  on  them.  Work  dA,  produced  by  the  external  load  q  in  the 


transition  from  buckling  1-1  (Fig.  65)  to  infinite] y 
similar  buckling  2-2,  is  equal  to  qdv,  where  dv  is 
the  change  of  volume  caused  by  buckling.  Conse¬ 
quently,  dA  is  the  differential  of  function  A  =  qv. 


Fig.  65.  where  v  is  the  double  volume  of  the  segment,  cut  off 


by  the  plane  which  determines  the  mirror  buckling  of 


the  shell. 


Let  us  find  the  volume  of  this  segment.  We  have, 

where  S(z)  is  the  area  of  section,  parallel  to  the  base  of  segment  at 
a  distance  z  from  the  summit.  Since  the  form  of  the  section  is  similar 


to  an  ellipse  with 

semiaxes 

then 

Hence 

| 

x  =  f  ?2_  *  SL  , 

t  J  1/  M*  /  *»*» 

• 

(4.40) 

and,  consequently 

j  2rl* 

(4.41) 
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Let  us  assume  that  the  position  of  the  center  of  buckling  is  known. 
Then  the  height  of  buckling  will  be  determined  from  the  relationship 

-±(A-U,-U,)  =  0.  (it.  48) 

We  introduce  the  load  parameter 

CWA  (4.43) 

and  the  parameter  of  height  of  buckling 

1  =  (4.44) 

Then  formulas  (4.41),  (4.34),  (4.31)  for  A,  and  UG,  as  well  as 
(4.42)  will  be  transformed  into  the  following  formulas: 


(4.45) 

4  =  2*C&r?h*  —  (*,  +  *t). 

(4.46) 

I ■***•  . 

6<1 -*)/*,*. 

(4.4?) 

±.(A-U,-U,)  =  0. 

(4.48) 

according  to  which  we  can  easily  set  up  the  equilibrium  equation, 
determining  the  height  of  buckling, 

iirbr-*  (4.49) 


whe  re 

*  =  TP  =  2 

(r  =  k  =  ~  (4i + k. . 

1  2 

After  determining  tj,  we  find  the  height  of  buckling  6  =  -^hq  ,  and  then 
by  formulas  (4.28)  —  the  dimensions  of  the  region  of  buckling. 


a 


(4.28) 


The  position  of  the  center  of  buckling  P  can  be  determined  from  the 
following  considerations.  The  ''height"  of  buckling  q,  determined  from 
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(■*’•49)*  will  be  the  function  of  P.  To  the  true  buckling  corresponds 
such  position  of  ?,  with  which  the  energy  of  elastic  deformation 
y.  +  Uq  will  be  maximum.  Introducing  Tj  from  (4.49)  into  the  expression 
of  energy  of  elastic  deformation  +  UG,  considered  as  a  function  of 
P,  we  find  the  position  of  the  center  of  buckling  from  the  conditions 
of  maximum  of  this  expression.  The  same  result  can  be  obtained  from 
the  condition  of  maximum  of  expression 

A  =  ~-EZriih*Vklki,  (4.50) 

in  which  we  must  introduce  q,  determined  from  equation  (4.49).  In 
the  case  of  action  on  the  shell  of  a  concentrated  force  F,  the  point 
of  application  of  which  can  be  considered  the  center  of  buckling  P, 
the  elementary  work  dA  =  2Fd6,  where  6  is  the  height  of  the  segment  of 
mirror  buckling.  Assuming  that 

we  obtain 

A^T.Eb?h*V'k&: 

From  condition  (4.42),  taking  into  consideration  (4.46)  and  (4.47), 
we  obtain  the  equation,  which  is  satisfied  by  parameter  tj,  determining 
the  height  of  buckling  5: 

and  hence 

(^-53) 

If  an  arbitrary  load  q  acts  on  the  shell  and  the  load  is 
concentrated  inside  the  region  of  buckling  (near  the  boundary  of 
buckling  q  =  0) ,  then  its  action  is  equivalent  to  the  resultant 
concentrated  load  F.  In  this  case  rj  is  determined  by  the  formula 

(4.53) • 

When  a  load,  depending  on  the  form  of  surface,  acts  on  the  shell, 
with  a  given  position  of  the  center  of  buckling  P  the  acting  load  will 
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be  a  known  function  q(P,  5)  of  the  height  of  buckling  5.  Consequently, 
we  can  find  the  work  of  external  forces  A(P,  5),  and  the  height  5(P) 
from  the  condition  of  equilibrium  (4.42).  The  position  of  the  center 
of  buckling  is  determined  from  the  condition  of  maximum  A[P,  6(P)]  as 
a  function  of  P. 

In  the  case  of  action  of  impact  load  (impact  at  point  P)  we  may 
assume  that  the  energy  of  impact  T  is  transferred  in  full  into  the 
energy  of  elastic  deformation,  connected  with  buckling  (U  t  UQ),  since 
the  appearance  of  buckling  lowers  rigidity  of  the  shell  as  an  elastic 
system.  The  height  of  buckling  is  determined  from  equality 

T~U,  +  Ut. 


For  example,  in  the  ca:  of  buckling  of  a  spherical  shell  with  the 
radius  E  and  thickness  h  acted  upon  by  the  concentrated  force  F  we  have. 


FR  £? 
«£** 


.  #C.  =  2(1  +»), 


_L| 

r  fr 

1 

3c  \ 

K  *Ek* 

3(1- 

a- 


2 


Let  us  consider  the  state  of  elastic  equilibrium  to  be  stable,  if 

tP(A—Uj  —  Uo)  <  0,  (4.54) 

and  unstable,  if 

*(A-Vy-U0)>  0.  (4.55) 

Let  us  assume  that  a  continuous  load  q  acts  on  the  shell,  such  a  load 
that  A,  U  and  IL,  are  described  by  formulas  (4. 45) -(4. 47) .  We  have, 

i 

~-(A—U,-Uo)  =  JL(A  —  U,  —  Uc)  A  =o. 

Hence 

-fL(A-U,-U,)~-£(A-U,- Uo)  (Ay.  (4.56) 

Thus,  the  question  of  stability  of  equilibrium  is  resolved  depending 
on  the  sign  of  expression 

-A</1-  U,-Ue)  =  r.EH-  (  6SV  -  12«A  -  - 1  -jA-).  (4.57) 
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Taking  the  condition  (4.48)  of  equilibrium  of  shell  into  consideration, 
we  obtain 

from  which  it  is  clear  that 

■£-(a-v,-v.)>  o. 

Consequently,  all  states  of  elastic  equilibrium  of  the  convex  shell 
with  buckling  acted  upon  by  a  continuous  load,  are  unstable. 

The  instability  of  the  elastic  state  of  shell  in  buckling  is  the 
cause  of  "snapping"  of  the  shell,  i.e.,  intermittent  buckling  without 
any  increase  of  the  external  load. 

During  the  action  of  concentrated  force  F: 

I2TT.K-— ^).  (4.58) 

or,  taking  the  condition  of  equilibrium  (4.52)  into  consideration,  we 
obtain 

-“rM— Uj  —  Uq)  =  —  6sc£4*ij/C  Vkjkt  <  0, 

i.e.,  elastic  states  of  the  equilibrium  of  shell  with  buckling  under 
the  action  of  concentrated  force  are  stable. 

5.  Upper  and  Lower  Critical  Loads 

The  upper  critical  load  cannot  be  determined  within  the  scope  of 
A.  V.  Pogoreiov's  syntheses,  since  they  pertain  to  the  region  of 
deformations  with  significant  buckling.  However,  we  can  express  the 
ideas  on  the  effect  of  compulsory  buckling,  for  example,  the  initial 
bending,  on  the  value  of  upper  critical  load.  Let  us  assume  that  the 
height  of  buckling  of  the  shell,  on  which  load  q  is  acting,  will  be  6. 
Formula  (4.49)  gives  us  the  relation  q(5)  in  variables  £,  T).  Since 
elastic  states  of  equilibrium  under  the  action  of  continuous  load  are 
unstable,  then  with  q  <  q(6)  the  buckling  disappears,  and  with 
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q  >  q(6)  —  conversely,  the  buckling  increases  and  popping  of  shell 
occurs.  Thus,  in  buckling  of  shell  to  the  height  5  the  upper  critical 
load  is  lowered  at  least  to  the  value  q(6).  As  an  example  of  appli¬ 
cation  of  this  result  will  consider  the  problem  of  designing  such  a 
shell  that  the  possibility  of  snapping  of  the  shell  within  the  frames 
under  the  action  of  a  given  load  was  excluded.  For  the  determination 
of  distance  between  the  frames  we  must  determine  dimensions  of  the 
region  of  bucklings,  satisfying  the  given  load,  and  after  that  dispose 
the  frames  in  such  a  manner  that  not  one  of  the  mentioned  regions 
could  be  placed  between  them.  With  such  location  of  reinforcing 
elements  any  buckling,  whatever  its  cause  cannot  develop  under  the 
action  of  load  q,  and  consequently,  disappears. 

The  lower  critical  load  in  the  continuous  loading  of  shell  will 
be  the  lower  boundary  of  leads  q,  satisfying  the  stable  states  of 
elastic  equilibrium  with  buckling.  From  the  point  of  view  the  theory 
presented  here  such  a  conception  of  the  lower  critical  load  has  no 
meaning,  since  all  elastic  states  of  convex  shell  with  buckling  are 
unstable . 

Let  us  consider  the  spherical  segment,  fastened  on  edges,  subjected 
to  the  action  of  continuously  increasing  external  pressure  q.  Under 
a  certain  pressure  q  the  shell  will  pop,  after  which  we  shall 
continuously  decrease  the  load.  The  region  of  buckling  hardly  changes 
until  the  pressure  is  lowered  to  a  certain  value  q^  <  q  ,  when  the 
reverse  snapping  of  the  shell  will  occur.  The  value  q^  is  taken  for 
the  lower  critical  load.  On  the  samples,  subjected  to  such  tests, 
traces  of  plastic  deformations  were  observed.  According  to  the  theory 
of  elastic  state  of  shell  with  buckling  expounded  here,  the  character 
of  the  course  of  such  an  experiment  is  explained  in  the  following 
manner.  The  buckling  of  shell,  which  began  under  the  load  qu  with  the 
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unlimited  elasticity  of  the  shell  material,  cannot  stop,  since  the 
work  of  external  forces  increases  faster  than  the  energy  of  elastic 
deformation  connected  with  buckling.  But  in  the  case  of  appearance  of 
plastic  deformation  on  the  boundary  of  buckling,  further  buckling  is 
associated  with  a  large  energy  consumption,  which  is  not  replenished 
by  the  work  of  external  forces,  and,  consequently,  the  buckling  stops. 
Thus,  the  determination  of  lower  critical  load  q1  for  strictly  convex 
shells  is  impossible  without  an  estimate  of  plastic  deformations. 

Within  the  limits  of  elastic  deformations  for  q^  we  can  give  an 
estimate  from  above.  Indeed,  in  view  of  the  instability  of  the  elastic 
state  of  shell  with  buckling  under  the  action  of  continuous  load, 
snapping  of  the  shell  can  be  produced  from  any  such  state  by  any  small 
perturbation.  The  critical  load  q^  does  not  exceed  the  lower  boundary 
of  loads  q,  which  satisfy  elastic  states  with  buckling.  Let  us  assume 

•ft 

that  load  q  corresponds  to  the  appearance  on  the  boundary  of  buckling 

of  nonelastic  deformations  and  corresponding  stresses,  which  we  consider 

* 

to  be  equal  to  the  yield  point  a  .  We  find  load  q  from  the  following 

s 

considerations. 

Height  6  of  buckling  of  the  shell,  with  which  on  the  boundary  of 
buckling  of  shell  local  bending  stresses  appear,  which  are  determined 
according  to  (4.37)  and  equal  in  our  case  to  og,  can  be  determined 
from  the  condition 

o,  =  SJSQXfTk'*  Vk&.  (4.59) 

1  2 

Assuming  5  =  |^hq  ,  we  obtain 

9t  =c'Ehri}/klkt.  (4.60) 

Introducing  in  (4.49)  value  q,  expressed  through  o  ,  we  find  the  value 

of  parameter  of  load  £,  satisfying  the  load  q  sought  (let  us  remember 
2 

that  q  =  £Eh  h^k^) : 
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(4.62) 
2V 


v x + _xL_|4(KA)»-2(i-,)r/i*](xy  (4.61) 

(k  -  |(>H  *  k2)  is  the  average  curvature  and  F  =  k^k^  is  the  Gaussian 
curvature  in  the  center  of  buckling) . 

In  particular,  for  the  spherical  shell  with  a  radius  R 

Thus,  the  experimentally  determined  lower  critical  load  =  fLEh^k^k 
does  not  exceed  q  =  £  Eh  k^k^,  where  £  is  from  (4.6l).  This 
conclusion  can  be  drawn,  if  the  considered  deformations  are  in  the 
region  of  permissible  theories,  i.e.,  we  should  have 

*(*)«•• 

from  which  it  follows  that  formula  (4.6l)  can  be  used,  if 

o,»Ehkt.  (4.63) 

where  k^  is  largest  of  the  main  curvatures.  Let  us  note  that  the 
requirement  (4.63)  can  be  [73]  weakened  to  o  >  Ehk.  . 

S  X 

6.  A.  V.  Pogorelov’s  Simplified  Theory  for  the  Supercritical 
Elastic  State  of  Strictly  Convex  Shells 

If  in  the  energy  expression  of  elastic  Reformation  we  disregard 
the  bending  energy  of  the  shell  in  the  region  of  buckling,  then  the 
theory  of  elastic  state  of  convex  shells  in  buckling  is  essentially 
simplified.  At  the  same  time  such  an  assumption  is  possible  on  the 
basis  that  the  bending  energy  of  a  shell  in  the  region  of  buckxing 
has  a  subordinate  value  in  comparison  with  the  energy,  produced  by 
the  local  bend  on  the  boundary  of  buckling. 

Let  us  take  for  simplicity  a  spherica]  shell.  We  have. 


(4.64) 


382 


Introducing  in  these  formulas  the  radius  p  of  the  circle  of  buckling, 
instead  of  6  we  obtain. 


Hence 


(4.65) 

(4.66) 


Formula  for  U 
7 


is  derived  in  the  assumption 


«  1. 


Consequently,  the  theory  pertains  to  such  deformations  with  buckling, 
with  which  «  U^.  Therefore,  it  is  perrissible  to  disregard  term 
Ug  in  the  energy  expression  of  elastic  deformation,  considering  its 
equal  simply  to  the  energy  of  local  bend  on  the  boundary  of  buckling. 
Qualitatively  the  same  result  is  obtained  for  an  arbitrary  convex 
shell.  Further,  everywhere  here  we  will  consider  that  the  energy  of 
elastic  deformation  of  shell  consists  only  of  the  energy  of  local  bsnd 
on  the  boundary  of  buckling. 

Let  us  now  determine  the  state  of  equilibrium  of  shell  with 
buckling  for  different  loading  methods. 

In  the  case  of  buckling  of  the  shell  under  the  action  of  a 

continuous  load,  as  we  did  earlier,  we  characterize  the  load  q  acting 

on  the  shell  with  parameter  £  =  — and  the  height  of  buckling  6  — 

Eh"T 


VP5 

"TT' 

relationship  between  £  and  q: 


Then  we  obtain  the  following  simple 


kyfr—O-  (4.67) 

Hence  we  find  the  height  of  buckling  6  depending  on  the  active  load 


q. 


8,_  **Elh'YK' 


(4.68) 
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The  position  of  the  center  of  buckling  is  determined  from  the  condition 


of  steadiness  of  the  energy  of  elastic  deformation* 

V,  =  *kE  (28)7*4  K' 


(■’*•69) 


where  instead  of  5  we  must  place  the  expression*  determined  by  formula 
(4.68) , 

In  the  case  of  buckling  of  the  shell  under  the  action  of  a 
concentrated  force  we  characterize  effective  load  F  with  parameter  f- * 


determined  by  formula 


(4.70) 


Then  the  condition  of  equilibrium  of  shell  will  be  obtained  in  form 


s-3n,,7fer=0- 


(4.71) 


Hence,  for  the  height  of  buckling  5  under  the  action  of  concentrated 


force  F  we  obtain  formula 


(4.72) 


In  the  case  of  buckling  of  a  shell  under  the  action  of  an  impact 
load  the  concentrated  impact  on  the  shell  communicating  energy  A* 
produces  buckling  6*  determined  from  the  relationship  A  =  U^*  i.e.* 

3  5  (1*  7^\ 

A  =  2kc£ (2'>y h*  K.  K  J 

where  all  values  pertain  to  the  point  of  the  shell's  surface*  where 


the  impact  occurred.  Thus* 


■Hrf 

\  2xcEh  *  K  J 


(4.74) 


In  all  cases  of  loading*  maximum  stresses  appearing  from  local 
bending  on  the  boundary  of  buckling*  are  determined  by  the  formula 

a=  ±c,E(2l)-h3  Vk^kt  (c'^1).  (4.7b1) 

Let  us  consider  the  problem  of  critical  loads. 

The  upper  critical  load.  As  it  was  si  own  earlier*  the  compulsory 
buckling  of  shell  to  the  height  5  lowers  the  upper  critical  load  at 


33: 


least  to  the  value  q(6),  which  is  established  from  the  condition  of 
equilibrium  of  the  shell  under  the  action  of  a  continuous  load,  i.e., 
from  the  relationship  (4.68),  where  all  values  pertain  to  the  center 
of  buckling. 

Hence  it  follows  that  the  convex  shell,  being  under  the  action 
of  a  continuous  load  q  and  concentrated  force  F,  satisfying  the 
inequality 


<F*  .  9*f»W7t 

*•*•£**•**  ^  2+ 


(4.76) 


cannot  fail  to  snap. 

We  conclude  analogously  tha.t  if  the  shell,  being  under  action  of 
a  continuous  load  q,  receives  an  impact,  communicating  energy  A,  and 
the  condition 


(4.77) 


is  met,  then  the  shell  snaps. 

7.  The  Lower  Critical  Load  for  Sloping  Convex  Shells 

* 

A  convex  shell  .s  termed  a  sloping  shell  if  in  any  buckling  of 
it  plastic  deformations  do  not  appear.  We  explain  this  on  the  example 
of  a  spherical  segment. 

1 

Let  the  spherical  segment  with  curvature  ^  have  the  height  6Q. 

Any  Duckling  of  such  a  segment  has  the  height  5  <  6q.  The  requirement 

that  the  segment  be  sloping,  is  that  with  any  5  <  6Q 

C'£(25)‘M-i-<v  (4.78) 

K 

In  other  words,  in  any  buckling  to  the  height  6  <  6q,  the  maximum 

stresses  appear  in  the  shell  material,  would  be  less  than  the  yield 


*See  classification  of  shells  of  M.  A.  Koltunov  in  §  2,  Chapter  V. 
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Let 


point  and,  consequently,  would  not  produce  plastic  deformations, 
us  assume  that  the  sloping  spherical  segment  is  fastened  on  the  edge. 

In  Fig.  66  we  depict  graphs  of  functions  and  -4^-,  where  A  is 
the  work,  produced  by  the  external  load  in  buckling,  and  U  is  the 
energy  of  deformation.  Points  of  intersection  1  and  2  on  these  graph 
fl  correspond  to  states  of  equilibrium  of  the 

Ml, 

segment  with  buckling.  Namely  at  point  1  — 

/ ]/<  unstable  equilibrium,  and  at  point  2  —  stable. 

r  oA 

00 syl/yX?  Graph  C  depicts  function  corresponding  to 

/ //x  the  lower  critical  load  a, . 


Fig.  66. 


In  order  to  determine  the  lower  critical 
load,  it  is  sufficient  to  know  straight  line  C. 


In  connection  with  the  determination  of  straight  line  C  we  note  the 
following.  Up  to  values  6,  sufficiently  close  to  5Q,  /b. 

^TJ 

For  values  6,  very  close  to  SQ,  increases  strongly.  We  will  not 

i 

made  a  large  error,  if  instead  of  C  we  take  straight  line  C  passing 
through  the  point  of  intersection  of  straight  line  5  -  5^  with 
parabola  =  C  /S.  Along  the  straight  line  C  we  find  load  q,  close 
to  critical  q^. 

The  analytically  adduced  consideration  corresponds  to  the 
definition  of  the  lower  critical  load  as  a  load,  balancing  buckling 
to  the  height  5Q,  and,  consequently,  is  found  from  the  relationship 

= 1  =  loweri  (4-79) 

Thus,  for  the  sloping  segment,  fastened  on  the  edge,  the  lower 
critical  load 


/  9 C»£W  \  2 

\  ^  j  ' 


(4.80) 
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If  instead  of  the  height  of  segment  5q  we  introduce  the  radius 

of  base  p,  then  this  formula  takes  form 

ji 

*,=3C£t(t)’-  (4.81) 

Analogous  consideration  can  serve  as  the  basis  of  determination 
of  the  lower  critical  load  for  an  arbitrary  sloping  convex  shell. 

Let  us  adduce  the  final  result. 

Let  us  assume  that  the  convex  sloping  shell  with  little  variable 
average  K  and  Gaussian  r  curvature  is  fastened  on  the  edge.  Let  us 
assume  that  6q  is  the  maximum  height  of  the  segment,  which  can  be 
cut  off  from  the  shell  by  a  plane,  not  intersecting  its  edge.  Then 
the  lower  critical  load  for  such  shell  is  determined  from  the  rela¬ 
tionship 

.  9G»£*JM7P 

•  (Ji.&o 

The  earlier  received  estimate  for  the  lower  critical  load 
now,  is  now  simplified  when  we  disregarded  the  bending  energy  in  the 
region  of  buckling.  Namely, 

«,<3CC£(r A*)  (**)•£.  (4.83) 

In  particular,  for  the  spherical  shell  of  radius  R  and  thickness  h: 

1,<3 CCe(±J-L.  (4.84) 

We  now  face  the  problem,  whether  the  above  mentioned  estimate 
has  a  value,  close  to  the  lower  critical  load?  We  can  answer  that  in 
the  case  of  a  clearly  expressed  yield  point  for  the  shell  material 
the  estimate  is  close  to  the  lower  critical  load.  Let  us  explain 
this  assumption. 

Let  us  assume  that  constitution  diagram  of  the  shell  material  is 
close  to  ideal  plasticity  (Fig.  67).  We  turn  to  the  graphic  portrayal 
of  relationships  ^  and  (Fig.  68).  Point  L  in  the  graph 


corresponds  to  the  moment  of  appearance  of  plastic  deformations  on  the 
boundary  of  buckling.  To  point  E  the  graph  is  a  parabola,  beyond 
this  point  it  sharply  rises  upwards  because  of  plastic  deforma  ions. 

Straight  line  C  determines  the  lower  critical  load,  but  straight 
line  Cp  —  determines  the  estimate  obtained  for  it.  To  have  these 

straight  lines  near  one 
another,  it  is  necessary  that 
the  energy  of  deformation 
increase  sharply  with  the 
appearance  of  plastic  defor¬ 
mations.  And  this  will  be 
the  case  when  the  shell 
material  has  a  clearly 
expressed  yield  point. 

In  conclusion  let  us  note  that  the  formula  for  the  lower  critical 
can/ 

load  qj  / only  be  used  for  relatively  thin  shells.  Namely,  we  should 
have 

°t>Ehklt  (4.85) 

where  is  the  largest  of  the  main  curvatures.  In  particular,  for 
a  spherical  shell 
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CHAPTER  VII 


SPECIAL  PROBLEMS  IN  CALCUIATION  OF  SHELLS 

§  1.  Variational  Formulation  of  the  Problem  on  the 
Elastopiasiic  Deformation  of  Shells 

Stresses,  appearing  in  a  body  during  active  elastoplastic 
deformation,  have  the  potential,  representing  the  work  of  internal 
forces  [2],  In  the  case  of  incompressible  material  the  work  of  inter¬ 
nal  forces,  performed  per  one  unit  of  volume,  is  equal  to: 

t7  *=  l  der 

t 

It  is  admissibl ;  to  expect  that  forces  T  and  moments  M,  appearing 
in  the  shell,  also  have  a  potential,  which  presents  the  work  of  inter¬ 
nal  forces,  acting  per  one  unit  of  area  of  the  middle  surface. 


The  variation  of  function  U,  corresponding  to  the  variations  of 
deformations  6e2,  6ei2  and  distortions  Bn^,  B^,  6 should 

be  equal  to  the  work  of  forces  Tl'  T2'  T12  and  moments  M^,  Mg,  M12 
on  variations  of  deformations  and  distortions, 

W  -  rt?e,  4-  r,?*,  +  27’11oi11  -  -  Mjtt  -  2iMll?x1J.  ^ 1 '  ^ 

After  calculating  variation  6U  by  the  formula 
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J  "l**!*. 


(1.2) 


where 


*t  =  y=-VP'-teP»+Z*P>, 

J>.*=«i+v«+«2+«B. 
p.  =  *+v,+i+*k 

ft»s=*i*i  +  Vs+  Y  *1**  *f  y  Vi  +  * 


(1.3) 


(1.4) 


we  have  the  method  of  expression  of  forces  and  moments  through  defor¬ 


mations  and  distortions 


T  dU  T  dU  T  Id V 

u _ *J  M  _  dU  M  \  dU 

l~  Mu  Td^  * 


(1-5) 


Now  we  will  consider  the  possibility  of  formulating  the  problem 
without  equations  of  equilibrium  of  the  element  in  the  form  of  varia¬ 
tional  equation  of  equilibrium  of  the  shell.  For  that  purpose  it  is 
necessary  to  set  up  a  variation  of  work  of  internal  forces  of  the 


entire  shell. 


iv  ~  jja/di. 


(1.6) 


where  the  integral  is  distributed  throughout  the  entire  middle  sur¬ 


face  z,  and  5U  has  the  expression  (1,1),  or 


—  IPJt  +  4  3  PJr 

3  3  3 


(1.7) 


Here, 


»  3  4 

7»~ - iT*’ 


(1.8) 


^c+^b+^-a. 

—  L  2Pl 
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Here  if  the  flexural  strain  predominates 


(-*<*-£«*)• 


then  we  add  index  ”0”  to  values  A,  B,  C  and  calculate  them  by  the 
formulas : 


4  “  jf  •A  +  ]  *i**t  =  ] 

•h  •*  'it 

D  _  f  •!*!  .  I  «l«l 

* )W%  +  )V73[‘ 

'*  *n  " 

C«  =  f  *i  V*!-**dei  +  f 


(1.9) 


(l  zo  I  >  2)' 


if  however,  extension  —  compression  of  the  middle  surface 
dominates,  then  to  values  A,  B,  C  we  ascribe  index  "l"  and  calculate 
them  by  the  formulas. 


Ai*=  A,  ~  jfotdet, 

•h 

Bi=sJ  7?%sign^-e',)* 

•nVt  » 

ci  -  f',  sign (elt—en). 


(1.10) 


•h 


Let  us  note  that  point  ~  =  zQ  is  the  point  of  minimum  e^,  since 
ei 

75—  >  0,  and,  consequently,  inequalities: 


d2e 


dz 

ea  ^  *i»’  *tt  > 

always  take  place;  here  we  adopted  designation. 


(1.11) 
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(1.12) 


+  ^  =  +  -j-)  • 

(«=*=£); 


these  formulas  give  values  of  intensity  of  deformations  in  three 
points,  located  on  axis  z. 

Then  it  is  necessary  to  set  up  the  work  of  surface  forces  on 
variations  of  displacements  6u,  bv,  6w  and  the  work  of  generalized 
forces  of  the  edge  on  their  corresponding  variations  of  generalized 
displacements,  made  up  of  6u,  6v,  6w  and  their  derivatives  with  respect 
to  coordinates;  designating  this  work  through  5' A,  we  obtain  the  varia¬ 
tional  equation  of  equilibrium 

IV  = 1' A, 

the  solution  of  which  can  be  sought,  for  instance,  by  the  Ritz  method. 


§  2.  A.  A,  Il'yushin's  Final  Relationship 
Let  us  show  that  between  forces  and  moments  there  exists  a  final 
(not  differential)  relationship,  which  was  found  by  A.  A.  Il'yushin 
[76). 


If  the  intensity  of  deformations  ei  of  any  layer  of  the  shell 
is  sufficiently  great  as  compared  to  the  yield  point  e  ,  i.e. 

S 


y=-  VP>- 2 zPn  +  z'P.  =  e, »  ev  (2 . 1) 

and  its  material  is  not  strengthened,  then  the  law  =  ^(e^)  coincides 

with  Von  Mises*  condition  of  plasticity 

o,  =  o,  =  const,  (2.2) 

or  can  be  approximately  replaced  by  St.  Venant -Coulomb  condition  of 
plasticity. 


=  const. 


(2.3) 
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In  this  case  there  exists  a  final  relationship  between  forces  and 
moments . 

Actually,  according  to  formulas  (1.9)  and  (1.10),  taking  out  of 
the  integral  the  constant  a^,  we  can  calculate  values  of  functions 
A,  B,  C.  Thus,  in  the  case  of  dominating  flexural  strains,  formulas 
(1.9)  take  the  form. 


B,  =  a.  In - j - - : . 

*  f  1  I  . 
C.  =  f  <ea  y^B.. 


(2  A) 

(2.5) 


and  in  the  case  of  dominating  elongations  of  the  middle  surface  from 
formulas  (1.10)  we  find. 


Ai  —  ot(en  en). 


(2.6) 


In  both  cases  values  e^,  ei2,  eiQ  are  expressed  by  formulas  (1.12). 
Considering  the  latter  as  equations  with  respect  to  the  three  quadra¬ 
tic  forms  P  ,  P  .  P  ,  we  copy  them  in  the  form, 

£  £H  H 

ps. 

The  solution  of  these  equations  with  respect  to  quadratic  forms  has 
the  following  results. 


•***V 


(2.7) 


w*»  ** 

fp” 

In  order  to  determine  the  sign  in  the  last  formula,  it  is  necessary 
to  consider  dominating  deformation.  Thus,  for  instance,  in  the  case 
of  dominating  flexural  strain  we  have. 

It  is  easy  to  check  that  this  inequality  will  take  place,  if  in  formula 
(2.7)  for  P^  we  take  sign  (+)  in  parentheses.  Analogously  we  will  be 
convinced  that  in  the  case,  when  dominate  stretching  —  compression 
deformations  of  the  middle  surface  predominates  one  of  the  inequali¬ 
ties. 


takes  place.  This  inequality  will  be  fulfilled  if  for  in  paren¬ 
theses  (2.7)  we  take  sign  (-). 

Thus,  subsequently,  in  all  formulas,  having  two  signs,  the  upper 
sign  will  pertain  to  the  case  of  the  dominating  bend  of  the  shell, 
and  the  lower  sign  to  the  case  of  its  dominating  extension  —  compres¬ 
sion. 

We  introduce  two  basic  parameters  X  and  p  in  the  following 
manner: 

(2*8) 

*n  *n 

These  parameters  satisfy  conditions 

0<X>  ji<  1,  (2.9) 

inasmuch  as  e^Q  is  the  minimum  value  of  intensity  of  deformations  in 


394 

— 1~  •  m  r  mt—w 


a  given  point  of  the  shell.  Then  formulas  (2.7)  can  be  rewritten  in 
the  form: 


H-ija-jV+A*).  (z.io) 

10 

P  =  -^.Af 
P'  Vfl  •’ 


where  and  A  designate  the  following  functions : 

A=I=±\ 


(2,11) 


The  form  of  formula  (2.10)  for  P£  will  become  quite  intelligible,  if 
we  were  to  consider  the  identity 

4p*  +  A*  =  1  +X*  +  2|i»  +  2/(1— — p*). 


Using  designations  X,  (i  and  the  fixed  rule  of  application  of  two-digit 
formulas,  we  can  copy  the  expression  of  functions  A,  B,  C  in  the  form: 


A  =  o/Hq>  (X,  p), 
p). 

c  =  lz (X  i») — (X  ril. 


(2.12) 


where  functions  <p,  ip,  and  x  are  determined  in  this  manner: 


* 


SP  ^ ^  —  li 

,InL!vr=p±ln_x±£ffEZ 

I  P  P 

x — I  VT^P  ± ».  I  - 


(2.15) 


From  formulas  (2.10)  and  (2,12)  we  can  now  see  that  quadratic 
P  ,  P1,  Pgl  are  functions  of  parameters  X,  p,  only  and  do  not  depend 
on  values  e^ 

p,  =  /?p,-2/1/#p„+/Ip„ 

p.  =  /Ip.  -  2  y,p„  +  /iP„  (2*14) 

p»  -  w,  -  (/»/,  +  /I)  p»  +  W\. 


[ H  =  1  =  lowe  r ] 


Let  us  note  that  relationships  (2.14)  present  three  algebraic 
equations,  from  which  forms  P  ,  P ,  P  can  be  expressed  through 

6  X  SH 


Ps'  Pl*  Psl: 


P"  Pm). 
P.  =  !t(P..  P9.  Pm). 
Pm-U(P..  P„  Pm\ 


(2.15) 


Indeed,  in  the  first  equality  (2.14)  components  have  the  common  factor 

2  2  >  2 
agh  but  do  not  depend  on  e^,  since  I£  is  reciprocal  to  e^,  and  P£ 

p 

Is  directly  proportional  to  e^.  Analogously,  we  will  be  convinced 

that  in  the  second  equality  (2.14)  components  have  the  common  factor 
2  4 

agh  ,  and  e^  in  them  is  reduced,  whereas  in  the  third  equality  (2.14) 

2  3 

components  do  not  depend  on  e^  and  have  the  common  factor  crgh  . 

In  connection  with  this  it  is  natural  to  introduce  designations 
for  the  characteristic  value  of  forces  T^,  Tg,  T^g  and  moments  M^,  Mg, 
M, 


‘12  * 


M, 


(2.16) 


Values  T  and  respectively,  in  problems  on  zero-moment  deformations 
of  shells  and  problems  on  purely  moment  deformations  play  the  came 
role,  as  the  yield  point  a_  in  the  problem  on  the  plane  stressed  state, 
Therefore,  it  is  expedient  to  introduce  designations  for  dimensionless 
forces  and  moments: 


f  BJ  1l  t  —  Jjl  /  _  JjL 
1  Tg  *  Tg  ’  77* 

—  _  Af,  Af  I, 

*  57’  «7' 


(2.17) 


and  instead  of  quadratic  forms. 


(2.18) 


P„  =  ±  (t,M,  +  T,M,  -  ±TJU,~  +  3r„M,0 
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to  consider  quadratic  forms  from  dimensionless  forces  and  moments. 


Qil  =  ri*-mtm,+«$+3»i*r  (2.19) 

Qtm  ®  V**l 7  V0* ^  +  &U 

2  2 

The  latter  are  connected  with  P„,  Pn ,  P  1  (2.18)  by  evident  relation- 

d  J.  SX 

ships. 


O  =  ^  n  =  fjjL  o  —  —  - 

v#  3r*  *  3AfJ  •  3T^f,‘ 


(2.20) 


Performing  transformations  of  right  sides  of  equations  (2.14),  namely. 


squaring  the  polynomials  and  multiplying,  and  thereupon  assembling 

2  2  2 

coefficients  of  cp  ,  $  ,  q>^,  xfs  <PXj  X  i  we  obtain  the  following  equa 


tions : 


O.-'a-W+f’). 

2 

+  +  (2.21) 

Qm  =  +  A*)**  +  <4ji«  +  A*)  9*  + 

+  2j»*A<rt>  —  +  2Aqpx  +  x*l. 


Inasmuch  as  the  right  sides  of  equations  (2.21),  according  to  (2.1  , 
and  (2.13),  are  functions  of  only  two  parameters  X  and  then  in  a 
three-dimensional  space  with  variables  Q^,  Qm,  Qtm  they  represent  the 
surface 

F(Q,.  Q«.  Q/«)  =  0.  (2.22) 

and  (2,21)  is  the  parametric  equation  of  this  surface.  The  connection 

thus  obtained,  between  the  quadratic  forms  (2.19)  is  called  the  final 

relationship  between  forces  and  moments,  effective  in  a  shell.  This 

fundamental  result  was  obtained  by  Il’yushin  on  the  basis  of  Von  Mises 

hypothesis  a.  =  a  and  therefore,  is  a  generalization  of  Von  Mises 
X  s 
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condition,  we  will  also  note  that  the  final  relationship  will  have 
the  same  form  according  to  St.  Venant -Coulomb  flo w  theory  also. 


We  will  mention  three  particular  cases  of  final  relationship. 

1.  The  zero-moment  stressed  state  occurs  when  ~  ^  ~  n±2  =  0f 
and  here  P  =0  also.  Final  relationship  will  be  obtained  from 

fc*  /  V 

(2.21),  if  we  assume  that  deformations  cf  fibers  are  identical  through¬ 
out  the  thickness  of  the  shell, 

*n  ~en~  e,+  '■-?’=  I- 

In  formulas  (2.11)  and  (2.13)  it  is  possible  to  take  the  lower  sign 
arid  then  to  open  indeterminite  forms  in  formulas  (2.21).  Then  we 
find  Von  Mises  condition: 

<?*  “  Qtm  =  0.  <?,=  *. 

or  in  the  expanded  form: 


Ti-r17,,+  Tf  +  3Tb  «Ji  (2.23) 

2.  The  purely  moment  stressed  state  takes  place  in  the  absence 
of  elongation  of  the  middle  surface.  Quadratic  form  P£  =  0,  and 
therefore,  P  =  0.  As  it  follows  from  formula  (1.3),  the  intensity 
of  deformations  is  the  even  function  z,  and  according  to  (1.12) 
we  have: 

en~eiv  X=l,  n— 0. 

In  formulas  (2.11),  (2,13)  we  should  take  the  lower  sign,  since 
P 

z o  =  =0,  thus,  we  obtain. 

At  =  2,  A  —  0,  «p  =  0,  >|»  ==  2  In  2,  /  =  2. 

Final  relationship  (2.21)  takes  the  form, 

Qt  =  Qtm  =  0,  Qm  =  I, 

or 


M1-MM  +  M\  +  3 A&  =  jW*  (2.24) 

3.  The  simplest  complex  stressed  state  of  shells  when  P^  /  0, 

P_  /  0,  takes  place,  if  the  bilinear  form  (P  =0)  turns  into  zero. 


P«»  +  +*»  +  *i«£u  —  0* 


(2-25) 


It  can  take  place,  for  instance,  in  cases, 

(a)  *« •=*,*=  0,  *t*0,  «» =  — ~hp 

(b)  *j#0,  *i  --yS 

and  many  others. 

Prom  (2.7)  we  now  have, 

i.e.,  we  have  the  dominating  bending  strain.  We  find, 

A  « f  « 0.  «=  x  «  2 $  =  2 In 1 4  , 

and  after  simple  transformations  the  final  relationship  takes  the 
form. 


It  gives  the  line  of  intersection  of  surface  (2.22)  with  plane  Qtm  “  C' 
Inasmuch  as  Qt,  are  essentially  positive,  the  entire  surface  is 
located  between  planes  Q*  =  0  and  =  0,  and  line  (2.26)  —  between 
positive  directions  of  Qt,  axes,  i.e.,  in  the  first  quadrant  of 
plane  =  0.  Point  =  0,  =  1,  corresponding  to  the  zero-moment 

state  of  the  shell,  is  obtained  from  (2.26)  when  p.  =  1,  and  point 
Of.  =  0*  Sn  =  ^  corresPondin6  to  the  purely  moment  state  of  shell, 
is  obtained  when  p,  =  0.  The  latter  is  obvious,  inasmuch  as  p.  in  p.  =  0 
when  p  =  0. 


§  3.  Setting  Up  the  Problem  of  Determination  of  the 

Supporting  Power.1 

Having  Iliyushin* s  final  relationship  it  is  possible  to  give  the 
general  formulation  of  the  problem  of  determination  of  the  supporting 
power  of  shells. 

Indeed,  if  we  assume  that  forces  and  Moments  or  quadratic  forms 
Qm,  are  given  and  satisfy  th >  final  relationship  (2.22),  then 
with  them  any  two  equations  (2.22)  enable  us  to  find  parameters: 


and  then,  according  to  (2.10)  and  (2.8),  to  find  1^,  1^.  In  this 

the  value  e^  will  remain  indefinite,  and  we  will  obtain, 

/.“i-F.M,.  Q.J.  =  Q..  <?,„>. 

*n  (5.1) 

/.--'-F.  Q,J. 

where  Fn  will  be  fully  definite  functions  of  force  and  moments. 

If  these  values  of  integrals  1^,  Ig,  I^  are  introduced  in  formu¬ 
las  of  forces  and  moments,  then  one  of  the  six  equations  thus  obtained 
will  be  the  result  of  five  others,  since  forces  T  and  moments  M  satisfy 
the  final  relationship  (2.22).  Solving  these  six  equations  with 
respect  to  six  deformations  and  distortions,  we  will  obtain,  taking 
into  account  (2.27),  relationships 


where 


cn  ^  r »  - » 

.  StF»  —  HtFt  .  S,F,  —  H ,Fj 

«•“*/»  - , 

-  SttFt—H WF|  _ .  Sj,F,  —  W|jF| 

ei*  cn - ^ - »  *i*  —  en - - 

A  WiF.-ZX 

st=r,— ~r„  s„=—  r, 


i*» 


=  =  H„-±m »• 


(3.2) 
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where  in  (3.2),  if  e^  has  the  value  (1.12),  one  of  equations  is  the 
result  of  five  others;  we  can  easily  verify  this,  if  we  set  up  from 
(3.2)  the  cornspondirg  quadratic  forms. 

Inasmuch  as  six  components  of  deformations  and  distortions  are 
expressed  by  means  of  differential  operations  on  curvilinear  coordi¬ 
nates  through  thr^e  components  of  the  vector  of  displacement  w  at 
the  point  of  the  middle  surface,  they  have  to  satisfy  deformation 
compatibility  equations.  In  a  general  case,  the  compatibility  equa¬ 
tion  can  be  expressed  only  through  forces  T  and  moments  M,  but  in 
the  case  (3.2)  they  will  contain  one  more  function  of  coordinates  e^. 
Thus,  differential  equations  of  equilibrium  and  conditions  of  compat¬ 
ibility  of  deformations  irill  be  insufficient  for  the  determination  of 
forces  T^,  Tg,  T moments  M^,  Mg,  M^  and  unknown  function  e^. 

The  needed  equation  will  be  the  final  relationship  (2.21)  between 
forces  and  moments.  In  view  of  the  fact  that  this  relationship  is 
not  differential  and  from  it,  it  follows  that  forces  and  moments  and 
even  their  quadratic  forms  Qt,  Q^,  are  limited  in  value,  it  is  clear 
that  with  arbitrary  external  forces  the  equilibrium  of  the  shell  is 
impossible. 

The  supporting  power  of  a  shell  is  a  term  given  to  that  limiting 
value  of  external  forces,  with  which  internal  forces  T  and  moments  M 
satisfy  the  final  relationship  (2,21),  equations  of  equilibrium,  con¬ 
ditions  of  compatibility  of  deformations  and  boundary  conditions. 

In  certain  particular  cases  owing  to  the  final  relationship  the  problem 
of  equilibrium  becomes  statically  determinable  and  does  not  require 
conditions  of  compatibility  of  deformations.  Then  the  problem  of 
the  supporting  power  of  the  shell  is  resolved  comparatively  simply. 

It  is  simplified  even  more,  if  forces  and  moments  can  be  expressed 
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through  external  forces  only  by  means  of  equations  of  equilibrium 
which  takes  place,  for  instance,  in  the  zero-moment  theory  of  shells; 
in  such  case,  the  final  relationship  (2.21)  determines  the  supporting 
power. 

Conditions  of  compatibility  of  deformations  render  the  problem 
of  determination  of  the  supporting  power  very  complicated  and  therefore, 
approximation  methods  of  its  solution  are  of  great  importance.  The 
energy  method  of  solution  consists  of  the  following:  we  prescribe  a 
suitable  form  of  deformed  surface  of  shells  and,  setting  up  expressions 
of  variations  of  the  work  of  internal  forces  and  work  of  external 
forces  on  variations  of  displacements,  compare  them.  The  approximate 
limiting  value  of  external  forces  will  be  obtained  either  if  hardening 
of  the  material  is  assumed  to  be  equal  to  zero,  but  deformations  are 
increased  without  a  limit,  or  which  is  the  same,  preserving  the  con¬ 
stant  the  yield  point  a  =  3Ge  ,  G  is  made  to  approach  infinity,  and 

s  s 

es  —  to  approach  zero. 

§  4.  Determination  of  the  Supporting  Power  and 
Work -Hardening  of  Snells. 

Let  us  examine  following  Il'yushin’s  relationship  [2],  the  sup¬ 
porting  power  and  work -hardening*  of  shells.  We  present  external 
forces  in  the  form  of  internal  pressure  p  and  the  resultant  force  P, 
which  stretches  the  shell  in  the  direction  of  00  axis,  (Fig.  69}; 
force  P  is  a  projection  on  the  external  forces  of  the  axis  which  act 
on  the  part  of  the  shell  located  either  on  the  right  or  on  the  left 
of  the  section.  Since  the  stressed  state  of  shell  is  zero-moment, 
meridional  stretching  force  and  tangential  force  T 2  are  connected 

*See  below,  p.  405 
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with  corresponding  stresses  and  Og  with  simple  formulas: 

Tj  *■  ®iA,  Tj  =  <yji. 

Equations  of  equilibrium  of  vessels  are  known  and  have  the  form: 


*1  «« 

and  stresses  and  <jg  are  determined  by  formulas: 


«ic 


(*.i) 


(4.2) 


The  intensity  of  stresses  is  determined  by  the  formula 


(4.3) 

Thus,  in  the  case  of  small  deformations  of  shell,  for  the  total 

determination  of  the  stressed  state  it 


0 


0 


is  sufficient  to  have  equations  of 
statics  only. 

If  the  shell  material  does  not 
have  work -hardening,  then  from  Von 
Mises1  condition 


Fig.  69. 


®#  =  o, 

we  find  the  critical  load,  which  the 
shell,  will  withstand,  i.e.,  the  stp 


porting  power  of  shell; 

IpI  V*t— »*+*!-  7" v 


If  the  load  acting  in  the  section  is  less  than  the  critical  load, 
i.e.,  the  left  part  of  equality  (4.4)  is  less  than  the  right  part, 
then  deformation  of  the  shell  in  this  section  is  elastic;  otherwise, 
equilibrium  or  forces  is  impossible. 

For  shells,  the  material  of  which  has  been  work -hardened  and  is 
characterized  by  the  diagram  =  ^(e^) 
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(or  Oj  «=  £e,(l  —  a),  £*,-3,(1+ 


so  that  with  diagram  ~  function  ^(cn)  is  determined  according 
to  given  forces  p,  P  or  stresses  a^,  Op  we  can  easily  find  the  meridi 
onal  and  tangential  components  of  the  deformation  of  the  middle  sur¬ 
face: 


or  according  to  (4*2): 


0+f )'P 
Ek 

U+f)'P 

Ek 


(*.5) 


(*.6) 


Components  of  the  vector  of  displacement  of  the  point  of  the 
section  considered  in  the  directions  of  the  external  normal  and  genera 
tor  toward  the  growth  of  angle  9  we  designate  with  w  and  u,  respec¬ 
tively  (Fig.  69).  Then  formulas*  expressing  deformations  through 

displacements,  will  take  the  form: 

c  —  »  | 

*  *»  *1*  '  (4.7) 


« 


1 


a  »in  0  -f  u  cos  9 

r 


We  consider  the  displacement  equal  to  zero  in  the  section,  where 
0=2’,  i.e.,  where  the  generator  of  the  shell  is  parallel  to  its 
axis.  In  such  case,  integrating  the  differential  equation  for  dis 
placement  u,  which  is  obtained  from  (4.7)  by  means  of  exception  of 
w,  we  find: 


J  sin  6 

j* 

: 

w  =*  t,/?,  —  u  ctgQ. 

Introducing  here  values  and  e^,  we  obtain  the  final  expressions 
of  displacements; 
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7'  (4.8) 

— 1 * 

Here  function  <p  is  assumed  to  be  expressed  through  th/*  intensity  of 
stresses  a^,  which  ,  in  turn,  is  determined  through  known  values  by 
the  formula  (4,3).  Inasmuch  as  the  elastic  displacements  (in  the 
case,  when  a ^  <  ag)  are  obtained  by  formulas  (4,8),  in  which  it  is 
necessary  to  assume  <p  =  0,  then  it  is  clear  that  residual  displace¬ 
ments  u  and  w,  which  are  retained  after  removal  of  the  load,  are  also 
obtained  from  formulas  (4.8),  if  in  them  instead  of  (1  +  cp)  we  retain 
only  the  value  cp. 

For  shells,  the  material  of  which  has  linear  strengthening, 
function  ^(a^)  has  the  expression: 

*“0’  7=1  °'>v  *“'-7*7-  (4.9) 

If  we  use  this  expression  of  9  and,  replacing  in  it  a ^  according 
to  formula  (4.3),  substitute  it  in  (4.8),  we  can  obtain  general  and 
residual  deformations  of  shells  in  a  clear  form.  However,  the  inte¬ 
gral  included  in  (4.9)  can  be  calculated  only  after  we  are  given  the 
form  and  dimensions  of  the  shell,  as  well  as  the  load. 

If  the  shell  material  has  a  significant  strengthening,  so  that, 
for  instance,  the  true  resistance  in  the  break  of  sample  is  twice  as 
large  as  the  yield  point,  then  by  means  of  wo rk -hardening, *  we  can 
significantly  increase  the  durability  of  the  shell. 


*Work -hardening  is  the  term  given  to  the  process  of  hardening  of 
the  shell  by  giving  it  a  preliminary  plastic  deformation  of  a  compara¬ 
tively  large  value. 
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-*=*-=P-l.  P=JL. 


In  the  case  of  a  spherical  shell,  the  initial  radius  of  which  is 
Rq,  the  thickness  of  wall  hQ,  and  final  dimensions  are  P  and  h  res¬ 
pectively,  we  have, 

°<  =  ~P. 

here  p  is  the  final  value  of  internal  pressure.  Deformations  and 
e2  are  identical  and  are  determined  by  the  formula 

Prom  formulas  (4.5)  we  have. 

From  the  condition  of  permanency  of  the  shell's  mass 

4s£*A  =  ixlfyi, 

and  therefore,  the  expression  of  intensity  of  stresses  cs^  can  be 
transformed  to  form 

_ *•? 


(4.10) 


(4.11) 


(4.12) 


2A, 


(4.13) 


Inasmuch  as  the  characteristic  of  hardening  of  material  ^(a^) 
is  known,  then  equation  (4,11)  determines  pressure  p,  which,  the 
greatly  deformed  spherical  shell,  can  withstand. 

Let  us  use  the  law  of  linear  hardening  (4.9)  and  determine  this 
pressure, 

i  .1  m/« _ n 

(4.14) 


p^JdJ^zILPv 


where  p  is  the  pressure,  at  which  yield  of  the  blank  begins,  and 
s 

m  is  the  parameter,  depending  on  the  elongation  e  =  r—  and  on  X: 

S  Hi 


p. 


=  _2A* 


2d-») 

m-~W~ 


(*.15) 
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Determining  the  maximum  p  according  to  p,  we  find  that  the  correspon' 
ding  value  of  deformation 


will  be 


4. 


and  the  maximum  resistance  of  the  strengthened  shell  is  equal  to: 


4a* 


Pv 


(4.16) 


"  27  (a  —  If 

Further  work-hardening  is  inexpedient  because  it  is  accompanied  by 
thinning  of  the  wall,  which  weakens  the  shell  more  than  it  is  strength¬ 
ened  through  cold  hardening  of  the  material.  Let  us  note  that  the 
maximum  strength  given  by  formula  (4.16)  is  not  always  attainable 
for  metal  shells,  since  deformation  pm  can  be  larger  than  the  defor¬ 
mation  with  which  a  break  occurs.  But  formula  (4.14)  shows  that 
work -hardening,  even  if  it  is  insignificant,  increases  durability 

very  effectively.  For  instance,  for  steel,  having  X  =  0.9b,  e  =  2  x 

s 

x  10“^,  we  have  m  =  20,  the  inflation  of  spherical  shell  by  5$  only 
(p  =  1.05)  gives  p  =  1.7ps,  i.e.,  increases  its  elastic  limit  by  70$. 

In  the  case  of  the  cylindrical  shell,  which  is  deformed  by  uni- 
form  internal  pressure,  so  that  cr^  =  corresponding  formulas 

have  the  form, 

«  ft.  _  i.  Ik  1  All  U 

(M7) 


p  —  i  J p„  p. 


,  _  20 -x) 

#./3  "  m" 


where  the  most  advantageous  work -hardening  is  determined  by  formulas. 


Mt  —  1 


«c 


Pv 
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§  5 .  Energy  Method  of  Determination  of  the  Supporting  Power 

For  determination  of  the  supporting  power  of  shells  (and  plates) 
we  can  successfully  use  the  kinematic  principle  of  determination  of 
the  breaking  load,  which  was  formulated  and  proven  for  the  first  time 
by  A.  A.  Gvozdev  [77,  78]  and  developed  by  A.  R.  Rzhanitsyn  [79]. 

This  principle  consists  of  the  fact  that  from  all  possible  forms 
of  destruction  of  an  elastoplastic  system  the  effective  form  of 
destruction  will  be  that  form,  for  which  the  value  of  the  given  ex¬ 
ternal  load,  balanced  on  this  form  of  destruction,  will  be  the  least. 

As  the  possible  forms  of  destruction  we  usually  investigate  mechanisms, 
in  which  the  given  system  rotates  when  in  it  a  certain  quantity  of 
elastic  bonds  are  replaced  by  plastic  bonds,  which  can  be  deformed  in 
a  definite  direction  without  an  increase  of  the  attained  critical 
binding  force.  However,  as  A.  R.  Rzhanitsyn  [79]  notes,  it  is  pos¬ 
sible  tc  proceed  from  a  more  general  system  of  destruction,  including 
all  mechanisms  and  constituting  a  kinematic  chain,  displacements  of 
which  are  determined,  let  us  say,  by  k  parameters.  Making  k  -  1  of 
these  of  the  mechanisms  which  correspond  to  the  destructive  state  of 
the  system. 

Thus,  the  breaking  load  can  be  approached  by  investigating  all 
mechanisms,  which  are  obtained  from  a  certain  common  kinematic  chain 
formed  from  the  prescribed  system  by  replacing  in  it  elastic  bonds 
by  plastic  ones  by  means  of  equating  to  zero  of  all  but  one  displacement 
parameters  of  the  kinematic  chain.  Generalizing  this  method,  we  can 
instead  of  equating  to  zero  k  -  1  displacement  parameters  of  the 
kinematic  chain  introduce  k  -  1  relationships  between  these  parameters. 

Let  us  assign  the  body  under  examination  the  greatest  possible 
number  of  degrees  of  freedom,  granting  the  existence  of  flow 


deformation  in  any  of  its  points.  We  will  also  consider  volume  de¬ 
formations  in  all  points  of  the  body  to  be  equal  to  zero  or  to  be  so 
small  as  compared  to  plastic  deformations  of  the  change  of  shape  that 
their  work  can  be  disregarded.  For  the  condition  of  plasticity,  we 
will  adopt  that  formulated  by  Von  Mises: 

at  =»  ot  =  const.  ( 5  - 1 ) 

Unit  work  of  internal  stresses  under  a  simple  load  according  to 
[2]  is  equal  to 

dT=^otdet  +  KY]d*dyd*-  (5.2) 

Here  0  is  the  volume  deformation,  K  is  the  volume  of  elastic  modulus . 

The  second  right-hand  term  (5.2),  which  depends  on  volume  de¬ 
formation,  according  to  what  was  said  above,  can  be  disregarded. 

Assuming  that  the  material  is  not  strengthened,  from  (5.2)  we 
obtain: 


dT  —  o/fdxdydz. 


(5.J) 


Total  work  of  internal  forces  is  equal  to 

T  =  e*dxdydz'  (5.4 ) 


where  integration  is  performed  over  the  entire  volume  of  the  body. 
The  work  of  external  forces  is  determined,  as  usually,  by 


formula 


A  *»  JJJ (Xu -f Yo + Zw) dx dy <fe. 


(5.5) 


where  X,  Y,  and  Z  are  volume  forces;  u,  v,  w  are  displacements  of 
points  of  the  body.  To  the  volume  forces  we  must  add  also  the  surface 
forces,  which  we  can  consider  included  in  the  same  integral  (5.5), 
considering  the  surface  forces  to  be  classified  as  infinitesimal 
volumes,  located  immediately  next  to  the  surface  of  the  body. 

The  work  of  internal  forces  T  can  be  expressed  through  transpo¬ 
sitions  of  u,  v,  w,  if  we  use  the  well-known  Cauchy  formulas;  substi¬ 
tuting  these  formulas  in  the  expression  of  intensity  of  deformation, 
and  then  in  (5.4),  we  will  obtain. 

Vf 


*l  .*_*..*_  *l*.i  +±u  *.y+ 
a»  *  *  *  at  &  J  jIV*/ 

+»[fT+77+H]}^ 


(5.6) 


The  problem  is  now  reduced  to  finding  such  functions 

u  —  u(x,  y,z),  v  =  v(x,  y,  z),  w  =  w(x,  y.z), 

with  which  expression  (5.6),  or,  which  is  the  same  (5.4),  would  assume 
the  minimum  value  under  the  additional  condition: 

A  —  JJJ  (Xu  +  Yv  +  Zw)dxdydz  —  c°nst  (5.7) 

and  the  condition  of  the  absence  of  volume  deformations: 

•■+‘-+*.=£+-£-+|L««-  (5-8) 
Solving  this  problem  by  the  usual  methods  of  variation  calculus, 


after  a  number  of  transformations  we  will  obtain  a  complicated  system 
of  three  nonlinear  partial  differential  equations,  the  solution  of 
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which  is  very  difficult. 


However,  it  is  possible  to  apply  here  the  approximation  method  of 
solution  of  variational  problems,  in  which  we  must  prescribe  functions 
u,  v,  w  approximately  with  the  precision  up  to  a  small  number  of  para¬ 
meters  and  to  find  these  parameters  from  the  condition  of  the  minimum 
of  expression  (5.6)  observing  conditions  of  (5.7).  Furthermore,  the 
prescribed  functions  must  satisfy  (5.8)  the  condition  of  absence  of 
volume  deformations. 

The  number  of  indefinite  parameters  of  displacement  functions  in 
many  cases  can  be  reduced  to  one,  if  ev»ry  time  we  prescribe  successfully 
the  form  of  these  functions,  for  instance,  assuming  beforehand  the 
picture  of  distribution  of  deformations  and  displacements  in  a  plastic 
body  under  a  given  load. 

Using  approximate  expressions  for  displacements,  we  can  obtain 
the  value  of  the  limit  load  from  relationship 

A  =  T.  (5*9' 

Here  the  limit  load  will  be  always  somewhat  larger  than  its  real  value, 
obtained  from  the  exact  solution,  inasmuch  as  the  minimum  of  T  in  the 
approximate  solution  is  not  fully  attained. 

Let  us  consider  A.  R.  Rzhanitsyn's  example  on  the  application  of 
method  [ 80 ] .  Let  us  assume  that  a  cylindrical  shell  open  on  one  end 
is  loaded  on  the  free  edge  by  evenly  distributed  radial  forces  q 
(Fig.  70) .  Let  us  prescribe  a  deformation,  with  which  at  a  certain 
length  c  the  shell  is  turned  into  frustum  of  a  cone,  while  in  it  appear 

A 

annular  elongations  e  ,  equal  to  (c  -  x)cp^,  and  longitudinal  elonga¬ 
tions  e  =  -ie  .  Here  x  is  the  coordinate  of  annular  section,  read 
X  2  (p 

off  the  free  end  of  shell,  R  is  the  radius  of  section  of  the  shell, 
r p  is  the  angle  of  inclination  of  generators  in  the  deformed  conical 


part.  We  will  designate  the  thickness  of  the  shell  wall  with  6.  In 
section  x  =  c  during  the  given  deformation,  an  annular  hinge  of 


fluidity  and  angle  9  of  break  of  shell  generators 


Fig.  70. 


appear.  It  is  not  difficult  to  calculate  the  work 
of  internal  forces  in  the  given  deformation.  Annular 
elongations  will  yield: 


* 

os&2*l?J(c 


-x)±<U 


and  the  break  in  annular  section  x  =  c 


Thus,  the  work  of  internal  forces  will  be  equal  to: 


'*,(*+7r) 


(5.10) 


The  work  of  external  forces  is  equal  to 


A  =  2x/fyqp. 


According  to  (5-9)  we  obtain: 


q  will  be  at  a  minimum  when: 


it  is  equal  to 


(•+*> 


|/JL=0,76  VM 


(5.11) 


(5.12) 


(5.13) 


(5.10) 


[np  =  lim  =  limit] 


If  the  free  edge  of  shell  will  be  loaded  in  addition  to  radial 
forces  q,  also  with  distributed  moments  m  (Fig.  71),  then  the  work 


of  external  forces  will  be  equal  to 


A  —  2r%  (m  +  qc)- 


(5.15) 
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Here  according  to  (5.9)  and  from  (5.10)  and  (5.15)  it  follows  that: 

«+*'-£(«'+7=)-  <5-16) 

For  every  value  of  c  we  obtain  a  relationship  between  m  and  q  in  the 
form  of  a  straight  line  (in  right-angle  coordinates  q,  m) 


Fig.  71. 


The  envelope  of  the  family  of  these  straight  lines  will  limit  the 
region  of  limit  values  of  q  and  m.  In  order  to  find  the  envelope, 
we  differentiate  expression  (5.16)  with  respect  to  c: 


If 


c. 


and,  having  determined  c  from  here  we  substitute  in  (5.16). 
obtain: 


We  will 


m  + 


2*  [  T  /r ) 


m  + 


J&L  +  JiiL 

+  2/3’ 


_  2  - 

j/r  _  vt  '■ 


(5.17) 


Thus,  the  region  of  limit  values  m  and  q  constitutes  a  parabola  with 
the  summit  on  the  m  axis  (Fig.  72). 

Let  us  modify  the  preceding  problem,  applying  radial  load  q  on 
the  average  section  of  a  long  cylindrical  shell,  as  shown  in  Fig.  73- 
In  this  case  we  have  the  following  expression  for  the  work  of  internal 


forces : 


m 


f 


(5.19) 


The  expression  for  the  work  of  external  forces  remains  the  same  as 
before  (5.11).  Hence 


(5.19) 


The  minimum  value  of  load  is  equal  to: 


u 


(5.20) 


when 


e  *=* 


V7&=:  1,07  V&. 


§  6 .  Shells  With  Nonuniform  Mechanical  Properties 
Heterogeneity  of  mechanical  properties  throughout  the  thickness 
of  the  shell  wall  can  appear  through  various  causes  and  can  be  created 
artificially  for  the  purpose  of  strengthening.  For  instance,  at 
elevated  temperatures  the  yield  point  o  ,  weakening  coefficient  X,  and 

o 

elastic  moduli  G  and  K  can  be  by  variables  depending  on  a  significant 
^  temperature  gradient;  in  the  case  of  action  of  a  neutron  flux  hetero¬ 
geneity  of  mechanical  properties  appears  also;  special  heat  treatment, 
resulting  in  variable  distribution  of  hardness,  can  be  used  in  a 
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number  of  cases  to  improve  operating  properties  cf  shell. 

V.  Olszak  [81-85]  examined  the  effect  of  compressibility,  gave  a 
general  setting  of  elastoplastic  problems  for  bodies  of  arbitrary  shape, 
and  solved  a  number  of  problems. 

The  work  of  the  author  jointly  with  A.  A.  Il’yushin  [4l],  gives 
a  general  solution  of  the  problem  on  deformation  of  a  cylinder  with 
nonuniform  mechanical  properties,  it  being  elementary,  on  the  assumption 
of  incompressibility  of  the  material. 

Here  we  will  examine  only  the  problem  of  the  value  of  the  biggest 
internal  pressure  p  in  a  cylinder  with  field  of  temperature  variable 

o 

with  respect  to  the  radius,  and  a  yield  point  of  material  which 

changes  depending  on  the  temperature,  where  pressure  pn  is  determined 

s 

so  that  with  any  r  the  deformation  of  the  cylinder  remains  elastic  and 

only  on  one  circumference  r  =  rs  (or  on  several  simultaneously)  the 
* 

yield  point  t  =  t  is  attained.  The  method  coincides  completely  with 

Ill  o 

the  method  applied  by  us  in  work  [86 ]  in  solving  the  problem  on  the 
influence  of  irradiation.  Elastic  moduli  are  significantly  less  de¬ 
pendent  on  the  temperature  than  the  yield  point  and  they  must  be  con¬ 
sidered  constants  for  the  range  of  temperatures,  which  is  characteristic 
for  the  cylinder. 

Let  us  assume  the  $  is  the  characteristic  constant  temperature, 
which  is  selected  arbitrarily.  Let  us  introduce  designations: 


P 

T 


-») 

!*. 


7-»G.  0. 


d-») 
EhU  * 


T  =* 


(l-»)  .  . 


(6.1) 
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Here  p  is  the  internal  pressure,  v  is  Poisson's  ratio,  is  the  coef¬ 
ficient  of  linear  temperature  expansion,  b  is  the  outside  radius  of 
cylinder,  and  a  is  the  inside  radius,  a  =  On  the  basis  of  solution 
[87]  we  have  the  following  expression  t: 

TT5-  £('+  /**)  +  il  r.*-X  t.  (6.2) 

•  .  • 

Yield  point  -t  (6.1)  is  a  known  function  of  temperature  T(£,  t),  which 
is  considered  a  known  function  of  radius  (£  =  £)  and  time  t. 

r 

According  to  the  condition  of  the  problem  when  r  =  r  ,  £  = 

equality  of  values  t  (6.2)  and  t  (T)  is  attained: 

s 

c  =  c,.  s(T)-T=0. 


where  in  tne  vicinity  of  £  =  f  ,  i.e.,  when  £  §  C  ,  and  £  «  £  ,  we 

s  s  s 

should  have  t  (T)  -  t  >  0.  This  means,  that  the  full  system  of  condi¬ 
tions  when  £  =  f  has  the  following  form: 

s 


t<0— *=o, 
•5- ft  (T)~  5-0. 

•^ft(T)-*l>0. 


(6.5) 


4. 


and  the  system  of  two  equations,  determining  an  unknown  circumference 

£  =  f  and  the  sought  highest  pressure  p  =  p  ,  will  be: 
s  s 

(?+ 1  n*)+fn*-v  (5+4  r)  -  0. 


q* 

|_ql 


C*r  + 


+ 


dr 

df 


=  0. 


Hence,  subtracting  the  first  relationship  from  the  second,  we  find 
(when  £  =  C  ) : 
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(  £*  ,  H  2  :_n 

*  +  t  •*-0, 


(6.4) 


K'+t t) - {"*]-)««• 


(6.5) 


Equation  (6.4)  determines  radius  r  (£  );  pressure  p  is  determined  by 
equation  (6.5). 

The  solution  adduced  loses  Its  meaning,  if  inside  the  region 

1  >  C  >  a  there  is  no  minimum  t"  -  t  and  this  difference  is  monotonously 

s 

changing  throughout  the  section.  Then  its  least  value  must  be  equated 
to  zero,  and  from  this  we  will  find  the  value  of  force  p  .  For  instance, 

b 

if  this  difference  increases  from  the  inner  to  the  outer  surface,  then 
Ps  is  found,  when  £  =  a,  from  condition  -  ^-a=0: 

p, = 0  -  *')  (v  -  y  r.)  -  jr.  <*.  (6-6) 


If  the  temperature  field  of  cylinder  is  radial  and  stationary,  then 


the  distribution  of  temperatures  will  be 


In  a 


(6.7) 


Formula  (6.4)  for  £  assumes  the  form 

s 

4~t  .  Sfclna  I  1  -Q 
dT  Tm-Tt  2 


G-g. 


(6.3) 


Hence  £  is  found  with  the  aid  of  curves  of  dependency  of  t  on  T, 
s  s 

with  a  T  prescribed  with  respect  to  £  (6.7);  thereupon  pg  is  found  by 
(6.5). 

Formula  (6 .6 )  assumes  the  form 


?,=(!—’ K.+  4-cr.-iwJ=J±*i 


(6.9) 
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§  7.  Shells  Subjected  to  Heating  by  Radiation 
The  problem  of  thermoelasticity  for  shells  (and  plates)  in  the 
presence  of  radiation  is  of  practical  interest.  We  know  the  method  of 
setting-up  and  solving  this  kind  of  problem,  devised  by  V.  V.  Bolotin 
[88].  Let  us  present  the  consideration  for  formulation  of  the  problem 
on  deformations  of  plates  and  shells,  subjected  to  sudden  heating  by 
radiation  [891.  Solution  of  these  problems  requires  an  examination 
of  heat-conduction  equations  and  equations  of  thermoelasticity.  Taking 
into  account  that  in  setting-up  equations  of  thermoelasticity  in  the 
theory  of  plates  and  shells  essential  use  is  made  of  the  Kirchhoff- 
Love  hypothesis  on  the  preservation  of  the  normal  element,  it  is 
justifiable  to  introduce  a  similar  hypothesis  in  heat-conduction 
equations  also.  Let  us  assume  that  temperature  T,  measured  from  a 
certain  constant  level,  is  determined  by  expression 


1 


T  *=*  jfj)  -f-  Xj0 (jTj,  Zj),  ( 7  •  1 ) 

where  x. ,  xn  are  curvilinear  coordinates  of  the  middle  surface,  x.,  is 
id  5 

the  coordinate  measured  off  on  the  normal  to  tiie  middle  surface.  In 


order  to  work  out  the  equation  for  the  average  temperature  TQ  and 
temperature  gradient  0,  we  will  use  the  variation  principle  61  =  0 
for  functional 


1|{||[<p(r|:_r|L)+lV(rvT--,(r-r),*.+ 

+  f*(7T-r.r— T.T)lls\dl.  [H  =  n] 


(7.2) 


Here  c  is  the  specific  heut;  p  is  the  denisty  of  material;  X  is  the 
coefficient  of  thermal  conduction;  q  is  the  density  of  thermal  sources, 
equal  to  the  amount  of  heat,  produced  in  a  unit  of  volume  of  time; 
k  is  the  heat  transfer  coefficient  of  the  shell's  surface;  T  is  the 
ambient  temperature;  v  is  the  volume  of  the  shell;  s  is  its  surface; 
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tQ  and  t^  are  two  arbitrarily  selected  moments  of  time;  and  V1  are 

* 

symbols  of  covariant  and  contravariant  differentiation.  With  T  we 
designate  the  temperature  of  the  process,  proceeding  in  the  sense, 
opposite  to  the  process  considered.  It  is  easy  to  verify  that 
Ostrogradskiy-Euler *s  variational  equations  and  natural  boundary  con¬ 
ditions  for  functional  (7.2)  coincide  with  the  he at -conduction  equation 
and  condition  of  convection  heat  exchange  on  surface  s. 

Introducing  expression  (7.1)  in  (7.2),  we  will  replace  integration 
with  respect  to  volume  v  by  integration  with  respect  to  the  middle 
surface,  and  integration  with  respect  to  surface  s  by  integration  with 
respect  to  external  and  internal  surfaces  of  the  shell,  and  also  with 
respect  to  its  ends.  Besides  we  will  consider  that  the  thickness  of 
the  shell  is  minute  as  compared  to  the  radii  of  curvature  of  the  middle 
surface.  The  Ostrogradskiy-Euler  equation  for  the  transformed  functional 
assumes  the  form: 

-  XV*r. + !(*♦  +  *-)  r. +(*+  -  *-)  “1  = 

+*-r_).  (7.3) 

T - tv* + f  e +• -£r  [(*+  -  *->  t,  +  *e]  = 

<7-*) 

2  -j  \ 

where  V  =  V^V  is  the  Laplacian  operator,  x  =  is  the  coefficient 
1  c  p 

of  thermal  conductivity;  T+  and  T_  are  the  temperature  of  medium  in¬ 
side  and  outside  of  the  shell;  k+  and  k_  are  the  corresponding  coef¬ 
ficients  of  heat  emission;  Q  is  the  density  of  thermal  sources  per 
unit  of  area  of  the  middle  surface;  zQ  is  the  coordinate  of  "the  center 
of  gravity"  of  sources.  Natural  boundary  conditions  lead  to  the 
following  conditions  of  heat  exchange  on  the  ends: 
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).y/r#T!<  +  *I(7’#  — rT)-0,  (7.5) 

Xv^n,4-*T(0— 0|)“0.  (7.6) 


Here  n,  is  the  vector  of  the  normal  to  end  surface  and  k  is  the  coef- 
i  7 

ficient  of  heat  emission  for  this  surface. 

Let  us  examine  example  [89].  Let  us  assume  that  an  unlimited 
plate  of  constant  thickness  h,  resting  at  t  <  0,  is  subjected  in 
moment  of  time  t  =  0  to  the  action  of  radiation,  the  intensity  of  which 
later  drops  In  time.  The  field  of  radiation  is  assumed  to  be  axi- 
symmetric.  Let  us  assume  that  between  the  surface  of  plate  and  the 
medium  the  conditions  of  convection  heat  exchange  with  heat  emission 
coefficient  k  are  realized,  and  temperature  of  medium  T+  =  T  =0. 
Equations  (7.3)  and  (7.4)  assume  the  following  form: 


Ei 

dt 


2*r.  r  q 

eph  cph  ’ 


(7.7) 

(7.8) 


Equations  (7.7)  and  (7.8)  must  be  examined  together  with  equations  of 
thermoelasticity.  The  equation  of  two-dimensional  axisymmetric  prob¬ 
lems,  written  in  displacements,  has  the  following  form: 


<«+*, 


dT o 


(7.9) 


where  u  is  the  radial  displacement;  a  is  the  coefficient  of  thermal 
expansion;  v  and  E  are  Poisson* s  ratio  and  elastic  modulus.  At  the 
same  time  the  equation  for  the  flexure  will  be 


VY®' — 3-  —  =  « (t  +  *)  V*0. 


(7.10) 


where  w  is  the  normal  sag;  and  D  is  the  cylinder  rigidity.  Equations 
(7.7)-(7.10)  are  integrated  under  initial  conditions: 

r,(r.  0)  _  e<r,  0)  -  u  (f,  0)  =  -MJL  -  IV (r,  0)  -  „  0 

w  dt 

420 


7 


and  under  boundary  conditions,  requiring  the  limitedness  of  all  func¬ 
tions  when  r  =  0  and  proper  damping  of  all  functions  when  r  tends  toward 
infinity.  Here,  of  course,  the  density  of  sources  Q(r,  t)  must  be 
also  subjected  to  the  corresponding  limitations. 

Solution  of  equations  (7.7)-(7.l0)  is  sought  for  with  the  help 
of  Hankie's  transformation  [90].  The  temperature  field  is  determined 
by  the  formulas: 


where 


T.(r,1)-'jr'ipti)U(pr)Pdp. 
e(r.  /)=  f6*(P.  0  U(pr)pdp. 


(7.11) 


+  ')]<?* (P. 

t 

®*(P.  0  «*  J exp l — (XP* + a) (/ — *)] C 0>.  *)*. 

<r{p,f)~**jQ(P,1)l9{pr)rdr. 


(7.12) 


While 

*  tfh'  *»  +Cf* 

For  the  displacement  field  analogously,  we  will  obtain: 

ju*(p,Oh(pr)pdp. 

m(r,  t)  -  jtf(p,  f)U(pr)pdp , 


(7.15) 


where 


«’(P.  0  -  <**20  +  *)  J »in —  *s)17^(p,  T)dt, 

i 

W*(p.  0  =  <***0  +  v)  f  sinteP*(<-*t)10*(P,  *)*• 


(7.1*0 
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Here 


Parameters  c,  k,  X#  zqj  p,  E,  v  and  a  are  assumed  to  be  constants. 

Let  us  Investigate  the  instance,  when  a  change  of  density  of 
sources  along  the  radii  obeys  the  Gaussian  law,  but  their  intensity 
changes  in  time  according  to  the  exponential  law: 

+*)]  t>0.  (7.15) 

Here  Q^,  rQ  and  s  are  constants.  Substitution  in  formulas  (7.12) 
yields: 


^  XfcrJexM—  ex»(— W)— expl— (xp*  +  aj/] 

Tl(p,  0  «  - — - — - — - 


<5  <*0 


MGiV#«p(-- p*#>  **p(—  w)— «p|— 


*  # 

For  functions  u  (p,  t)  and  w  (p,  t),  applying  formula  (7.14)  we  obtain: 


V(p,0 


*&*(!  -M*o'»P«*P(— P1# 

exp  (—  rf)  —cm  g&t  -f  »In  g&t 

ftp 

op  (—(ip*  +  —  cosftfrf  -f  —  ^.sin  gtpt 

_ i*P 


(7.16) 


"*  CfrA*  (XP*  *f  o  —  •)  1  «*P*  +  * 

I 


to*  -f  a 

e*p  (XP*  +  «)  -  eo«  fp*/  +  —  sin  gpt 

1EL _ 


f  V  -f  (xp*  +  °V 


(7.17) 


Conversion  of  Hankie's  transformation  in  this  case  cannot  be 
carried  out  in  the  final  form,  therefore,  integrals 


422 


«(P.  0  0 ii(pr)pdp.  *(P.  0  =  j **  (P.  0 U(pr)pdp 

must  be  determined  numerically. 

Determination  of  conditions,  under  which  it  is  possible  to  dis¬ 
regard  the  influence  of  inertial  forces,  considering  the  process  to 
be  quasi-stationary  is  of  interest.  Quasi -stationary  solutions  when 
t  >  0  are  yielded  by  formulas: 


to  A  „  cxp(— W)-CTp[-frP*  +  flJ/1 

%  '  **  P  1 

*W0  +  «p(— W)— expf— 

-,o>.  o  -  — ^  ^  *«+«— 


(7.18) 

(7.19) 


As  it  is  noted  in  work  [89],  calculations  snow  that  longitudinal 
displacements  can  be  found  with  sufficient  accuracy  by  the  formula 
(7.18),  if  we  carry  out  the  following  conditions: 

4  +««*.  (7*20) 

'i 

i.e.,  thermal  processes  occur  sufficiently  slowly  as  compared  to  the 
propagation  of  velocity  of  elastic  waves. 

Quasi-stationary  approximation  is  unsuitable  for  finding  of  normal 
displacements.  Actually,  the  integral 

M 

«*(r,  0  -  J »i(P.  0UiPr)pdp 

* 

with  function  wQ(p,  t),  determined  according  to  (7.19),  does  not  exist. 
At  the  same  time  the  solution  which  takes  into  account  inertial  terms 
enables  us  to  calculate  the  ultimate  maximum  of  the  temperature  sag. 
Here  it  is  essential  that  the  plate  is  assumed  to  be  of  an  unlimited 
magnitude.  If  the  plate  has  finite  dimensions,  then  quasi-stationary 
approximation  becomes  suitable  for  relatively  slow  thermal  processes. 
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§  8.  Shells  Exposed  to  Irradiation 
First  of  all  let  us  state  several  considerations,  pertaining  to 
the  formulation  of  the  problem.  It  is  known  that  exposure  of  solids 
to  irradiation  is  accompanied  by  numerous  effects,  as  the  result  of 
which  volume  deformation  appears  in  the  solid  body  [91-93 ],  and  elastic 
and  especially  plastic  characteristics  of  the  substance  are  changed 
[94]. 

A  neutron,  possessing  sufficient  kinetic  energy,  passing  through 

a  crystal  lattice,  will  form  on  its  way  primary,  secondary,  etc.  recoil 

atoms.  Atoms,  knocked  out  from  a  crystal  lattice  leave  vacant  places 

and  finally  come  to  rest  in  intemodes,  which  leads  to  formation  in 

the  lattice  of  paired  Frenkel's  "interstitial  vacancy."  An  atom  may 

be  knocked  out  from  a  node,  when  it  receives  a  certain  threshold 

energy  E^.  If  the  atom  receives  an  energy,  smaller  than  Ed,  then 

this  energy  is  dispersed  for  the  excitation  of  lattice  vibration 

(heating)  without  formation  of  displacements  in  it  [95-98], 

Interaction  of  neutrons  with  nuclei,  in  addition  to  elastic 

scattering  can  be  accompanied  by  capture  of  neutrons  and  nuclear 

fission.  With  every  act  of  disintegration  energy  is  produced  and  new 

chamical  elements  are  formed  [99-102]. 

We  will  consider  an  initially  uniform  isotropic  body,  occupying 

a  half-space  z  §  0.  If  neutrons  fall  on  boundary  z  =  0  parallel  to 

z  axis  with  identical  average  energy  and  intensity  IQ  then 

cni  .  sec 

through  simple  reasoning  we  can  find  the  intensity  of  the  neutron 
flux,  reaching  plane  z  =  const:  the  fall  of  flux  dl  in  layer  dz  is 
proportional  to  I(z)  and  dzj  hence 

(8.1) 

obi  "see 
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Value  p  is  cslled  the  macroscopic  effective  section.  For  any  chemical 
element  [98] 


* 


(8.2) 


1 

and  is  of  the  order  of  — ,  where  o  is  the  effective  section,  referred 
to  one  nucleus;  p  is  the  density;  A  is  the  atomic  weight;  AQ  is 
Avogadro*s  number,  and  nQ  is  the  number  of  nuclei  in  1  cm^. 

If  IQ  does  not  depend  on  time,  then  by  the  moment  of  time  through 
section  z,  will  psss  the  flux 


</(*)-// r--.  (8.3) 

In  the  rough  approximation  we  may  assume  that  the  change  of 
volume  of  a  substance,  i.e.,  the  cubic  expansion  9,  is  directly  pro¬ 
portional  to  the  flux  tl(z)  and,  consequently, 

(8-4) 

where  B  is  the  experimental  constant. 

p 

Value  IQt  gives  the  total  neutron  flux  per  1  cm  of  the  surface 

body.  In  reactors  IQ  is  of  the  order  of  -  10li+  — g— ■ °-— ,  and 

cm*  sec 

nvt  =  IQt  attains  values  of  lO1^  -  102^  neu't^ons,  while  0  attains  vslues 

cin 

of  the  order  0.1.  Consequently,  depending  upon  the  energy  of  neutrons 

27)  21 

and  irradiated  material,  value  B  may  be  of  the  order  of  10  x  -  10 
cm2 

- — -t - .  Thus,  for  an  estimate  of  the  volume  change  we  have: 

neutron  0 

0  «=  Bnvte r**.  ( 8 . 5 ) 

The  relationship  between  the  elastic  modulus,  yield  point,  ulti¬ 
mate  strength,  and  the  entire  diagram  of  extension  from  nvt  of  various 
energies  was  investigated  experimentally  after  irradiation  of  samples 
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in  nuclear  reactors. 


As  numerous  experiments  show,  upon  the  exposure  of  materials  to 
irradiation,  as  a  rule,  the  elastic  modulus  is  changed  very  little 
(increases  by  1.5-5#  relative  to  the  nonirradiated) ;  with  respect  to 
the  ultimate  strength  and  the  yield  point,  they  are  very  sensitive  to 
irradiation  and  especially  the  yield  point  [9^]. 

For  solid  bodies  with  a  plane  boundary  the  number  of  neutrons 
passing  at  depth  z  under  this  boundary  during  the  time  t,  will  be 
expressed  through  flux  nvt  on  the  plane  boundary  according  to  formula 

(8.6) 

and  therefore,  yield  point  a  and  shear  modulus  G  will  be  variables 

s 

according  to  depth  z. 

Let  us  introduce  the  hypothesis  that  properties,  appearing  at 
depth  z  coincide  with  properties  during  exposure  to  uniform  irradiation 
with  a  power  (nvt)  [86].  Then  diagrams  for  G  and  ag  with  respect  to 
nvt,  analytically  recorded  in  the  form 

0, 

yield  curves  of  change  of  G  and  a  throughout  the  depth  z  with  a  given 

o 

nvt  =  N  on  the  surface 

0  =  G(Ne~**),  at  =  o, 

If  we  subject  to  irradiation  by  power  nvt  =  N,  bodies  with  plane 
boundaries,  a  hollow  cylinder  or  a  sphere,  the  volume  change  being 
insignificant,  then  the  distribution  of  stresses  and  deformations  in 
them  can  be  found  by  formulas  of  elastoplastic  deformations  of  a 
heterogeneous  body  (see  §  6  of  this  chapter). 

Formula  (8.6)  assumes  that  neutron  scattering  dN  in  layer  dz 
is  proportional  to  N  and  to  the  thickness  of  layer  dz,  dN  =  -uNdz. 

In  a  radial  flux  from  the  inner  surface,  for  instance,  for  a  cylinder, 
this  relationship  is  replaced  by  d(rNr)  =  -p.rNrdz,  and  for  a  sphere, 
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with  a  radial  flux  from  within,  by  d(r^Nr)  *  -pr^Nrdz. 

Thus,  in  the  case  of  a  hollow  cylinder 

r  t 

in  the  case  of  a  sphere 

=  (8.8) 

where  N  is  the  flux  nvt  per  one  unit  of  area  of  the  inner  surface  of  a 
cylinder  or  sphere  (r  =  a).  Consequently,  for  a  cylinder 

(8.9) 

for  a  sphere 

fl-cf* £*-*»-*»].  (6.10) 

If,  taking  the  above  into  account,  we  consider  that  elastic 
properties  of  metals  are  little  changed  during  irradiation  and,  on  the 
contrary,  the  yield  point  is  changed  essentially,  then  to  calculate 
stresses  and  deformations  of  various  kinds  of  shells,  subjected  to 
irradiation  from  the  external  or  internal  surface,  we  can  apply  the 
usual  theory  of  elastic  shells .  Its  specific  character  will  consist 
of  determination  of  loads,  under  which,  for  the  first  time  the  plastic 
deformation  will  appear,  i.e.,  in  the  strength  criteria. 

Now  we  will  set  up  the  problem  on  exposure  to  irradiation  of  a 
shell  and  will  indicate  the  course  of  solution.  Let  us  assume  that 
(x,  y,  z)  Is  the  accompanying  Darboux  trihedron  on  the  middle  surface 
of  the  shell,  while  x  and  y  axes  are  directed  along  the  main  lines  of 
curvature  a,  0  and  z  —  normal;  e^,  e2,  7  =  are  deformations  of 

the  middle  surface;  x^,  x2,  t  =  h12  are  changes  of  curvature  and 
torsion  through  the  action  of  external  loads  on  the  shell.  Then  the 
resultant  forces  and  moments  will  be  connected  with  values  e  and  x  by 

4 zt 


known  linear  relationships,  while  the  intensity  of  deformations  e^  at 
a  distance  z  from  the  middle  surface  in  any  one  point  of  it  will  be 

**  ~  V  +  *Pn.  (8.11) 


the  intensity  of  stresses 


.,-90*  (8.12) 

while  P  ,  P  ,  P^„  are  known  quadratic  forms  for  parameters  e  andn  [2], 
Let  us  assume  that  the  neutron  flux  proceded  normally  to  one  of 
the  surfaces  of  the  shell  (for  instance,  to  the  inner  surface),  while 
the  total  flux  N  =  nvt  is  known  as  a  function  of  coordinates  of  the 
middle  surface  (for  instance,  it  is  constant  over  the  entire  surface). 
To  be  specific  let  us  assume  that  flux  N  is  directed  from  the  part  of 
the  inner  surface  z  =  +^,  where  h  is  the  thickness  of  the  shell.  Then 
in  layer  z  =  const  flux  Nz  according  to  (8.6)  will  be 


(5.13) 


Yield  point  a  ,  which  is  a  known  function  of  N  , 

S  U 

a,  =  a,  W. 

is,  consequently,  a  known  function  of  z  and  curvilinear  coordinates  of 
the  shell. 

Inasmuch  as  a ^  =  3Ge^  as  a  result  of  elastic  calculation  of  the 
shell  is  also  a  known  function  of  coordinates,  we  can  set  up  the 
difference 


r«a,TO-3fr<  = 


1-2  ylo  VP%-2zP„-\z'P„ 


(8.14) 


We  will  designate  with  letter  p  the  parameter,  characterizing  the  load 
on  the  shell  (for  instance,  the  pressure  on  the  surface),  while  owing 
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to  linearity  of  the  problem  values  e  and  x  will  be  proportional  to  p, 
and  form  P  is  proportional  to  the  square  of  p.  Let  us  designate 


i 


P.-p*F„  P..  =  p*P„,  (8#15) 

so  that  does  not  depend  on  p  and  they  are  known  functions  of  curvi¬ 
linear  coordinates.  Then  function  T  is  written  in  the  form: 


2>  lOp  Vp.-2*P.m  +  z*P,  (8.16) 

and  is  a  linear  function  of  p  and  a  known  function  of  coordinates 
a,  3,  and  z: 


r-7>,  m,p). 

Let  us  set  up  a  problem:  to  find  that  value  of  load  p*,  with 

.g. 

which  in  the  shell,  in  some  point  M  (z  =  z#,  a  =  3  =  3*)  fluidity 

appears  for  the  first  time,  i.e.,  a,  =  a. 

1  s 

Inasmuch  as  usually  in  elastic  shells  attains  a  maximum  when 

z  =  ±^,  one  would  think,  that  fluidity  also  appears  for  the  first  time 

somewhere  on  the  external  or  internal  surface.  But,  on  the  other  hand, 

radiation  strengthening  will  be  the  greatest  precisely  on  one  of  these 

surfaces,  and  therefore,  the  appearance  of  fluidity  on  the  irradiation 

surface  becomes  less  probable. 

* 

In  general,  if  point  M  is  inside  the  body  of  the  shell  (i.e., 

|z|  <  75-  and  a*,  3*  not  on  the  boundary  of  the  shell),  conditions, 

* 

determining  p#  and  point  M  ,  have  to  have  the  form: 


*L=*L=*L  =  0.  (8. 17) 

da  a?  « 


The  problem  is  g  eatly  simplified,  if  flux  N  is  constant  on  the 

surface,  i.e.,  —  =  ~  -  0.  Actually,  in  this  case  condition 

3a  33 

.  3e,  3e. 

3T  _  oT  _  q  coincides  with  condition  - -  - -  0,  i.e.,  with  the 

3a  33  3a  33 
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usual  in  the  tnedry  of  shells  condition  of  detecting  the  point  of  maxi¬ 
mum  stresses,  and,  consequently  a*,  0#,  become  known  on  the  basis  of 
the  usual  method  fcr  finding  them.  After  this,  it  remains  to  find  only 
the  coordinate  of  layer  z  =  z#,  where  fluidity  begins.  For  that,  from 
(8.13)  we  find  z  through  N  : 


*  F  * 


(8.18) 


Nov;,  considering  that  in  (8.16)  z  is  replaced  by  this  expression. 


8t 

conditions  t  =  — =•  =  0  are  written  in  the  form 

dz 

equations  for  z#: 


(dz  _  l\ 

y3Rz  \i$zj* 


first 


(8.19) 


where 


«m 


1 

7*. -**«+**:• 


while  z  has  value  (8.18),  and,  secondly,  expression  for  p^: 


(8.20) 


I _ (8.21) 

Fm  s/i a  V?.- 

If  point  M*  lies  on  surface  M  ,  the  problem  is  solved  by  one 
equation  T  =  0. 

Equation  (8.19)  is  solved  graphically.  Point  of  intersection  of 
curves  <p(N)  and  ^(N)  yields  N#  and  qp(N*).  After  that  we  find  crs(N*) 
and  z*  from  equation  (8.18),  and  then  from  (8.21)  we  determine  p#, 
with  which  the  plastic  deformation  of  shell  begins. 

It  can  happen  that  curves  cp  and  if/  have  several  points  of  inter¬ 
section  N*,  N*  ...,  and  to  each  of  them  will  correspond  its  own  p*. 


P 


?! 

#* 


.  .  •  . 
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Now  the  problem  on  where  the  plasti^  deformations  appear  for  the 
first  time  will  be  solved  by  means  of  determination  of  the  least  of  the 
values  of  p#  found  above. 

Formulas  of  calculation  of  the  strength  of  bodies  under  the 
effect  of  exposure  to  irradiation  will  include  the  dimensional  physical 

constant  [p,]  ~  and  therefore,  geometrically  and  mechanically 
similar  bodies  from  identical  material  are  absolutely  unequally  strong. 
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In  order  to  satisfy  equation  — <—•  =  0  and  condition  «  0  when 
x  *  ±1,  we  must  assume  that  ^  -  0  or  e,  -  -vc2,  from  this  it  follows 


r,-3D{i -**)-£-. 

The  third  equation  of  equilibrium  is  reduced  to  the  form 

ana  boundary  conditions  assume  the  form 

£r  +  Jjjr“0,  £r"°  when *  -  ±  '• 

presenting  c  -  w  in  the  form  of  the  sum  of  terms  of  type  ^e111*,  we 

2  1 
shall  find  that  m  will  be  a  value  of  the  order  of  and  the  solution 


will  assume  the  form: 


(2.17) 


wnere 


«*“•£  V3(l~v*) 


(2.18) 


<  -(*)-(*) 

The  solution  shows  that  near  the  edges  of  values  t hn^,  and 
h'.tg  are  all  of  the  same  order;  at  distances  from  ends.,  which  exceed 
‘he  value  (an)l/2,  and  e2  become  small  as  compared  to  hv^. 

We  can  show  that  in  a  given  static  problem  the  potential  e> 
tension  energy  will  be  of  the  order  of  the  value  equal  o  the  product 


-  -*  .. 
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of  multiplied  by  the  potential  bending  energy.  In  case  of 

a 

oscillations  we  may  conclude  that  extension,  which  ensures  the  ful¬ 
fillment  of  conditions  on  the  edges,  is  limited  in  actual  practice 
by  a  narrow  ban  along  the  edges.  The  chtnges  in  the  total  potential 
energy  and  oscillation  period  connected  with  this  are  so  small  that 
they  can  be  disregarded. 


§3.  The  Spherical  Shell 

The  mathematical  aspect  of  the  investigation  of  oscillations  of 
the  spherical  shell  is  o  the  invtfr.ti.-'.itf.on  of  the  cylindrical 

shell,  and  therefore,  there  is  no  fcmb  ti  vmpanixumn  the 
formulas  here.  Let  us  examine  the  qualitative  aspect  of  elastic 
oscillations  of  the  epherical  shell. 

Let  us  assume  that  oscillations  are  accompanied  by  elongations; 
they  are  divided  into  two  classes,  which  are  obtained  by  rejecting 
the  radial  component  of  displacement  and  the  radial  component  of 
rotation,  respectively .  With  every  oscillation  of  the  normal  type, 
belonging  to  either  class,  displacements  are  expressed  by  means  of 
spherical  functions  of  any  specific  integral  order.  With  oscillations 
of  the  first  class  the  frequency  ^  is  connected  with  the  order  of 
the  spherical  function  n  by  the  relationship 

-|)(n  +  2).  (5.1) 

where  a  is  the  radius  of  the  sphere.  In  oscillations  of  the  second 
class  the  analogous  relationship  will  be 

-H(n' +  n— 2} —  0.  (5.2) 
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